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Abstract 

Although there are specifications and approaches for the design of concrete flexural 

members reinforced with FRP, most of them were derived from empirical data.  In order to obtain 

the rigorous theoretical definition of the fundamental mechanics associated with partial composite 

action between concrete and the FRP reinforcement, the practical and theoretical issues that must 

be further addressed.  Therefore the overall goals of this research were to develop the needed 

theory and demonstrate its accuracy and application.  

This study firstly developed a new method to establish an analytical solution for 

determining the transfer length for FRP tendons in prestressed concrete.  The governing equations 

were derived by combining the local bond-slip relationship for FRP tendons in concrete with 

composite beam theory.  Comparisons to test data strain results demonstrated that the predicted 

results were accurate.  Subsequently, based on the developed method, the difference between 

sequential release and simultaneous release of tendons in the manufacturing process of 

pretensioned concrete members was further discussed.  

The mechanical response analysis of coupling between longitudinal and transverse 

interactions was also investigated for concrete beams strengthened with externally bonded FRP 

laminates using composite beam theory.  Associating with the bond stress-slip relationship 

between FRP laminates and concrete, two sets of governing equations were derived to determine 

the interfacial stresses.  Comparisons between the developed model with published finite element 
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results and existing analytical solutions in the literature confirmed the feasibility and accuracy of 

this novel approach.  A parametric study was also carried out to investigate the effect of various 

factors on the interfacial behavior of externally bonded FRP for strengthening concrete beams. 

Finally, a novel finite element (FE) modeling approach was developed to further verify the 

developed theoretical method.  The present FE model took into account the friction coefficients 

obtained from pull-out tests on the FRP tendons and prestressed concrete members.  Convergence 

analysis of two numerical simulations with different mesh densities was carried out as well.  The 

consistency between the analytical solution and FE simulation not only further proved the 

reliability of composite beam theory, but also demonstrated the importance of the bond-slip 

relationship in fully understanding the mechanical properties of concrete members reinforced by 

FRP systems. 
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Chapter 1   Introduction  

1.1 Background  

In the last 100 years, global energy consumption has grown rapidly.  Sustainable 

development is becoming more and more significant to protect the planet and ensure that all people, 

plants, and animals enjoy lasting peace and prosperity.  The acceleration of plastic pollution from 

billions of plastic bottles and countless plastic bags each year is a considerable threat to life on 

earth.  According to calculations from a seminal report released in 2014, there are at least 268,940 

tons of plastic waste floating in the worldôs oceans [1].  As shown in Fig.1.1, plastic pollution has 

resulted in the death of a staggering number of animals in the marine environment. 

Consequently, to address this problem, in addition to reducing plastic use in our daily life, 

it is urgent to promote the reuse and recycling of thermoplastic matrices.  Numerous studies [3-7] 

over the years have shown that recycled thermoplastics can be used as matrix materials in fiber 

reinforced polymer (FRP) composites.  In this perspective, the use of FRP composite materials for 

new construction and rehabilitation of existing structures not only has obvious advantages over 

conventional steel reinforcement, but also can effectively promote recycling plastic with 

concomitant environmental benefits.  For the above reasons, this dissertation is devoted to the 

study of the application of FRP reinforcements in concrete structures. 



2 

 

 

Fig. 1.1 The effect of plastic pollution on marine life [2] 

The application and development of FRP reinforcements in civil engineering structures as 

an important topic has attracted much attention at many research institutes around the world over 

recent decades.  FRP composite materials are typically made of a polymer matrix reinforced with 

strong fibers.  There are many types of FRP reinforcements, such as Aramid Fiber Reinforced 

Polymer (AFRP), Carbon Fiber Reinforced Polymer (CFRP), and Glass Fiber Reinforced Polymer 

(GFRP), etc.  Sometimes other fibers are used, such as paper, wood, and basalt.  Differences in the 

fiber type products result in variable tensile strengths, compressive capacities, durability 

characteristics, etc. [8].  The longitudinal thermal expansion coefficients for AFRP, CFRP, and 

GFRP are approximately 
66 10 / oC-- ³ , 0 / oC , and 

610 10 /oC-³  respectively, which will affect 

concrete cracking when employed as internal reinforcement [9].  Kobayashi and Fujisaki [10] 

carried out compressive tests on FRP reinforcement and found that the compressive strength of 

AFRP, CFRP, and GFRP were approximately 10%, 30% to 50%, and 30% to 40% of the tensile 
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strength, respectively.  GFRP are highly sensitive to alkali attack.  In general, GFRP is typically 

used as non-prestressed reinforcement and CFRP is used for prestressed reinforcement.  AFRP can 

be used as different composite structural parts in various applications due to its high tensile 

modulus combined with strong resistance to chemicals.  Table 1.1 summarizes the basic physical 

and mechanical properties of different types of FRP reinforcements compared with steel bars. 

Table 1.1 Properties of different types of FRP reinforcements compared with steel bars [11] 

Properties 

Material types 

AFRP CFRP GFRP Steel 

Tensile strength 

(MPa) 
1720 ï 2540 600 ï 3690 483 ï 1600 483 ï 690 

Youngôs 

Modulus (GPa) 
41 ï 125 120 ï 580 35 ï 51 200 

Ultimate 

elongation % 
1.9 ï 4.4 0.5 ï 1.7 1.2 ï 3.1 6.0 ï 12.0 

Longitudinal 

coefficient of 

linear 

expansion 

(
610 / oC-

) 

-6.0 ï 2.0 -9.0 ï 0.0 6.0 ï 10.0 11.7 

Density 

(
3/g cm ) 

1.25 ï 1.40 1.50 ï 1.60 1.25 ï 2.10 7.85 

 

The promise of FRP composite materials lies in excellent corrosion resistance, higher ratio 

of strength to self-weight, high fatigue strengths, electromagnetic neutrality, low coefficient of 

thermal expansion in the axial direction (especially for CFRP), and outstanding fatigue 

characteristics of CFRP and AFRP tendons [12].  These advantages make FRP composites suitable 

for reinforcements in concrete structures, or even superior to conventional steel reinforcements.  
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In general, FRP reinforcements are available in several forms, including FRP tendons as a 

substitute for traditional materials, FRP laminates for repair and rehabilitation, concrete-filled 

circular FRP tubes as efficient structural members, and FRP decks for bridge systems, as illustrated 

by Fig. 1.2.  In this dissertation, the focus is on the use of FRP tendons in prestressed concrete and 

externally bonded FRP laminates applied to the surface of the concrete for strengthening or repair. 

 

Fig. 1.2 Structural engineering applications of FRP materials [13-16] 

Classical Euler-Bernoulli beam theory is generally adopted to calculate the load-carrying 

and deflection of beams in the field of the practical engineering structures analysis and design.  As 

the simplification of Timoshenko beam theory, it is limited to the case for elastic and small 

displacement.  In other words, Euler-Bernoulli beam theory is applied in situations where shear 

deformation of the cross section is negligible.  The deformation of Timoshenko beam compared 

with that of Euler-Bernoulli beam is illustrated in detail by Fig. 1.3.  The fact is that engineers tend 

to use simplified analysis methods to solve engineering problems, but those approaches are 

recognized to have inherent limitations that can result in a false impression of the true behavior of 
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the structure.  Therefore it is very necessary to not only improve the accuracy of current analytical 

method, but also to understand the nature of the response based upon mechanics theory to meet 

the requirements of both mathematics and engineering.   

 

Fig. 1.3 Comparison of the deformation of Timoshenko beam with that of Euler-Bernoulli 

beam 

For partial composite beams, even for full composite beams, a number of studies [17-20] 

have shown that there are slip effects that must be taken into account.  It is worth noting that ñslipò 

is relevant to the relative movement between layers or components within the cross section.  Due 

to the adopted assumptions, shear slip causes many problems that cannot be solved by classical 

Euler-Bernoulli beam theory.   

For example, there is no interface slip in the prestressed concrete reinforced with FRP 

tendons under ideal conditions.  In other words, the analysis of behavior and design of pretensioned 

prestressed members is always established by assuming that the FRP tendons are perfectly bonded 

to the concrete.  However, this assumption is not completely coincident with the actual situation 

of engineering practice.  In pretensioned prestressed concrete with FRP tendons, the transmission 
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of prestressing force is not completed at the beginning of the contact between FRP tendons and 

concrete, but requires a certain distance to reach a constant value at the effective prestress level.  

This is because shear slip occurs between the interface of FRP tendons and concrete within the 

transfer length.   

As another example, consider the rehabilitation of existing concrete structures using 

externally bonded FRP laminates.  The conventional method for predicting interfacial stresses 

distributions along the interface is based upon the assumption of fully composite action between 

the FRP laminate and the concrete substrate.  That means that the slip effects were ignored.  

However, considering interface slip can have a significant effect on the accuracy of analysis results 

for interfacial stresses.  As can be observed from Fig. 1.4, the composite beam composed of 

different materials has a considerable amount of slip when the bending moment is occurring. 

 

Fig. 1.4 The slip due to bending moment between different material 
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Although there are specifications and approaches for the design of concrete flexural 

members reinforced with FRP, most of them were derived from empirical data.  In order to obtain 

the rigorous theoretical definition of the fundamental mechanics associated with partial composite 

action between concrete and the FRP reinforcements, the practical and theoretical issues must be 

further addressed.  Slip effects on the prediction of transfer length for pretensioned concrete 

members and FRP end debonding failures must be carefully considered in the analyses.  Most 

importantly, in this dissertation, the proposed method used for dealing with these problems is 

associated with the local bond stress-slip relationship between concrete and FRP tendons as well 

as the concrete substrate and FRP laminates.   

 

1.2 Objectives  

The overall objective of this research was to develop a novel composite beam theory that 

is applicable to strengthening of concrete flexural members using FRP reinforcements.  

Applications include solutions to the transfer length of prestressing FRP tendons and interfacial 

stresses of reinforced concrete beams strengthened by externally bonded FRP laminates.  Through 

analysis of the mechanics behavior in terms of partially composite action associated with the local 

bond-slip relationship between FRP systems and concrete, rigorous closed-form solutions of 

transfer length and interfacial stress for relevant structures were derived, respectively.  In addition, 

the study by Newmark et al. [17] claimed that composite beam theory could be used for any case 

of structures composed of two interconnected elements based upon some reasonable assumptions.  

For this reason, another important objective of this research was to confirm Newmark et al.ôs 

conclusion, as well as to expand the scope of application of the composite beam theory.   
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1.3 Methodology and scope 

Governing differential equations are derived in terms of the equilibrium of axial force 

acting on the cross section of the concrete and FRPs as well as the balance of the overall bending 

moment.  Based on the proposed analytical models, the empirical bond stress-slip relationships 

between concrete and FRP were fully taken into account.  The accuracy of presented analytical 

solution was verified through the comparison with the existing experiment data and analytical 

solutions from available literature.  In addition, the simulation results from nonlinear finite element 

analyses are compared with the corresponding results obtained by using composite beam theory, 

which comprehensively evaluate the accuracy and reliability of the present method.  Furthermore, 

based upon the developed theory, this dissertation also discusses the effect of various key 

mechanical factors on related problems of different FRP reinforcements.  The theoretical 

development of this dissertation mainly focuses on the following two aspects: (1) determination 

of transfer length for prestressed FRP tendons in pretensioned concrete; and (2) prediction of 

interfacial stresses in externally bonded FRP laminates for strengthening concrete structures.  In 

the developed analysis model, it is particularly emphasized that this research was based upon the 

hypothesis of linear elastic constitutive behavior and small displacement.  Moreover, the beam 

analyzed in this topic is limited to the shallow beam form and the shear deformation through the 

cross section of the concrete beam and FRP components is neglected. 
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1.4 Organization 

Chapter 1 provides an introduction of the dissertation including background information, 

research objectives, and a brief description of the methodology. 

Chapter 2 reviews the historical development of composite beam theory research and 

discusses applications related to different types of structures.  It also describes factors that are 

relevant to the transfer length and interfacial stresses for this dissertation topic in more detail and 

relates the present work to voids in the literature.  

Chapter 3 presents an analytical model for pretensioned concrete members with prestressed 

FRP tendons.  The transfer length is determined with closed-form solutions based on composite 

beam theory as well as the local bond stress-slip relationship between FRP tendons and concrete.  

This chapter has been published in Composite Structures, ñSha, X. and Davidson, J.S., 2019. 

Analysis of transfer length for prestressed FRP tendons in pretensioned concrete using composite 

beam theory. Composite Structures, 208, pp.665-677.ò. 

Chapter 4 presents analysis methodology for concrete beams strengthened by externally 

bonded FRP laminates and presents the interfacial shear and normal stress with closed-form 

analytical solution using the developed composite beam theory associated with the bond-slip 

relationship between FRP laminates and concrete.  This chapter has been published in Composite 

Structures, ñSha, X. and Davidson, J.S., 2020. Analysis of Interfacial Stresses in Concrete Beams 

Strengthened by Externally Bonded FRP Laminates Using Composite Beam Theory. Composite 

Structures, p.112235.ò 

Chapter 5 further verifies the developed analytical method.  An innovative three-

dimensional finite element model is proposed that takes into account the friction coefficients 
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obtained from pull-out tests on the FRP tendons and prestressed concrete members.  This chapter 

has been submitted to the Composite Structures and is currently under review. 

Chapter 6 summarizes the most important conclusions and recommends future work. 
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Chapter 2   Literature Review 

2.1 Composite beam theory development 

Composite structures comprising two or more elements have played an extensive and 

irreplaceable role in engineering practice for a long time.  Consequently, many experimental and 

theoretical analyses have been conducted on the behavior and design of composite structures.  The 

basic theory by Granholm [1] (1949) initially proposed the concept used for nailed timber 

structures.  The axial force in each layer and the overall bending moment of the entire cross section 

are analyzed by establishing of static force equilibrium equations.  The following assumptions 

were involved in Granholmôs work: 

(1) The connector spacing along the beam is constant. 

(2) The linear elastic constitutive relationship exists between the force and deformation of 

the connector.  

(3) Each component in the composite beam has the same cross section and material 

properties. 

Based on the simply supported composite beam shown in Fig. 2.1, the governing equations 

are given by Eq. (1) and Eq. (2).  
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Fig. 2.1 Simple supported composite beam with the slip under external moment [1] 
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where f = the relative longitudinal displacement between two members in the composite beam; 

b  = the width of component; k¡ = the shear stiffness related to the relationship of slip, kt f¡= ; t 

= shear force per unit length at the interlayer; M  = external moment; sI  = the moment of inertia 

of equivalent rigid connection section; E  = the modulus of elasticity of component; A  = the cross 

section area of each component; r  = distance between centroids of components; y  = the 

deflection of system.  On the basis of Granholmôs theory study, Holmberg (1965) [5] took into 

account additional transverse action, and used this method to analyze concrete structures.  From 

the assumption in the theory, it can be seen that the previous method is limited to composite 

structures with the same cross section and material properties, as well as uniform distribution of 

connectors. 
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Newmark et al. [2] (1951) presented an analytical model with partial interaction for the 

composite T-beams composed of a steel I-beam and a concrete slab interconnected with channel 

shear connectors.  Experimental investigation and theoretical analysis on the mechanical behavior 

of T-beams of composite construction were carried out.  Newmark et al. derived equilibrium and 

compatibility equations to study the effect of incomplete interaction based on the load-slip 

characteristics from the push-out test.  Furthermore, the study by Newmark et al. (1951) also puts 

forward an important conclusion that the proposed theory may be used not only for the composite 

T-beams, but also for any kind of structures composed of two or more interconnected elements 

under reasonable assumptions. 

In the theoretical development of Newmark et al., the following assumptions and 

limitations are specifically presented: 

(1) The shear connectors between the concrete slab and the I-beam are continuously 

distributed along the length of the beam. 

(2) The slip caused by shear connector is directly proportional to the transmitted force. 

(3) It assumed that strains throughout the depth of the concrete slab and the I-beam is in 

linear distribution. 

(4) The concrete slab and the I-beam have the same transverse deflection at all points. 

As shown in Fig. 2.2, considering the composite T-beam with partial interaction under the 

internal forces, the lower fibers of the concrete slab tend to lengthen, and the upper fibers of the I-

beam tend to shorten.  The governing differential equations for the force F  and the deflection y  

are derived in the following: 



17 

 

2

2

d F k EI k z
F M

dx s s E IEA E I
- =-

ää
                                           (3) 

2

2

d y M F z

dx E I E I
=- +
ä ä

                                                      (4) 

where F  = forces acting on the centroids of the concrete slab and the I-beam; M  = the external 

moment; y  = the deflection of the composite I-beam; k  = modulus of shear connectors; s  = 

spacing of shear connectors; z  = the distance from the concrete slab centroid to that of I-beam; 

sE  = the elastic modulus of concrete slab; bE  = the elastic modulus of I-beam; sI  = the moment 

of inertia of concrete slab; bI  = the moment of inertia of I-beam; sA = cross section area of the 

concrete slab; bA  = cross section area of I-beam; 
s s b bE I E I E I= +ä ; 

1 1 1

s s b bE A E AEA
= + ; 

2EI E I EA z= +ä .  Similarly, the relative inconvenience is that the analytical model of Newmark 

et al. does not consider the effect of the different shear connectors spacings. 

 

Fig. 2.2 Cross section of the composite T-beam with partial interaction [2] 
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Therefore, as an attempt to provide a more reliable and effective theoretical basis for 

practical design, the method for the analysis of concrete structures strengthened by FRPs in this 

dissertation is developed based on the bond-slip relationship between concrete and FRP 

reinforcements from the available pullout tests.   

In 1968, the research by Goodman and Popov [3] was devoted to establishing a general 

theory for the analysis of layered beams with interlayer slip, which also proved that Granholmôs 

study (1949) on the composite beam theory is comparable with Newmark et al.ôs theory (1951) for 

incomplete interaction.  It clearly shows the influence of interlayer slip on the deflection of the 

layered beam through experiments by Goodman and Popov (1968), which is contained in the 

proposed theory.  The analytical method is based on the assumption that is same as those from the 

theory presented by Newmark et al. (1951).  In addition, it is also assumed that friction effects 

between the layers are negligible.  

The geometry and notation for a three-layered beam cross-section subjected to internal 

forces are illustrated in Fig. 2.3, and the governing equation for the deflection y  is given as 

follows: 

4 2 2

4 2 2

1
3 s

d y K n d y d M
E I E I M

dx S AE dx dx

å õ
- + =-æ ö

ç ÷
                                     (5) 

where F  = 1F  = 3F  = axial forces acting on each layer; h  = the thickness of each layer; 1M , 2M , 

3M  = the internal moment acting on each layer; 1 2 3 1 3M M M M F h F h= + + + +; y  = the 

deflection of the three-layered beam; K  = modulus of each shear connector; S  = spacing of shear 

connectors; n  = the number of shear connectors per row; E  = the elastic modulus; A  = cross 
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section area of each layer; I  = the moment of inertia of each layer; sI  = the moment of inertia of 

equivalent solid beam. 

 

Fig. 2.3 Cross section of three-layer beam under the internal forces [3] 

With the rapid application and development of composite structures in the fields of civil 

engineering and construction, researchers are more and more aware of the importance of interface 

slip effects on the partial composite sections, even for full composite sections.  There have been 

numerous studies conducted in the different aspects of composite theories since then.  In addition 

to the closed-form solutions mentioned above, the layered wood systems is analyzed with finite 

element method developed by Thompson et al. [6] (1975).  Murakami [7] (1984) developed a 

Timoshenko beam theory with built -in interlayer slip for the analysis of the simply supported 

sandwich beam under a concentrated load in which the effect of transverse shear was considered.  

Based on the analysis method by Newmark et al. [2], theoretical study of concrete beams 

strengthened by epoxy-bonded steel plate was carried out by Vilnay [8] (1988).  During the same 

period, Roberts and Haji-Kazemi [9,10] (1989) developed a staged analysis approach that 

predicted interfacial stress distributions for the case of the uniformly distributed load acting on the 

reinforced concrete beam with externally bonded steel plate.  It should be noted that the previous 
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solutions [8,9,10] assume fully composite action between concrete and externally bonded plates, 

which means that the slip effects were ignored.  The conventional method used to predict 

interfacial stresses in these existing studies have a common feature, which is beginning with the 

compatibility expression as follows:  

( )2 1( ) a

a

G
x u u

t
t = -                                                            (6) 

where ( )xt  = interfacial shear stress, aG  = shear modulus of the adhesive layer, at  = thickness of 

the adhesive layer, 1u  = displacements along the x  axis of the bottom fiber of concrete, 2u  = 

displacements along the x  axis of the top fiber of the bonded plate.  Accordingly, mechanical 

constitutive equations were established acting on the adhesive layer, which provides a starting 

point for deriving the governing differential equations for interfacial shear and normal stresses.  

However, a large number of experimental and analytical studies [11-17] have indicated that the 

bond behavior between concrete and FRP laminates is not only affected by a aG t  from adhesive, 

but also affected by some other factors, such as the bond width of FRP laminates, FRP material 

types, the roughness of concrete surface, concrete strength.  Therefore, the analysis of the behavior 

of concrete beams strengthened by externally bonded FRP laminates should be conducted based 

on the partial composite action rather than full composite action.  For the partial composite beam, 

even for full composite beams, there are the slip effect which have to be taken account.  The present 

study (presented in Chapter 4) however relies upon a novel and theoretically partial composite 

beam theory developed specifically for determining the interfacial stresses of reinforced concrete 

beams strengthened by externally bonded FRP laminates.  Most importantly, the proposed method 

for the analysis of interfacial stresses in which the local bond stress-slip relationship between 

concrete and FRP laminates is considered.   



21 

 

The closed-form solutions of beam-column subjected to transverse and axial loading is 

presented in the study of Girhammar and Gopu [18] (1993) with consideration of first-order and 

second-order cases.  Compared with the first-order, in the case of second-order, the deformed 

geometry of the component is considered.  Buckling loads for composite beam-column is analyzed 

with the developed approximate formula, which considers the pure column in the second-order 

case.  Adam et al. [19] (1997) extend the study involving partial composite action to analyze the 

simply supported composite beam subjected to dynamic loads.  Foraboschi [20] (2009) dealt with 

the two-layer beam based on bilinear cohesive zone model in which the analytical model of 

composite beams considering transverse shear deformation was carried out.  It was also proved 

that nonlinear interface slip is very important to accurately study the behavior of composite beam.  

Similarly, there are also a large number of papers [4,21-23] focused on the studies of finite 

element formulations of composite beam model with partial shear interaction based on Newmark 

model [2].  DallôAsta and Zona [21] (2002) present EB-EB model of finite elements with 16DOF, 

which couples two Euler-Bernoulli beams through distributed deformable shear connectors 

between the interfaces.  Only the flexural deformability and bending failure mode of each beam 

component are considered.  EB-T model proposed by Ranzi and Zona [22] (2007) is composed of 

Euler-Bernoulli beam and Timoshenko beam representing the concrete slab and the steel 

component, respectively.  Zona and Ranzi [23] (2010) extended the nonlinear analysis of 

composite beam with partial interaction by means of finite element models, developed 16DOF 

displacement-based finite element of T-T model formulated by coupling two Timoshenko beams.  

In addition, Zona and Ranzi also compared three different composite beam models, namely EB-

EB model, EB-T model, and T-T model.  Moreover, as an alternative to the analytical solution, 

some approximated analysis procedures can be found in the literature [4,24,25], which devote 
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much attention to the performance of composite beam with partial interaction using finite element 

simulation.  For example, based on a three-dimensional FE model implemented using an explicit 

formulation in the Abaqus software packages, Tahmasebinia et al. [24] (2012) conduct a 

probabilistic study on effect of material parameter uncertainties on the structural behavior of steel-

concrete beams.  Turmo et al. [4] (2015) propose a 2-dimensional FE model with six different 

types of elements to simulate the behavior of composite beams.  Nevertheless, the solution 

accuracy of numerical simulations depends on convergence rate, target scale, element type, 

computational time, as well as computer memory, which discourages their application for complex 

structures in the analysis of practical engineering problems.  Therefore, this research explores a 

novel and advanced composite beam theory, in particular, which is a simplified analysis method 

that is suitable for engineers to use. 

For composite structures, such as composite steel-concrete beam bridges, nailed timber 

systems, and sandwich panels, an in-depth and comprehensiveness understanding of the interlayer 

slip is important for mechanical response analysis.  The relative interlayer movement called slip 

that occur as a result of deformation of shear connectors at the interface between all the 

components of composite systems.  In other words, this interlayer slip is caused either by the 

flexibility of adhesive and subsequent delamination in the case of continuous contact surfaces, or 

by the deformation of mechanical connectors, such as shear connectors in the T-beam of composite 

steel-concrete as well as the sandwich structures illustrated in Fig. 2.4.  More importantly, 

numerous studies [4,7,27] in the literature have indicated that not only longitudinal interaction 

should be taken into account for the interlayer slip, but also the effect of transverse composite 

action should be included.  For example, as demonstrated in Fig. 2.4, the distortion near the end 
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support is due to the transverse interaction between the interface of concrete wythes in the 

composite sandwich panel under bending moment. 

 

Fig. 2.4 Slip due to longitudinal and transverse interactions in the sandwich panel [27] 

Accordingly, Bai and Davidson [26,27] extended composite beam theory for insulated 

concrete sandwich panels, and proposed closed-form solutions that are available for both 

symmetrical and unsymmetrical wythes.  It is worth noting that the longitudinal and transverse 

interactions are coupled to have an impact on the deflection and stress of each component in the 

sandwich panel.  Subsequently, Bai and Davidson [28] developed composite beam theory to 

analyze pretensioned concrete structures, and established the force equilibrium between 

prestressing strands and concrete by means of a linear relationship assumption between slip and 

interface shear force. 

Considering the influence of bond behavior between concrete and reinforcing FRP tendons 

on the accurate assessment of structural performance, this dissertation (presented in Chapter 3) 

provides an innovative method employed to determine the transfer length for FRP tendons in 

prestressed concrete.  Through associating the developed composite beam theory with the 

nonlinear local bond stress-slip relationship between FRP tendons and concrete, a closed-form 

solution is established. 
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2.2 Pretensioned concrete members reinforced with FRP tendons 

In the current application of practical engineering, FRP materials can be divided into 

internal reinforcements and externally bonded reinforcements [29].  Internal FRP reinforcements 

could be used both as FRP tendons or multidimensional shapes such as grid reinforcements, 

whereas externally bonded reinforcements such as FRP laminates are applied to the surface of 

existing concrete structures for strengthening or retrofitting.  FRP tendons as an alternative to steel 

reinforcement bars for strengthening concrete buildings have attracted much attention in recent 

decades, mainly because of their superior performance over conventional steel materials, such as 

light weight, noncorrosive, and nonmagnetic [30].  Among the structural application of FRP 

composite materials, prestressed concrete members with FRP tendons have become a promising 

research priority.  For the prestressed concrete, it is very important to transfer the prestress force 

to concrete through end anchors or direct bonding.  In pretensioned prestressed concrete members, 

the transmission of prestress depends on direct bonding, which means the investigation on bond 

behavior between concrete and FRP tendons is essential for understanding the nature of structure 

[31].  The part of post-tensioned prestressed concrete members is beyond the scope of this 

dissertation, and related study will be discussed in future work.  

 

2.2.1 Bond-slip relationship for FRP tendons in concrete 

According to a large number of experimental studies by Eligehausen et al. [32] (1983), the 

bond stress-slip behavior was investigated in which the deformed bars embedded in concrete as 

specimens are installed in a testing frame illustrated in Fig. 2.5 and subjected to monotonic and 
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cyclic loading, respectively.  The expression of bond stress-bond relationship called Bertero-

Eligehausen-Popov (BEP) model is given as follows: 

0 0( ) ( )s s s at t=                                                             (7) 

where ( )st  = bond stress acting on the contact surface as a function of slip s , s  = the slip, the 

unknown parameters 0t, 0s , a can be determined from test data.  

 

Fig. 2.5 Local bond-slip relationship test setup [33] 

An analytical model presented in Filippouôs study [34] (1986) is describing the hysteretic 

response of a single reinforcing bar anchored in the interior beam-column joint under random 

cyclic excitation.  Based on the equilibrium and compatibility equations, it is assumed that the 

function of bond stress along the bar anchorage length is approximately piecewise linear, and the 

effect of concrete strains on slip is ignored.  In 1990, Russo et al. [35] presented the analytical 
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solution for the system of reinforcing bar anchorage using the bond stress-slip relation expressed 

by the exponential functions from Eligehausen et al. [32].  

2

2
( )b

lb b

dd s
s

dx E A

p
t=                                                             (8) 

where bA  = cross section area of reinforcing bars, bd  = diameter of reinforcing bar, lbE  = elastic 

modulus of reinforcing bars.  For FRP materials, the characteristic of anisotropic results in 

different mechanical bond behavior compared to that of steel reinforcements.  Therefore, Malvar 

[36] (1994) initially evaluated bond-slip performance between FRP rebars and surrounding 

concrete through experimental investigation on four types of GFRP rebars characterized by 

different surface deformations.  Subsequently, the modified BEP model as an alternative to BEP 

model by Eligehausen et al. [32] is developed by Cosenza et al. [37] (1997) and is defined by the 

following expression:   
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å õ

= -æ ö
ç ÷

                                                         (9) 

In the case of modified BEP model, three unknown parameters C , a, and s  can be 

calibrated by pullout tests.  Since most of the work is focused on the structure within the 

serviceability state level, previous study by Cosenze et al. [37] (1997) has shown that it is sufficient 

to build a refined Cosenza-Manfredi-Realfonzo (CMR) model for the ascending branch.  The 

expression of CMR model is as follows: 
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                                                  (10) 
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where mt  = peak bond stress, unknown parameters b and rs  are also based on the curve-fitting 

of experimental data. 

Based on experimental results of FRP tendons pullout tests, Focacci et al. [38] (2000) 

calibrated the set of parameters of previously given local bond stress-slip relationships, namely the 

BEP model, modified BEP model, and CMR model.  In this dissertation (presented in Chapter 3), 

the expression of BEP model with parameters from Focacci et al.ôs [38] study is assumed for the 

bond stress-slip relationship between FRP tendons and concrete. 

 

2.2.2 Transfer length of prestressed FRP tendons 

In a pretensioned concrete beam, the distance from the end of member over which the 

effective prestressed force is reached is defined as the transfer length.  As an important parameter 

for the analysis of the flexural and shear strength, the knowledge of transfer length is essential for 

the design guidelines and performance evaluation of prestressed concrete members.  Due to the 

lack of a thorough understanding of the mechanical behavior at the interface between concrete and 

FRP tendons, various empirical formulas have been presented to define the transfer length of 

prestressed FRP tendons in the literature [31,39-43].   

Nanni et al. [31] (1992) investigated the transfer length of AFRP tendons (diameter of 8 

mm to 16 mm) by measuring strain changes in concrete.  The results showed that transfer lengths 

of AFRP tendons ranged from 300 mm to 400 mm and 250 mm to 450 mm, respectively, 

corresponding to the low and high level pretension.  In the experimental study of Ehsani et al. [39] 

(1997), five commercially available FRP tendons, including three AFRP tendons and two CFRP 
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tendons, were measured to analyze the bonding behavior.  It is concluded that the prestress level 

affects the transfer length significantly, which is also proved through theoretical analysis in this 

dissertation (presented in Chapter 3).  Lu et al. [40] (2000) investigated three types of nominally 

5/16-inch diameter FRP tendons made of Carbon LeadlineTM, Aramid Technora, and a carbon fiber 

reference material.  The result of the study suggest that the ACI equation should be modified based 

on the fact that nominal bond stress of FRP materials is higher than that of steel tendons.  It was 

also recommended that 50 bar diameters should be used for FRP tendon transfer length.  A 

comparative study by Issa et al. [43] (1993) was carried out to determine the instantaneous and 

long-term transfer length of identical fiberglass and steel pretensioned members.  The experimental 

results show that the transfer length of fiberglass and steel tendon is 10 to 11 inches. and 28 times 

the nominal diameter, respectively.  A more detailed review on FRP tendons transfer length will 

be extended in Chapter 3. 

Experimental methods vary among researchers, and inconsistency will inevitably exist in 

the process of defining the strain plateau.  However, the proposed model (presented in Chapter 3) 

attempts to develop an appropriate and rigorous theory, specifically for prestressed concrete 

reinforced with FRP tendons in which a simple mechanics-based explanation is given to the nature 

of the transfer length.  Perhaps just as important, the methodology explains how various 

mechanical variables and parameters influence the transfer length, which has not been 

mathematically defined before. 
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2.3 Externally bonded FRP laminates strengthening concrete 

The importance of using FRP laminates for retrofitting or strengthening of existing 

concrete members is rapidly increasing in the field of structural design and engineering recent 

years for their prominent advantages, such as corrosion resistant, low installation costs, and readily 

available in several forms.  Detailed information about material properties, design, installation, 

and maintenance of FRP systems for externally strengthening concrete structures is provided by 

ACI [44].  In addition, a large number of theoretical analysis and experimental investigations have 

been adopted to assess the mechanical performance of concrete beams strengthened with 

externally bonded FRP laminates.  It is important to predict the FRP debonding failure with the 

aim of improving the flexural and shear strength of this type of beam.  Research has shown that 

premature failures are primarily attributed to the distribution of interfacial shear stress and normal 

stress. 

 

2.3.1 Interfacial stresses  

There are many research efforts of available literature [8-10,45,46] focused on the 

debonding failure, and it was confirmed that the existence of a combination of interfacial stresses 

concentration near the cutoff end of plate caused the debonding failure.  Based on the elastic 

analysis, Vilnay [8] (1988) conducted the early analysis of concrete beams strengthened by epoxy-

bonded steel plate.  For the case of applying a concentrated load in the midspan of a simple support 

beam, the shear and peeling distributed forces were studied, and it was concluded that the 

maximum stress value appeared at the end of the bonded plate.  Compared to Vilnayôs method [8], 

Täljsten [47] (1997) considered the curvature of the beam and different boundary conditions to 
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provide an analytical solution for the interfacial stresses in plated beams.  The analytical solution 

of Malek et al. [45] (1998) was developed for predicting interfacial shear and normal stresses at 

the plate ends in strengthening RC beams with FRP plates, which was validated by comparison 

with the results of finite element analysis.  However, the bending deformation was neglected in 

Malek et al.ôs [45] solution, resulting in a lack of information on the influence of various 

parameters on interfacial stresses at failure.  Based on the deformation compatibility approach, 

Smith and Teng [46] (2001) made predictions for interfacial stresses in plated beams in terms of 

three load cases.   

Instead of the above approaches, Robert and Hajikazemi [9] (1989) developed a two-stage 

model used to analyze interfacial shear and normal stress distributions for the case of the uniformly 

distributed load acting on the RC beam with externally bonded steel plate.  Robert [10] (1989) 

established an analytical method consisted of three stages to estimate the interfacial stress, in which 

full composite action was assumed between the bonded plate and concrete.  However, the analysis 

of the behavior of concrete beams strengthened by externally bonded FRP laminates that should 

be performed based on the partial composite action rather than full composite action.  

Consequently, the prediction of interfacial stress from this dissertation is based on an innovative 

partial composite action, taking into account the shear stiffness from experimental results reported 

in the literature [17,48].  For this reason, the proposed model (presented in Chapter 4) leads to an 

improved understanding of the nature of the response in terms of mechanics. 
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2.3.2 Bond behavior between FRP laminates and concrete 

As mentioned above, an accurate knowledge of the bond behavior between FRP laminates 

and concrete plays a substantial role in developing a reliable solution for the evaluation of 

interfacial stresses, thereby helping understand the debonding failure.  Some existing studies [48-

51] have found out that the bond performance of FRP laminates to the concrete substrate mainly 

depends on surface preparation, concrete strength, bond length, FRP laminates to concrete width 

ratio, FRP laminates axial stiffness, and adhesive strength.  There are three basic methods 

commonly adopted to explore the bond-slip relationship between concrete and FRP laminates, pull 

test [11-13,16,17,48], theoretical analysis [49], and meso-scale finite element simulation 

[14,52,53].  Lorenzis et al. [48] (2001) evaluated the slip modulus based upon flexural tests, which 

was performed on a plain concrete beam externally bonded with an inverted-T shape CFRP 

laminate, and a linear-elastic analysis was carried out by the shear lag approach.  As an alternative 

to the conventional method for recording the strain distribution, Dai et al. [13] (2005) accurately 

measured pullout forces and end slips in pullout tests for FRP laminates to concrete through 

experimental study and theorical analysis.  According to fib Model Code for concrete structures 

2010 [54], Ko et al. [17] (2014) calibrated three primary parameters of the given bilinear local 

bond-slip model by means of experimental results of 18 double-shear bond tests.  Compared with 

the other two nonlinear bond stress-slip models, Ko et al.ôs model is proved effectively.  Therefore, 

the elastic ascending branch in the bilinear model by Ko et al. [17] is used as the constitutive bond-

slip definition between the FRP laminates and concrete in this dissertation (presented in Chapter 

4), associating with developed composite beam theory,  to further evaluate the influence of various 

mechanical variables and parameters to the interfacial stresses. 
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Chapter 3   Analysis of Transfer Length for Prestressed FRP 

Tendons in Pretensioned Concrete using Composite Beam Theory 

3.1 Introduction 

The use of fiber reinforced polymer (FRP) for concrete construction as important research 

has attracted much attention at many research institutes around the world over recent decades.  

FRP materials offer significant advantages over conventional steel reinforcement: excellent 

corrosion resistance, high strength-to-weight ratio, linear-elastic behavior to a failure of the former 

and non-magnetism [1].  In general, FRP reinforcement can be categorized based on the types of 

fiber use to form the reinforcement: organic fibers, such as Aramid Fiber Reinforced Polymer 

(AFRP), and inorganic fibers, such as Carbon Fiber Reinforced Polymer (CFRP) and Glass Fiber 

Reinforced Polymer (GFRP).  The applications of FRPs can be divided into internal 

reinforcements and externally bonded reinforcements.  Internal FRP reinforcements have been 

used both as one-dimensional FRP tendons or multidimensional shapes such as grid 

reinforcements whereas externally bonded reinforcements such as FRP sheets are applied to the 

surface of the concrete for strengthening or repair. 

As early as the 1960s, the U.S. Army Corps of Engineers Waterways Experiment Station 

stated that pioneering developments were being established for FRP in polymer concrete 

reinforcement applications [2].  In the 1970s, the University of Stuttgart in Germany studied GFRP 

as prestressing tendons [3]; experimental FRP studies were also carried out in Japan in the 1970s 
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[4].  In 1995, the Canadian Network of Centres of Excellence on Intelligent Sensing for Innovative 

Structures (ISIS Canada) was established to investigate the development of the FRP used in 

bridges as a replacement for steel reinforcement [5]. 

One significant challenge with pretensioned concrete members is in understanding how the 

prestressing force is transferred from the prestressing tendon to the concrete.  The distance along 

the tendon over which the effective prestressing force is gradually reached is referred to as the 

transfer length [6].  The sum of the transfer length and the flexural bond length is referred to as the 

development length, which significantly influences the bending and shear strength of prestressed 

concrete members.  As an important parameter for checking the flexural and shear strength, the 

determination of transfer length is absolutely necessary for the development of design guidelines 

and performance evaluation of prestressed concrete members.  Prestressing force transferred to the 

concrete depends primarily on the bond behavior in the end-region of the pretensioned concrete 

structures.  It should be noted that the material properties and the mechanical behavior differences 

between FRP tendons and steel strands are very significant, as demonstrated by a large number of 

experimental studies presented in the literature [7,13,33,34].  Therefore, it is believed that the bond 

characteristics used for steel strands in concrete members cannot be assumed for FRP tendons, and 

therefore standardization and guidelines for the design of FRP reinforced concrete members should 

be based on knowledge specifically dedicated to FRP materials. 

Several equations intended to define the transfer length of prestressed FRP tendons in 

pretensioned concrete members have been presented in the literature [8,11,14,17].  These 

equations were primarily developed by measuring strain change in tests, and accordingly, pure 

mechanics-based definitions of these important relationships is lacking.  Therefore the overall 

objective of this study is to develop a new method of determining the transfer length for FRP 
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tendons in pretensioned prestressed concrete members by means of combining the local bond-slip 

nonlinear relationship for FRP tendons in concrete with composite beam theory.  The transfer 

length is solved with closed-form solutions based on composite beam theory as well as the 

knowledge of the local bond stress-slip relationship between FRP tendons and concrete.  The 

transfer length model is solved through an exact solution of piecewise functions.  This novel 

approach is offered as a potentially more accurate method than the conventional numerical 

methods that involve excessively complicated formulas.  Furthermore, the result of comparisons 

between the model-predicted data and the existing experimental data demonstrates that the closed-

form solutions of the piecewise functions are effective and accurate.  The proposed model 

improves convenience and accuracy compared to the conventional use of empirical formulations. 

 

3.2 Background 

3.2.1 Transfer length for FRP tendons 

As illustrated by Fig. 3.1, to obtain the effective prestress cf  in a pretensioned concrete 

member, the stress in the concrete at the free end is zero, which increases over the transfer length.  

The transfer length of prestressed FRP tendons in concrete flexural members is affected by many 

factors, including the diameter of tendons, concrete compression strength, initial prestress force, 

bond characteristics between FRP tendons and concrete, release method, etc.  However, these 

factors have not been completely agreed on in specifications and literatures used for the design of 

prestressed concrete beams.  The conventional method for determining transfer length during 

testing is by measuring the strain change in concrete or in the tendons using strain gauges before 

and after prestressing force release. 
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Fig. 3.1 Stress transfer from tendon to concrete 

In ACI 440.4R-04 [9], ñPrestressing Concrete Structures with FRP Tendons,ò which is 

used for the design of structural concrete members reinforced with FRP bars, the transfer length 

of carbon FRP is recommended as Eq. (1), which is based on test data by Mahmoud et al. [10]. 

0.67

pe b

t

t c

f d
L

fa
=

¡
                                                              (1) 

where 
pef  is the effective stress in tendon, db  is the diameter of the reinforcing tendon, cf¡ is the 

specified concrete compressive strength, and ta  is 1.9 and 4.8 for N-mm units (10.0 and 25.3 for 

inch-pound units) for LeadlineÊ and Carbon Fiber Composite Cables (CFCC), respectively.  

Cousins et al. [11] conducted an experimental investigation for determining the transfer length of 

epoxy-coated and bare (uncoated) prestressing strands, and also studied the effects of time on 

transfer length.  Based on experiments using both uncoated and epoxy coated strands, Cousins et 

al. [12] developed analytical equations that assumed a plastic zone and an elastic zone within the 

transfer length.  Nanni et al. [13] examined the transfer length for the AFRP tendons using 
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nondestructive measurement of the strain variation in the tendons and in concrete.  The results 

proved that adhesion of sand to the tendon surface, tendon size and concrete strength could affect 

the transfer length of AFRP tendons.  In addition, the study showed differences of the transmission 

mechanism between AFRP tendons and steel strands due to the lower rigidity and higher Poissonôs 

ratio of the AFRP tendons.  From the measurement made by Soudki et al. [14], the transfer length 

of CFRP rods was estimated as 80 and 90 bar diameters for a prestress level of 50 and 70 percent, 

respectively.  It was also found that the equations for steel strands in the provision of the ACI Code 

(318-08) [15] was not applicable to CFRP LeadlineÊ rods. Grace [16] carried out the empirical 

study on double-T girders prestressed with CFRP LeadlineÊ tendons and CFCC strands.  On the 

basis of modification in an available model, the transfer length of CFRP LeadlineÊ tendons and 

CFCC strands was predicted. The test from Rambo-Roddenberry et al. [18] focused on CFCC in 

prestressed concrete piles for bridge foundations. Strain measurements indicated that the transfer 

length of CFCC tendons was 16.7% less than that recommended by ACI 440.4Rï04, 30.6% less 

than AASHTO [19] provisions of 50 bd  (30 in.) and 60 bd  (36 in.), and 35.9% less than predicted 

by the equation from ACI Code (318-08) [15].  The transfer length for prestressed FRP tendons 

recommended by the equation from different sources is summarized in Table 3.1. 
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Table 3.1 Transfer length for FRP tendons from literature 
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AASHTO [19] 50t bL d=  or 60 bd  

 

3.2.2 Composite beam theory 

The earliest composite beam theory was presented in 1949 by Granholm [20] for nailed 

timber structures.  In short, this theory was developed for beams composed of two separate 

elements in which the horizontal shear is transmitted from one element of the member to the other 

through the shear connectors, as illustrated in Fig. 3.2.  The set of governing equations for this 

situation is derived and is solved for the composite beam under external load. 
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Fig. 3.2 Differential element in composite beam member subjected to axial load (N), 

moment (M), shear force (V), and distributed load (q(x)) 

In the study by Newmark et al. [21], the theoretical analysis of composite beams with 

incomplete interaction was compared with results from the tests of T-beams consisting of a rolled 

steel I-beam and a concrete slab.  The good agreement between the test and analytical results 

indicated the feasibility and effectiveness of composite beam theory.  The research presented in 

Goodman and Popovôs [22] paper shows excellent agreement with experimental results of layered 

wood beams, and also confirms the feasibility of the theories previously developed.  Girhammar 

and Gopu [23] dealt with the composite beam-columns with partial interaction and presented 

closed-form solutions for first- and second-order cases.  Based on Girhammar and Panôs [24] 

dynamic analysis of composite members, flexural vibration of elastic composite beams with 

interlayer slip was analyzed by the different dynamic responses in Adam et al. [25].  Foraboschi 

[26] presented the analytical solution of composite beams with nonlinear interlayer slip and proved 

that nonlinearity cannot be ignored.  Bai and Davidson [27] provided closed form solutions for the 

analysis of foam insulated concrete sandwich panels considering both the longitudinal and 

transverse interactions using composite beam theory.  Subsequently, Bai and Davidson [28] 

applied this theoretical development to pretensioned concrete structures and established the force 
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equilibrium between prestressing strands and concrete by means of a linear relationship 

assumption between slip and interface shear force.  The composite beam theory may be used for 

any kind of structures composed of two interconnected elements as long as the underlying 

assumptions are satisfied. 

 

3.2.3 Bond stress-slip of FRP tendons to concrete 

An accurate formulation of the local bond-slip relationship between the tendon and 

surrounding concrete is critical to any analytical model intended to describe the behavior of 

pretensioned concrete with prestressing tendons.  The local bond stress-slip relationships 

expressed by an exponential monomial function were proposed from extensive experiments in the 

study of Eligehausen et al. [29].  The same model was used in CEB-FIP Model Code 90 [30]; the 

function of the bond stresses t and slip s  is defined in Eq. (2) and illustrated in Fig. 3.3: 

( )

( )

max 1 1

max 1 2

2
max max 2 3

3 2

3

, 0

,

,

,

f

f

s s s s

s s s

s s
s s s

s s

s s

a
t

t

t
t t t

t

ë ¢ ¢
î

¢ ¢î
î
=ì å õ-

- - ¢ ¢æ öî
-ç ÷î

î ¢í

                         (2) 



47 

 

 

Fig. 3.3 Analytical bond stress-slip relationship 

where the analytically obtained coefficient 0.4a=  agreed with bond stress-slip test data [30].  

Other parameters depended on factors such as confinement, bond condition and concrete strength.  

In Russo et al. [31], the analytical solution for the system of reinforcing bar anchorage was made 

by using the bond stress-slip relation expressed by the exponential functions from Eligehausen et 

al. [29].  Eligehausen et al. established that experimental bond stress-slip relationship data from 

research using conventional steel strands is not accurate for the case of FRP tendons in 

pretensioned prestressed concrete members.  Because FRP tendons may be composed of aramid, 

carbon, or glass fiber embedded in a resin matrix, the differences arise both from the Poissonôs 

ratio and from the axial strain ratio with respect to that of the steel materials.  As the first FRP 

bond-slip analytical model, the Malvar model [32] was obtained by conducting experiments on 

four types of GFRP rebars characterized by different surface deformations.  Nanni et al. [33] 

provided experimental results obtained with a braided AFRP tendon having a nominal diameter of 

16-mm and initial prestress force of 156.6 KN and used Finite Element Method (FEM) analysis to 
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predict the performance of AFRP tendon during prestress force transfer.  Cosenza et al. [34] 

proposed a modified Bertero-Eligehausen-Popov (mBEP) model as an alternative to Bertero-

Eligehausen-Popov (BEP) model by Eligehausen et al. [29] and the Cosenza-Manfredi-Realfonzo 

(CMR) model, which represented the entire st-  curve shown in Fig. 3.3 and the ascending 

branch of the curve, respectively.  In the experimental investigation focused on the pull-in behavior 

of FRP tendons by Lees et al. [35], the comparison of the transfer behavior of two types of AFRP 

tendons with steel strands was addressed by assuming both a constant and a nonlinear relationship 

between the bond stress and slip through the transfer zone.  Focacci et al. [36] calibrated the set of 

unknown parameters of two given local ( )st t=  relationships using energy approach based upon 

experimental results of FRP tendons pullout tests.  The proposed model and parameters 

characterize the local bond stressslip relationship resulting from the average behavior of FRP 

tendons with diameter of 6.4 mm, 9.5 mm, 12.7 mm, and 15.9 mm.  In the present study, the BEP 

expression with parameters from Focacci et al.ôs [36] study was assumed for the bond stress-slip 

relationship between FRP tendons and concrete, as given by Eq. (3).  In metric (SI) units: 

0.337( ) 8.847s st =                                                             (3) 

 

3.3 Methodology 

The development of theory and analysis approach presented herein for pretensioned 

concrete members with prestressed FRP tendons is based on the following assumptions and 

limitations: 
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(1) Since this development focuses on transfer length that will involve small strains under 

typical conditions, linear elastic constitutive law behavior and small displacement of structures are 

assumed. 

(2) The application of interest is towards relatively slender concrete members and therefore 

Euler-Bernoulli beam theory is applied in which shear deformation of the cross section is 

negligible. 

(3) FRP tendons provide no bending resistance. 

(4) The tendons are straight and occupy the same position at each cross section; the 

eccentricity of the prestressing strands is constant along the length. 

 

3.3.1 Axial force equilibrium 

The geometry and notation for a pretensioned concrete member cross-section with 

prestressed FRP tendons is illustrated in Fig. 3.4.   
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Fig. 3.4 Cross-section of prestressed FRP reinforced concrete member under internal 

forces 

The prestress force ( )N x  in the concrete is transferred by the bond stress t at the interface 

between the concrete and FRP tendons.  The bond stress t is composed of three parts: adhesion, 

friction, and shearing resistance [37].  The axial direction equilibrium condition of the force acting 

on the infinitesimal element shown in Fig. 3.4 is given by Eq. (4): 

[ ]( ) ( ) ( ) ( )C dx N x N x dx N x N x dxt ¡ ¡= + - =                                        (4) 

where t= bond stress generated in the concrete surrounding the FRP tendons, C = total 

circumferences of FRP tendons and ( )N x = resultant axial force acting on the cross section of the 

member as well as ( ) ( )N x N x¡+ = the first degree Taylor polynomial for a given function of 

resultant axial force acting on the cross section.   

It can be noted that the bond stress t at the interface exists not only in the concrete but 

also in the FRP tendons.  The resultant axial force ( )FRPN x dx¡  in the FRP tendons results, which 
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is the same magnitude and the opposite direction relative to the resultant axial force ( )N x dx¡  in 

the concrete shown in Fig. 3.4.  This is defined by Eq. (5) without considering the sign: 

( ) ( )FRPC dx N x dx N x dxt ¡ ¡= =                                                  (5) 

Substituting ( ) c cN x As=  and ( )FRP FRP FRPN x A s=  into the Eq. (5), where cs = the 

concrete stress due to axial direction deformation, FRPs = the FRP tendons stress due to axial 

direction deformation, cA = the cross section area of the concrete and FRPA = the total cross section 

area of the FRP tendons:   

( ) ( )c c FRP FRPC A At s s
¡¡= =                                                    (6) 

Substituting the concrete stress c c cEs e=  into Eq. (6), yields Eq. (7), where cE = the 

elastic modulus of the concrete and ce= the concrete axial strain: 

c c cC A Et e¡=                                                                 (7) 

Eq. (8) is obtained by substituting the expression of 2c cse ¡=  into Eq. (7), where 2cs = the 

concrete displacement due to the axial force.  Correspondingly, 2FRPs = the FRP tendon 

displacement due to the axial force. 

2c c cC A E st ¡¡=                                                                (8) 

The relative movement between the FRP tendons and concrete is defined as the slip s .  To 

illustrate this further, the slip s  is broken into three parts: 1s , 2s  and 3s .  The slip 1s  associated 

with bending is illustrated in Fig. 3.5, where e= eccentricity, u= the deflection of the elastic curve 

http://cn.bing.com/dict/clientsearch?mkt=zh-CN&setLang=zh&form=BDVEHC&ClientVer=BDDTV3.5.0.4311&q=%E4%B8%BA%E4%BA%86%E4%BE%BF%E4%BA%8E%E7%90%86%E8%A7%A3
http://cn.bing.com/dict/clientsearch?mkt=zh-CN&setLang=zh&form=BDVEHC&ClientVer=BDDTV3.5.0.4311&q=%E4%B8%BA%E4%BA%86%E4%BE%BF%E4%BA%8E%E7%90%86%E8%A7%A3
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and q= the slope angle.  Using tanq q u¡º = , the relationship is established as Eq. (10).  The slip 

2s  is the displacement difference between the concrete and FRP tendons under the axial force, and 

the slip 3 iss dxe=ñ  is the result of prestressing tendon retraction, where ise is the strain associated 

with the prestress force before transfer.  

 

Fig. 3.5 The slip 1s  resulting from curvature  

 

1 2 3s s s s= + +                                                              (9) 

1s e eq u¡= =                                                              (10) 

2 2 2FRP cs s s= +                                                            (11) 

3 iss dxe=ñ                                                               (12) 

Taking the second derivative of Eq. (11) with respect to the independent variable x : 

2 2 2FRP cs s s¡¡ ¡¡ ¡¡= +                                                            (13) 

Accordingly, 
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( ) ( )FRPN x N x=                                                          (14) 

Establishing the equilibrium condition given by Eq. (15): 

c c FRP FRPA As s=                                                          (15) 

Substituting c c cEs e=  and FRP FRP FRPEs e=  into  Eq. (15), where FRPE = the elastic 

modulus of the FRP tendons and FRPe = the axial strain of the FRP tendons: 

c c c FRP FRP FRPA E A Ee e=                                                   (16) 

Substituting the expressions of 2c cse ¡=  and 2FRP FRPse ¡=  into Eq. (16) yields Eq. (17):  

2 2c c c FRP FRP FRPA E s A E s¡ ¡=                                                 (17) 

Taking the first derivative of Eq. (17): 

2 2c c c FRP FRP FRPA E s A E s¡¡ ¡¡=                                                 (18) 

Eq. (19) is obtained by combining Eq. (13) with Eq. (18): 

2 2 21 1c c FRP FRP
c FRP

FRP FRP c c

A E A E
s s s

A E A E

å õå õ
¡¡ ¡¡ ¡¡= + = +æ öæ ö
ç ÷ ç ÷

                                    (19) 

Substituting Eq. (8) into Eq. (19), results in Eq. (20):  

2

1

c c

c c

FRP FRP

s
C A E

A E

A E

t
¡¡

=
å õ
+æ ö
ç ÷

                                                   (20) 
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In terms of average ( )st t=  relationships proposed by Focacci et al. [36], the curve 

reported in Fig. 3.6 assumes a relationship between the bond stress and slip for FRP tendons in 

concrete corresponding to Eq. (3).  The empirical models based directly on regression analysis of 

test data is only for a general indication of the average bond-slip behavior of the FRP tendons with 

diameters of 6.4 mm, 9.5 mm, 12.7 mm and 15.9 mm. 

 

Fig. 3.6 BPE Model for ( )st t=  relationship with calibrated parameters 

In certain situations, such as when the serviceability criteria is dealt with in structural 

analyses, the ascending branch of the curve is applied as a refined modeling of the bond stress and 

slip, and the horizontal branch and descending branch of the bond stress-slip curve presented in 

CEB-FIP Model Code can be considered negligible.  Focacci et al. [36] has verified the reliability 
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and accuracy of the BPE model using the parameters presented in their paper.  For these reasons, 

Eq. (3) is substituted into Eq. (20).  In metric (SI) units:    

0.337 28.847

1

c c

c c

FRP FRP

s
s C A E

A E

A E

¡¡
=

å õ
+æ ö
ç ÷

                                          (21) 

Substituting Eq. (10), Eq. (11), and Eq. (12) into Eq. (9), then taking the second derivative 

of the result, Eq. (22) can be written as: 

2s s eu¡¡ ¡¡ ¡¡¡= -                                                               (22) 

Substituting Eq. (22) into Eq. (21), yields Eq. (23):  

0.3378.847

1

c c

c c

FRP FRP

s e
s C A E

A E

A E

u¡¡ ¡¡¡-
=

å õ
+æ ö
ç ÷

                                        (23) 

To simplify the expression by setting the new symbol z, Eq. (24) is obtained: 

( )2
1

c c FRP c c

FRP FRP FRP c cc c

FRP FRP

A E E A E r

A A E A EA E
C

A E

z= =
+å õ

+æ ö
ç ÷

                             (24) 

where r = the radius of the single FRP tendon. By merging the same terms, Eq. (25), which is 

relevant to axial force, is as follows: 

0.3378.847
s s eu

z
¡¡ ¡¡¡- =                                                       (25) 
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3.3.2 Bending moment equilibrium 

As illustrated in Fig. 3.4 and Fig. 3.5, the internal bending moment consists of two parts: 

(1) the component of internal moment due to concrete bending, and (2) the component of internal 

moment due to force couple resulting from prestressing forces in the strands.  The bending 

resistance provided by the FRP tendons is assumed to be negligible relative to these two moment 

components.  The bond forces at the interface between the concrete and FRP tendons can be 

replaced by a couple ( )M x  and a force ( )N x  acting at the centroid of the concrete beam.  These 

two moments can be written in terms of the known external moment as follows: 

( )ex cM M M x= +                                                          (26) 

where exM = the external moment, cM = concrete moment due to bending and ( )M x = pure 

moment due to equivalent force couple systems.  Algebraically, they are defined as the following:  

c c cM E I u¡¡=-                                                               (27) 

( ) ( )M x e N x=                                                               (28) 

( )ex c cM E I e N xu¡¡=- +                                                       (29) 

where cI = the concrete member moment of inertia.  From Eq. (14) and Eq. (17): 

2( ) FRP FRP FRPN x A E s¡=                                                        (30) 

Eq. (31) is obtained by taking the first derivative of Eq. (11): 

2 2 2c FRPs s s¡ ¡ ¡= +                                                               (31) 
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Eq. (32) is obtained by combining Eq. (31) with Eq. (17), and becomes: 

2 2 21 1c c FRP FRP
c FRP

FRP FRP c c

A E A E
s s s

A E A E

å õå õ
¡ ¡ ¡= + = +æ öæ ö
ç ÷ ç ÷

                                    (32) 

Substituting Eq. (24) into Eq. (32), yields Eq. (33):  

2
2FRP

FRP FRP

C s
s

A E

z ¡
¡ =                                                            (33) 

Eq. (34) evolves from substituting Eq. (33) into Eq. (30), and Eq. (29) becomes Eq. (35).     

2( )N x C sz ¡=                                                                 (34) 

2ex c cM E I e C su z¡¡ ¡=- +                                                       (35) 

Taking the first derivative of Eq. (9) with respect to x, then substituting Eq. (10) and Eq. 

(12) into it, Eq. (36) can be written as: 

2 iss s eu e¡ ¡ ¡¡= - -                                                            (36) 

Substituting Eq. (36) into Eq. (35) results in: 

( )ex c c isM E I e C s eu z u e¡¡ ¡ ¡¡=- + - -                                          (37) 

Simplifying by establishing two new symbols sK  and sT : 

2

s c cK E I e Cz= +                                                             (38) 

2
2

s

s

e C
T

K

z
=                                                                   (39) 
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As a result of rearranging Eq. (37), the expression with regard to bending moment is 

generated as following: 

2 2

s ex s
is

s

T M T
s

e K e
u e¡¡ ¡- =- -                                                      (40) 

The governing equations can now be defined by combining Eq. (25) and Eq. (40): 

0.337

2 2

8.847

s ex s
is

s

s s e

T M T
s

e K e

u
z

u e

ë
¡¡ ¡¡¡- =î
î
ì
î¡¡ ¡- =- -
îí

                                                   (41) 

 

3.3.3 Exact solution of piecewise functions 

Generally speaking, specimens from experimental investigations were placed on the 

ground without any external loading before prestress release and only subjected to their own 

weight after release.  On the other hand, according to Bai and Davidsonôs [28] study bending 

moment due to dead weight of the pretensioned concrete members has little influence on the 

transfer length.  Therefore it is reasonable to assume that the external moment is equal to zero, 

0exM = .  To illustrate this, the center of the simply supported beam with the span of L  is located 

at the origin of the coordiate system as shown in Fig. 3.7.   
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Fig. 3.7 The coordinate system of the simply supported beam 

The boundary conditions for the governing equations, Eq. (41), with respect to the 

coordinate system can be defined as: 

At x = 0, the slip (0)s = 0; 

At 2x L=  or 2x L=- , the deflection ( ) ( )2 2 0L Lu u= - = and the bending moment

( ) ( )2 2 0L Lu u¡¡ ¡¡= - =. 

Eq. (42), which is a nonlinear second order ordinary differential equation with rational 

exponent that defines the prestressed FRP tendons slip along the x-axis, is generated by 

differentiating Eq. (40) after substituting the result into Eq. (25).   

( )2 0.3378.847
1 0sT s s

z
¡¡- - =                                                  (42) 

Due to the bending moment being zero at both ends of beam as illustrated in Fig. 3.7, 

( ) ( )2 2 0L Lu u¡¡ ¡¡= - = is substituted into Eq. (40).  The result, known as Dirichlet and Neumann 

boundary conditions, are given by the following expression: 
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()

( ) ( )

0 0

2 2 is

s

s L s L e

=ëî
ì
¡ ¡= - =îí

                                                     (43) 

It is extremely difficult to derive a closed form expression to solve the nonlinear differential 

equation Eq. (42).  However, a piecewise function solution approach provides a feasible and 

reasonable approach to solving the GDEs.  For 0x² , the solution is: 

( )

0, 0 2
( )

2 ,

t

B

t

x L L
s x

A x L L otherwise

¢ ¢ -ëî
=ì

- +îí

                                                (44) 

Eq. (45) is obtained by introducing the symbol y: 

( )2

8.847

1 sT
y
z
=

-
                                                                (45)   

In order to make the solution process clear, a= 0.337 is used, and Eq. (42) can be rewritten 

as:   

( ) ( )s x s xay¡¡=                                                                 (46) 

and the transfer length tL  can be expressed as following, in metric (SI) units: 

( )( )

( )

1

1

1

1 0.5

1

is is

tL

a a

a

e a e

y a

- +

+

è ø+
=é ù

-é ùê ú

                                                   (47) 

( )

( )
2

2 1
ln

1

1A e

a

y a

a

+

-

-=                                                             (48) 

2

1
B

a
=
-

                                                                (49) 
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It can be observed that Eq. (42) has a solution of the form ( ) Bs x A x= .  By substituting this 

function into Eq. (42) and equating the exponents of x  on both sides, A  and B can be determined, 

which results in Eq. (49).  Equating the coefficients of x  on both sides, the expression of A  is 

shown in Eq. (48).   

The boundary conditions as shown in Eq. (43) are associated with the property of 

pretensioned concrete members as described in Fig. 3.1.  The transfer length is referred to as the 

distance from which the prestress force transferred by the bond stress increases from zero to the 

effective prestressing force, which ends with the location of slip 0s= .  This accounts for the bond 

stress 0t= .  In the mathematical model, the transfer length must be shorter than or equal to half 

of the beam span.  However, recall the boundary condition ( )2 iss L e¡ = , which conflicts with the 

hypothetical solution ( ) Bs x A x= for 0 2x L¢ ¢ .  ( ) iss x e¡ =  is reached by setting the symbol 

2 tK L L= - .  Consequently, ( ) Bs x A x=  turns into ( )( )
B

s x A x K= - .  It should be noted that the 

transfer length tL  must be shorter than 2L  .  The expression of tL  is shown in Eq. (47) by 

solving the equation 
1( ) B

t isAB L e-=  in terms of ( )t iss L e¡ = .  Finally, the solution of the slip can 

be proposed as Eq. (44), which also satisfies the boundary conditions.  The advantage of using this 

type of piecewise function (Eq. (44)) is that it allows avoidance of a complicated numerical 

solution and simplifies the computation of the empirical formula. 
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3.4 Comparison with experimental results  

To confirm the accuracy of the proposed method, the results from three different 

experimental studies on FRP tendon transfer length by other investigators were compared with 

those of this study.  The details of the experimental programs can be found in Soudki et al. [14], 

Nanni et al. [13], and Grace [16].  The characteristics of the parameters for all specimens are 

reported in Table 3.2. 

http://cn.bing.com/dict/clientsearch?mkt=zh-CN&setLang=zh&form=BDVEHC&ClientVer=BDDTV3.5.0.4311&q=%E9%AA%8C%E8%AF%81%E6%96%B9%E6%B3%95%E7%9A%84%E5%87%86%E7%A1%AE%E6%80%A7
http://cn.bing.com/dict/clientsearch?mkt=zh-CN&setLang=zh&form=BDVEHC&ClientVer=BDDTV3.5.0.4311&q=%E9%AA%8C%E8%AF%81%E6%96%B9%E6%B3%95%E7%9A%84%E5%87%86%E7%A1%AE%E6%80%A7
http://cn.bing.com/dict/clientsearch?mkt=zh-CN&setLang=zh&form=BDVEHC&ClientVer=BDDTV3.5.0.4311&q=%E9%AA%8C%E8%AF%81%E6%96%B9%E6%B3%95%E7%9A%84%E5%87%86%E7%A1%AE%E6%80%A7
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Table 3.2 Specimen characteristics  

Specimen 

Diameter of 

FRP tendon, 

FRPd   

(mm) 

Total area 

of FRP 

tendons,

FRPA   

(mm2) 

Elastic 

modulus 

of FRP 

tendon, 

FRPE  

 (MPa) 

Prestressing for each 

tendon, 
pef   

(MPa) 

Eccentricity, 

e  

(mm) 

 

Area of 

concrete 

cross-

section,

cA  

 (mm2) 

Elastic 

modulus of 

concrete, 

cE  

(MPa) 

Inertia 

moment of 

cross-

section, I  

(mm4) 

Span length, 

L   

(mm) 

R1 to R4 

 

1 

‰8mm 
46.1 150000 

25% release 

ise=2.274e-03 

100 45000 
38000 

~44000 
3.375e8 3000 

50% release 

ise=4.549e-03 

75% release 

ise=6.823e-03 

100% release 

ise=9.098e-03 

B1-S8 

 
1 ‰12mm 90 67600 

50% release 

ise=0.052e-01 
35 25200 

23000 

~25000 

 

9.261e7 4000 
100% release 

ise=0.103e-01 

CDT1-4 

(two top 

draped, 

bottom 

straight) 

2 

‰8mm 

92.2 

 

147000 

33% release 

ise=0.010 
19.05 

100645 41000 1.131e9 5890 

4 

‰8mm 
184.4 

67% release 

ise=0.010 
57.15 

4 

‰8mm 

2 

‰10mm 

328 
100% release 

ise=0.010 
124.0 
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In the test program of Soudki et al. [14], four rectangular beams R1, R2, R3, and R4 were 

tested with 3.0 m in length, depth of 0.3 m and width of 0.15 m, as shown in Fig. 8.  Each beam 

adopted a single 8 mm nominal diameter CFRP LeadlineTM rod with strength of 2300 MPa, which 

provided 60% of strength as the prestress level of specimen in the measurements.  Strain gauges 

were attached to the concrete surface at the level of the FRP tendons to determine the strain profile.  

The results were recorded at 25%, 50%, 75%, and 100% of prestress force release, which made 

the initial strain ise= 2.274e-03, 4.549e-03, 6.823e-03, and 9.098e-03, respectively.  The concrete 

modulus of elasticity was calculated by specimen strength reported in the paper according to ACI 

Code (318-14).  The transfer length results were compared to the predictions from Eq. (47) and 

are summarized in Table 3.3. 

 

Fig. 3.8 Rectangular beam R1 to R4 with a single 8 mm CFRP LeadlineTM  rod [14] 
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Table 3.3 Comparison of transfer length for FRP tendons 

Description 
Measured 

(mm) 

Predicted 

(mm) 

ACI 440.4R-

04 

(mm) 

AASHTO 

(mm) 

Soudki et al. 

[14] 

R1 

(25% release) 
545 to 695 265 168 400 to 480 

R2 

(50% release) 
545 to 695 374 336 400 to 480 

R3 

(75% release) 
545 to 695 457 504 400 to 480 

R4 

(100% release) 
545 to 695 527 672 400 to 480 

Nanni et al. [13] 

B1-S8 

(50% release) 
400 296 230 600 to 720 

B1-S8 

(100% release) 
450 417 461 600 to 720 

 

The comparison between the measured strain profiles using strain gauges and predicted 

strain profiles using the approach in the present study is illustrated in Fig. 3.9, which demonstrates 

reasonable agreement; for example the error between effective prestress strain analysis results and 

test values at the midspan is less than 7%.  From the different prestress strain profile levels, as 

summarized in Table 3.3, the transfer length value is actually increasing with increasing levels of 

prestress.  As expected according to Eq. (47), this is the result of the different initial strain caused 

by a different value of prestress force.  Note that the predicted transfer length is a little shorter than 

the experimental data; one possible explanation for this behavior is that the bond strength for the 

8 mm CFRP LeadlineTM rods used in the experiment is lower than the one used in the currently 

proposed model.  Therefore, the more transfer length is needed along the CFRP LeadlineTM rod 

over which the effective prestressing force is reached.  
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Fig. 3.9 Predicted strain profiles for rectangular beam R1 to R4 [14] at 25%, 50%, 75%, 

100% release 

Comparisons to the test data by Nanni et al. [13] were also performed.  The specimens had 

span length of 4000 mm and a 120 mm by 210 mm rectangular cross-section.  The pretensioned 

concrete beam was prestressed with a single braided epoxy-impregnated AFRP tendon.  Two 

levels of 50% and 100% initial prestress force were used in the test, which made the initial strain 

ise= 0.0052, and 0.0103, respectively.  The concrete elastic modulus ranged from 22660 to 25070 

MPa; other specimen characteristics are defined in Table 3.2.  The transfer length was examined 
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by means of measurement of the strain variation, gluing the contact points close to both ends of 

the beam at the depth of the AFRP tendons with 5 cm spacing.  Fig. 3.10 shows the predicted strain 

profiles for specimens B1-S8 on 50% and 100% level released prestress force.     

 

Fig. 3.10 Predicted strain profiles for B1-S8 [13] at 50% and 100% release 

As can be seen from Fig. 3.10, the predicted results for 50% and 100% release levels are 

in good agreement with the strain measurements presented in Nanni et al. [13]; the differences 

between the modeling values and experimental values are less than 15%.  It is worth noting that 

the slope of both curves within the transfer zone experienced the greatest rate of strain change, 

which is accurately calculated using Eq. (44).  These results demonstrate the reliability of bond 

stress-slip relationship defined as Eq. (3), which further supports the feasibility of the present 

method.  On the other hand, the predicted transfer lengths are also slightly shorter than the test 

results, which may be due to the variable behavior of the concrete properties examined in the test 

since they are influenced by external factors such as temperature, relative humidity, etc.  Another 

reason may be associated with the methods used to measure the transfer length.  Only minor 
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discrepancies occurred to the strain plateau of both curves, which may be caused by prestress loss 

as a consequence of using anchors during the process of FRP tendons released at different levels.  

Fig. 3.11 and Fig. 3.12 represent bar chart comparisons of transfer length predicted by the 

present study with measured results and those in the specifications, respectively.  In Soudki et al.ôs 

tests, the method of measuring the transfer length is not clear, and all of the predicted values are 

lower than the results from the measurement.  However, the agreement between the predicted 

strain profiles and the measures is good enough to demonstrate the accuracy of the present method.  

By comparing the obtained values from Nanni et al.ôs test, the predicted results are very close to 

the test results.  As demonstrated in the comparisons, regardless of which specifications are used 

to calculate the transfer length, it is almost impossible to be completely consistent with the 

measured values from testing.  Determining the transfer length during testing is based on the 95% 

Average Maximum Strain (AMS) method.  In defining the strain plateau, inconsistency and 

preference may exist between different researchers.  Again, the theoretical equation proposed by 

Guyon [38] for determining transfer length was as following: 

t

pi

L
d

a
e
¡=                                                                (50) 

Where d= the end slip, 
pie = the initial strand strain, a¡= a factor depending the bond stress 

distribution, which was varied from 2 to 3.  In addition, Bai and Davidsonôs [28] study confirmed 

that the lower bound corresponds with an a¡ coefficient of 2.0, and upper bound represents an a¡ 

coefficient of 3.0.  Furthermore the determination of transfer length using 95% AMS method is 

relevant to the transfer length calculated by using equation (50) with a¡ coefficient of 3.0.  Since 

the proposed transfer length definition, which is in the average level, is approximately equivalent 
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to that with a¡ coefficient of 2.5.  That is the reason why the proposed model underestimates the 

values measured in the tests.    

 

Fig. 3.11 Comparison of transfer length in Soudki et al. [14] 

 

Fig. 3.12 Comparison of transfer length in Nanni et al. [13] 

The difference between sequential release and simultaneous release of the tendons during 

manufacture of prestressed concrete members is now demonstrated using Graceôs [16] 

experimental investigation on double-T girders prestressed with CFRP LeadlineTM tendons.  The 

specimen was designated as CDT1-4, which is a simply supported beam.  It had a total length of 
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5890 mm with a cross-section of 1016 mm flange by 343 mm depth.  The details of the geometry 

and reinforcement are shown in Fig. 3.13. 

 

Fig. 3.13 Cross-section for Double-T Girder CDT1 -4 [16] 

The transfer length calculation method presented in this paper cannot be compared to the 

the results from Graceôs tests since those tests involved draped tendons.  Importantly however, the 

Grace tests involved three levels of prestressing force release that depended on which group 

(position) of tendons were released, i.e., 33%, 67%, and 100% release refer to the prestress force 

acting on tendons being sequentially released from top to bottom, respectively.  Assuming all of 

the FRP tendons are straight, it will be interesting to see how the performance of strain profiles 

allows simultaneous releasing of prestress force, which means 67% release represents that the top 

four prestressed tendons are being released at the same time.  The model for 100% release indicates 

that all prestressed FRP tendons were released at the same time.  The details of two levels of 

releases are respectively summarized in Table 3.4. 
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Table 3.4 Details of 67% release and 100% release sequentially compared with 

simultaneously 

Description 
67% 100% 

Sequentially Simultaneously Sequentially Simultaneously 

ise 0.01 0.01 0.01 0.01 

The number 

of times for 

elastic 

shortening 

2 1 3 1 

effe  ωȢππφzρπ  ψȢσφρzρπ  ςȢψσψzρπ  ςȢφχψzρπ  

pfD  (MPa) 13.24 12.29 41.72 39.37 

 

Where ise refers to the initial strain in each FRP tendon due to prestress force.  
effe  is the strain in 

the concrete after undergoing immediate loss, namely the value shown in the strain plateau.  The 

drop in prestress 
pfD  in the FRP tendons refers to the immediate prestress losses. 

As Fig. 3.14 demonstrates, strain plateaus differ from that computed previously.  In another 

words, the concrete strain at the level of the FRP tendons due to prestress force being released 

simultaneously decreased compared with that of being released sequentially.  The concrete strain 

is equivalent to the change in strain in the FRP tendons on the basis of strain compatibility, which 

means that prestress loss was reduced by using the simultaneous release method.  In this case, the 

prestress loss due to being released simultaneously decreased by 7.2% and 5.6% more than that of 

being released sequentially for 67% and 100% release, respectively.  Thus, releasing prestressing 

tendons simultaneously helps to improve the strength of pretensioned concrete members. 
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Fig. 3.14 Comparison of 67% release and 100% release sequentially and simultaneously 

On the contrary, using the proposed approach illustrates how that various factors influence 

the FRP tendon transfer length.  As illustrated by Fig. 3.15, by normalizing the parameters the 

influential factors on the transfer length of FRP tendons that takes into account the relationship 

given by Eq. (47) has been clearly quantified through the study of experimental data [13,14,16].  

Considering FRP tendons show higher bond strength than steel strands as well as there is little 

tendon slippage proved in experiments [13], which is the reason why 1 mm is chosen as the 

maximum value of the slip shown in Fig. 3.16.  It is noted that the bond strength decreases with 

an increasing coefficient a within the range of slip less than 1 mm in Fig. 3.15.  Meanwhile, the 

solid line from Fig. 3.15 demonstrates that the transfer length is increasing with an increasing bond 

stress coefficient a ( 0 0.6a= ), which means that the stronger bond will shorten the distance of 

transmission force within the range of slip less than 1 mm.   

Fig. 3.15 also shows that the transfer length is related to the initial strain (0.005 0.01ise= ) 

and the radii of FRP tendons ( 6 16r mm= ).  This is because the larger amount of initial strain is 

equivalent to the larger slip as illustrated by Eqs. (9) to (12), which further affects the bond stress.  
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The larger radius of FRP tendons results in increasing the interface area between the tendons and 

concrete, increasing the bond strength.  Furthermore, it can be seen that the effect of the concrete 

elastic modulus ( 20000 41230cE MPa= ) and the eccentricity ( 0 120e mm= ) on transfer length 

are not as evident.  Due to the dependence of bond strength of FRP tendons on fiber and resin 

properties rather than on concrete strength, which has been proved in Cosenza et al.ôs [34] study.  

Therefore the accuracy of the transfer length of prestressed FRP tendons in pretensioned concrete 

members primarily depends on the bond stress distribution. 

 

Fig. 3.15 Influence of parameters on FRP tendon transfer length  
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Fig. 3.16 Influence of coefficient ♪ on bond stress  

 

3.5 Conclusions 

A set of governing equations that define the flexural behavior of FRP tendon reinforced 

prestressed concrete beams in which the nonlinear relationship between FRP tendons and concrete 

is taken into account was derived using composite beam theory.  To establish a closed-form 

solution, a piecewise function was applied to determine the transfer length of prestressed FRP 

tendons in pretensioned concrete members.  Through comparing the strain profiles predicted by 

this method with experimental results from literature, as well as formulas provided in design 

specifications, the following conclusions were drawn: 
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1. The feasibility and effectiveness of the proposed method are demonstrated in terms of 

comparison with variable materials (i.e. AFRP, CFRP) and experimental studies by other 

investigators. 

2. Using the developed formulation it is demonstrated that different release methods result 

in prestress loss variations.  The prestress loss due to FRP tendons being released simultaneously 

is slightly less than that of being released sequentially for multi-level pretensioned concrete 

member prestressed by FRP tendons.   

3. An accurate definition of the bond strength between the FRP tendons and concrete is 

critical to accurately determining the transfer length.  

4. Although other predictors based upon empirical data exist and are being used, and 

importance of the developed formulation is that it defines the primary parameters that affect the 

transfer length based upon mechanics theory, namely the bond stress coefficient, initial strain, and 

the FRP tendon radii. 

5. The development presented herein represents an advancement in theory associated with 

the flexural behavior of FRP tendon reinforced prestressed concrete beams.  However, there are 

practical and theoretical issues that must be further addressed.  For example, additional calibration 

of local bond stress-slip relationship parameters through pullout tests on AFRP, CFRP, and GFRP 

tendons is needed.  Also, the development of analytical equations and solutions for prestressed 

concrete members with draped FRP tendons is needed.  
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Chapter 4   Analysis of Interfacial Stresses in Concrete Beams 

Strengthened by Externally Bonded FRP Laminates Using 

Composite Beam Theory 

4.1 Introduction 

Externally bonded fiber reinforced polymer (FRP) laminates are a valuable technique for 

the repair and retrofit of existing concrete structures due to the superior properties of FRP 

composites, such as high strength to weight ratio, excellent corrosion resistance, non-magnetism, 

and low axial coefficient of thermal expansion.  Another benefit of using externally bonded FRP 

laminates with epoxy resins for strengthening concrete structures is that it does not require changes 

of member dimensions; even if the structure is still in use, the repair or retrofit work can be 

conducted quickly and easily.   

Over the last three decades, many studies have been carried out on strengthening concrete 

structures by externally bonded FRP laminates.  The results of extensive investigations have 

indicated that premature failures due to loss of bond between the FRP laminates and concrete 

structures are one of the key factors that reduce the level of safety of the strengthened structures 

[1-8].  Such loss of bond refers to debonding failures that occur at or near the FRP laminates end, 

either by separation of the concrete cover beneath the bottom layer of reinforcement or interfacial 

debonding of FRP laminates from the concrete substrate.  Furthermore, those that initiate at any 
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flexural crack then propagate to the end of the FRP laminates.  This paper focuses on analytical 

modeling of the first type, referred to herein as FRP end debonding failures. 

For reinforced concrete (RC) beams strengthened by externally bonded FRP laminates, 

FRP end debonding failures depend largely on interfacial stresses, including shear and normal 

stresses in the adhesive layer [2,9-14].  Numerous studies have shown that such brittle failure 

mechanisms induced by FRP end debonding failures begin early in the loading phase of the beam, 

which results from interfacial stress concentration at the end of the FRP laminate [1,2,4,10-15].  

As a result, it is critical to develop a sound understanding of interfacial stresses between the FRP 

laminate and the concrete substrate.  Therefore, many interfacial stress-based models intended to 

predict FRP end debonding failures for concrete beams bonded by FRP laminates have been 

presented in the literature [1,2,10,13,15].  These models were primarily developed based on linear 

elastic behavior of the concrete, resulting in relatively simple approximate closed-form solutions 

to predict interfacial stresses.  Nevertheless, the constitutive mechanism of bond-slip between FRP 

laminates and concrete was not taken into consideration.  

In this study, two sets of governing equations that define the mechanics behavior of 

concrete beams strengthened by externally bonded FRP laminates in which bond-slip relationship 

between FRP laminates and concrete is taken into account are derived using composite beam 

theory.  The interfacial shear and normal stresses between FRP laminates and concrete are solved 

with closed-form solutions.  Validation is performed to compare the analytical solution with the 

published finite element (FE) model and existing analytical solutions in the literature to ensure the 

accuracy and feasibility of the present method.  This novel approach is offered as a more rigorous 

and accurate model than existing models that involve incomprehensible formulas.  Furthermore, 
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the effect of various parameters on the interfacial behavior of externally bonded FRP for 

strengthening concrete beams is evaluated based upon the developed model. 

 

4.2 Literature review 

4.2.1 Interfacial stresses 

For a simply supported beam strengthened by externally bonded FRP laminates, as 

illustrated by Fig. 4.1, it is very significant to provide a rigorous analytical solution for predicting 

the interfacial normal ů and shear Ű stresses between the bonded FRP laminates and concrete.  

All existing prediction models were based on the assumption of linear elastic material behavior 

and that the interfacial stresses are constant along the thickness of the adhesive.  

 

Fig. 4.1 Differential element in a simply supported beam strengthened by externally 

bonded FRP laminates 
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Early development work on an analytical method for concrete beams strengthened by 

epoxy-bonded steel plate was carried out by Vilnay [9].  Based on the elastic analysis, both the 

shear and the peeling distributed forces were investigated for the case where a concentrated load 

was applied at the center of a simply supported beam, indicating that maximum stress values 

occurred at the ends of the bonded plate.  Robert and Hajikazemi [12] developed a two-stage model 

that predicted interfacial shear and normal stress distributions for the case of the uniformly 

distributed load acting on the RC beam with externally bonded steel plate.  Täljsten [13] also 

carried out the derivation of an analytical solution to the interfacial stresses in plated beams with 

a point load using linear elastic theory.  The difference with the method by Vilnay [9] was that the 

curvature of the beam was taken into account, as well as different boundary conditions.  The 

analytical models of Malek et al. [1] show good agreement with results of FE analysis, providing 

closed-form solutions for calculating shear and normal stresses at the plate ends in strengthening 

RC beams with FRP plates.  However, it should be noted that the bending deformation was 

neglected in the analytical procedure in Malek et al.ôs [1] solution, resulting in the lack of 

information about how various parameters affect interfacial stresses at failure.  Based on the 

deformation compatibility approach, the solution of Smith and Teng [2] focused on predicting 

interfacial stresses in plated beams for three load cases, namely, a uniformly distributed load 

(UDL), a single point load, and two-point loads.  From the solution by Zhang and Teng [10], 

interfacial stresses were estimated for curved plated beams, plated beams with uniformly varying 

load and tapered beams.  Similar to the study of Robert [11], an analytical procedure was conducted 

with the three-stage analysis that assumes full composite action between the concrete and the 

bonded plate.  However, a large number of experimental and analytical studies [23,25-30,40] have 

indicated that the bond behavior between concrete and FRP laminates is not only affected by 
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adhesive lay, but also affected by other factors, such as the bond width of FRP laminates, FRP 

material types, the roughness of concrete surface, and concrete strength.  Therefore, the analysis 

of the behavior of concrete beams strengthened by externally bonded FRP laminates should be 

conducted based on the partial composite action rather than full composite action.  For the partial 

composite beam, even for full composite beams, slip effects must be considered [21,41,42].  For 

this reason, the aim of the current work is to take into account the slip effect between the interface 

of concrete and the externally bonded FRP laminates, so as to develop rigorous closed form 

solutions for interfacial stress in which the mechanics behavior of concrete beams strengthened by 

externally bonded FRP laminates is analyzed in terms of partially composite action. 

 

4.2.2 Composite beam theory  

Composite beam theory, as the name suggests, is applicable to a composite beam composed 

of two or more elements.  As illustrated by Fig. 4.2, two separate elements of the member are 

connected by means of discrete connectors, and in this case, the transverse force sp  and horizontal 

shear sq  are transmitted from one element to the other through the connector.  Simultaneously, 

the effect of relative movements between each other, referred to as the interlayer slip, will be taken 

into account. 



85 

 

 

Fig. 4.2 Differential element in composite beam member with axial load (N), moment (M), 

shear force (V) and distributed load (q(x)) 

Granholm [17] originally developed the fundamental governing differential equations 

(GDE) for nailed timber structures in 1949.  During the same period, the theoretical analysis of 

composite beams with incomplete interaction was studied by Newmark et al. [18] in 1951.  The 

results from tests of T-beams composed of rolled steel I-beam and concrete slab were consistent 

with the theory, which validated the feasibility and effectiveness of Newmark et al. ôs work.  

Furthermore, it also proved that composite beam theory may be used for any kind of structures 

composed of two or more interconnected elements as long as the underlying assumptions were 

satisfied.  Girhammar and Gopu [19] conducted first- and second-order analyses for composite 

beam-columns under transverse and axial loading through the consideration of partial composite 

action, and also determined the critical buckling loads for a pure column in the second-order 

analysis.  The study proposed by Foraboschi [20] addressed the exact analytical solution of the 

two-layer beam based on the bilinear model of the relationship between the interfacial shear stress 

and the slip.  Bai and Davidsonôs [21,22] research that focused on the analysis of foam insulated 

concrete sandwich panels provided a closed-form solution to symmetrical and unsymmetrical 

wythe structures that included both longitudinal and transverse interactions.  Subsequently, Sha 
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and Davidson [16] developed a new approach to estimate the transfer length in pretensioned 

concrete with FRP prestressed tendons using composite beam theory.  The set of governing 

equations was derived by combining with the nonlinear bond-slip relationship for FRP tendons in 

concrete.  

 

4.2.3 Bond-slip (Ű-s) relationship 

As mentioned above, accurately defining the bond-slip (Ű-s) relationship is a key 

challenge in developing an analytical model for the evaluation of concrete beams strengthened by 

externally bonded FRP laminates.  A number of existing models can be found in the literature that 

are based on theoretical analysis and experiments, and that range from linear and bilinear to 

nonlinear mechanics.  Lee et al. [23] obtained the slip modulus (bE ) at FRP laminate-concrete 

interfaces through experimental measurements of three different types of FRP laminates, which is 

based on a linear model assumption between bond stress and slip.  Lorenzis et al. [24] conducted 

flexural tests on a plain concrete beam externally bonded with an inverted-T shape CFRP laminate 

and carried out linear-elastic analysis by means of the shear lag approach; the value of the slip 

modulus was evaluated.  Double-face shear type tests were carried out by Nakaba et al. [25], who 

proposed the local bond stress-slip relationship defined in Eq. (1), which was based on the 

Popovicsô [31] nonlinear stress-strain relationship for concrete.  Moreover, the effective bond 

length in terms of the proposed model was determined. 

n

m m m

Ű s n

Ű s (n 1) (s s )
=

- +
                                                      (1) 
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0.19

m cŰ 3.5 f=                                                                   (2) 

where mŰ is the maximum local bond stress, cf  is concrete compressive strength for the limited 

range of 24 to 58 MPa, ms  is the slip corresponding to mŰ with a value of 0.065 mm, n  is a 

constant that is calculated using the least square method and in most cases, n 3= .  Three bond-

slip models were proposed in Guo et al. ôs [29] experimental study on the bond behavior of GFRP 

laminate-concrete interfaces that can be used to define the nonlinear bond stress-slip relationship: 

logarithmic model, modified Popovics model and hyperbola model.  Dai et al. [26] provided 

experimental and analytical results obtained using a method for accurately measuring pullout 

forces and loaded end slips in pullout tests for FRP laminate-concrete interfaces, instead of the 

conventional method for recording the strain distribution of FRP laminates to define the local bond 

stress-slip relationship.  The resulting interfacial Ű-s model is defined in Eq. (3): 

[ ]D f D DŰ 2B G exp(-B s) exp(-2B s)= -                                           (3) 

where fG  is the interfacial fracture energy and Dȸ  is the interfacial material parameter, both of 

which are obtained from the regression analysis of test data.  The expression for fG  and Dȸ  by 

Dai et al. [26] are defined as the following:  

-0.352 0.236 0.023

f a a c p pG 0.446(G t ) f (E t )=                                          (4) 

0.108 0.8336.846( ) ( )D p p a aB E t G t=                                                 (5) 

where aG  is the shear modulus of the adhesive, at  is the thickness of the adhesive layer, pE  is the 

elastic modulus of the FRP laminates, and pt  is the thickness of the FRP laminates.  As defined in 
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the fib Model Code for concrete structures 2010 [32], Ko et al. [30] calibrated three primary 

parameters of the given bilinear local bond-slip model based upon experimental results of 18 

double-shear bond tests: the maximum local bond stress (mŰ), the slip ( ms ) corresponding to mŰ, 

and the ultimate slip (ults ).  The proposed model is as follows: 

( )

m m

m

m m

m m ult

ult m

s
Ű , 0 s s

s
Ű

Ű s s
Ű , s s s

s s

ë å õ
¢ ¢î æ ö

î ç ÷
=ì

-î
- ¢ ¢

î -í

                                           (6) 

where the parameters mt , ms , and ults  were defined as the following, and concrete compressive 

strength is limited to the range of 16 to 76 MPa; in metric (SI) units:  

m cŰ 0.165 f=                                                                (7) 

m cs 0.001 f 0.122=- +                                                         (8) 

ult cs 0.002 f 0.302=- +                                                        (9) 

Fig. 4.3 compares the bond stress-slip models for externally bonded FRP laminate-concrete 

interfaces by different researchers using a concrete compression strength of 50 MPa. 
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Fig. 4.3 The bond stress-slip models with cf 50 MPa=   

It can be seen that the bilinear model by Ko et al. [30] is in reasonable agreement with the 

other two nonlinear models [25,26].  The fracture energy of these three bond-slip models is 

approximately same, especially the elastic ascending branch of Ko et al. [30] is consistent with 

that of the others.  However, the advantage of the bilinear model by Ko et al. [30] is in its simplicity 

without significant loss of accuracy compared to other models.  Consequently, the ascending 

branch in the bilinear model by Ko et al. [30] was used as the constitutive bond-slip definition 

between the FRP laminates and concrete in this study.  

 

4.3 Methodology 

As shown in Fig. 4.4 (a), the simply supported beam strengthened by externally bonded 

FRP laminates is subjected to a UDL that can be decomposed into the three cases illustrated in Fig. 

4.4 (b), Fig. 4.4 (c), and Fig. 4.4 (d), considers the concrete and FRP laminates as separate parts 
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connected by adhesive.  In the case of Fig. 4.4 (b), the load that the concrete and FRP laminates 

have at the same the deflection is set, whereas Fig. 4.4 (c) describes the concrete and FRP laminates 

at the same deflection magnitude but different signs.  For the remaining loads shown in the case 

of Fig. 4.4 (d), the concrete and FRP laminates have different deflections.  In the present study, q  

is the uniformly distributed load on the beam, P  is the support reaction equal to 0.5q L at both 

ends, a  is the distance between the FRP cutoff point and the support of the span of L , the 

coordinate origin x 0=  is located at the left FRP cutoff point defined in Fig. 4.4, cE  is the 

modulus of elasticity of concrete, pE  is the modulus of elasticity of the  FRP laminates, cI  is the 

moment of inertia of concrete, and pI  is the moment of inertia of FRP laminates, 

( )1 c c c c p pQ q E I E I E I= + , ( )2 p p c c p pQ q E I E I E I= + , ( )1 1P 0.5Q L 2a= - , 

( )2 2P 0.5Q L 2a= - . 
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Fig. 4.4 The decoupling process for the simply supported beam strengthened by externally 

bonded FRP laminates and subjected to UDL 

 



92 

 

4.3.1 Assumptions 

The following assumptions and limitations were involved in the theoretical development 

presented herein: 

(1) Linear elastic constitutive behavior and small displacement. 

(2) Shear deformation through the concrete beam cross section is negligible and shear 

deformation through the laminate cross section is negligible. 

(3) FRP laminates provides no bending resistance. 

(4) Interfacial stresses are constant through the adhesive thickness. 
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4.3.2 Interfacial shear stress 

4.3.2.1 Axial force equilibrium 

The equilibrium of forces in the axial direction of the concrete member cross-section 

strengthened with FRP laminates illustrated in Fig. 4.5 is given by Eq. (10): 

 

Fig. 4.5 Cross-section and differential length section of concrete member strengthened by 

externally bonded FRP laminates under internal forces 

 

pb dx N (x)dxt ¡=                                                        (10) 

where t = interfacial shear stress between concrete and FRP laminates, pb  = the width of FRP 

laminates, and N (x)¡  = the first derivative for a given function of resultant axial force acting on the 

cross section.  Substituting c ac p apN(x) Aů A ů= =  into Eq. (10), where cA  = the cross section area 
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of the concrete, aců  = the concrete stress due to the axial force, pA  = the cross section area of FRP 

laminates, and apů  = FRP laminates stress due to the axial force. 

( ) ( )p c ac p apb A ů A ů
¡¡t = =                                                    (11) 

Eq. (12) is given by substituting ac c ců E Ů= , ap p pů E Ů= , and c 1cŮ s¡= , p 1pŮ s¡=  into the Eq. (11), 

where cŮ = the concrete axial strain, pŮ = FRP laminates axial strain, 1cs¡ = the first derivative of 

concrete displacement due to the axial force, and 1ps¡ = the first derivative of FRP laminates 

displacement due to the axial force. 

p c c 1c p p 1pb A E s A E st ¡¡ ¡¡= =                                                    (12) 

It should be noted that the total slip s  can be divided into two parts, one is relative 

movement 1s  due to axial force and the other is relative slip 2s  due to bending.  In order to better 

understand the slip 2s  associated with bending, it is demonstrated in Fig. 4.6, where ch  = the 

distance from the concrete beam centroid to the neutral axis, cɡ = the deflection of the concrete 

beam, cɡ¡ = the first derivative of the deflection of concrete, which is approximated as the slope 

angle of concrete.  Correspondingly, ph  = the distance from the centroid of FRP laminates to the 

neutral axis, pɡ = the deflection of FRP laminates, and pɡ¡ = the slope angle of FRP laminates. 
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Fig. 4.6 The slip 2
s  due to bending 

 

1 2s s +s=                                                                 (13) 

where 

1 1c 1ps s +s=                                                              (14) 

2 c c p ps h ɡ h ɡ¡ ¡= +                                                           (15) 

The second derivative of Eq. (14) with respect to the independent variable x : 

1 1c 1ps s s¡¡ ¡¡ ¡¡= +                                                               (16) 

Combining Eq. (12) with Eq. (16), Eq. (17) is given by: 

p pc c
1 1c 1p

p p c c

A EA E
s 1+ s 1+ s

A E A E

å õ å õ
¡¡ ¡¡ ¡¡= =æ ö æ öæ ö

ç ÷ç ÷
                                          (17) 

Substituting Eq. (12) into Eq. (17), results in Eq. (18): 
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1 1
p c c p p

p pc c

c cp p

s s
b A E A E

A EA E
11

A EA E

t
¡¡ ¡¡

= =
å õ å õ

++æ ö æ öæ ö ç ÷ç ÷

                                    (18) 

Taking into account the relationship between the slip and the bond stress, namely, that of 

the total slip s and interfacial shear stress t: 

K st=                                                                  (19) 

where K  = the shear stiffness, which is based on regression analysis of pullout tests for FRP 

laminate-concrete interfaces.  Substituting Eq. (19) into Eq. (18): 

1 1
p c c p p

p pc c

c cp p

s s
K sb A E A E

A EA E
1+1+

A EA E

¡¡ ¡¡
= =

å õ å õ
æ ö æ öæ ö ç ÷ç ÷

                                (20) 

Then substituting the second derivative of Eq. (13) into the Eq. (20) yields: 

( )2K s ɝ s s¡¡ ¡¡= -                                                            (21) 

where 

p pc c

p pc c
pp

c cp p

A EA E
ɝ

A EA E
b 1+b 1+

A EA E

= =
å õ å õ
æ ö æ öæ ö ç ÷ç ÷

                                            (22) 

Rearranging Eq. (21) and substituting the second derivative of Eq. (15) into Eq. (21), Eq. 

(23) can be written in the form: 

c c p p

K
s s hɡ h ɡ
ɝ

¡¡ ¡¡¡ ¡¡¡- = +                                                       (23) 
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4.3.2.2 Bending moment equilibrium 

By means of the equilibrium between the internal bending moment and the known external 

moment exM , Eq. (24) is given by: 

ex c p c c p pM M M h N h N= + + +                                                 (24) 

where cM  = concrete moment due to bending, pM  = FRP laminates moment due to bending, cN  

= axial force acting at the centroid of concrete, and pN  = axial force acting at the centroid of FRP 

laminates.  It should be noted that the bending resistance provided by FRP laminates is negligible, 

i.e. pM  = 0, since it is much lower than that provided by concrete.  Accordingly, 

1
c c ac c c p 1

c c

p p

s
N A ů A E ɝb s

A E
1+

A E

¡
¡= = =

å õ
æ öæ ö
ç ÷

                                        (25) 

1
p p ap p p p 1

p p

c c

s
N A ů A E ɝb s

A E
1+

A E

¡
¡= = =

å õ
æ ö
ç ÷

                                       (26) 

c c c cM E I ɡ¡¡=-                                                              (27) 

Consequently, Eq. (24) can be written as: 

( )ex c c c c p p 1M E I ɡ + h +h ɝb s¡¡ ¡=-                                              (28) 

The first derivative of Eq. (13) after combining with Eq. (14) and Eq. (15) is as follows: 

1 c c p ps s hɡ h ɡ¡ ¡ ¡¡ ¡¡= - -                                                         (29) 
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Substituting Eq. (29) into Eq. (28), Eq. (30) with regard to bending moment is expressed 

as:  

( ) ( )ex c c c c p p c c p pM E I ɡ + h +h ɝb s h ɡ +h ɡè ø¡¡ ¡ ¡¡ ¡¡=- -
ê ú

                               (30) 

The governing equations can be given by combining Eq. (23) and Eq. (30): 

( ) ( )

c c p p

ex c c c c p p c c p p

K
s s hɡ +h ɡ
ɝ

M E I ɡ + h +h ɝb s h ɡ +h ɡ

ë
¡¡ ¡¡¡ ¡¡¡- =î
ì
î è ø¡¡ ¡ ¡¡ ¡¡=- -

ê úí

                               (31) 

4.3.2.3 Solutions of the governing equations 

The superposition technique illustrated in Fig. 4.4 (b)-(d) facilitates a rigorous analysis of 

longitudinal and transverse interactions in an accessible and systematic way.  The cases shown in 

Fig. 4.4 (b) and Fig. 4.4 (d) are applied to determine the interfacial shear stress, whereas the case 

of Fig. 4.4 (c) has no slip between concrete and FRP laminates that result in the interfacial shear 

stress is zero.  The solutions for estimating the interfacial normal stress based on Fig. 4.4 (c) and 

Fig. 4.4 (d) will be discussed in a later section.  In the case shown in Fig. 4.4 (b), the concrete and 

FRP laminates have the same the deflection bɡ  and therefore Eq. (31) can be rewritten as: 

b

2

s ex
b

s

K
s s eɡ
ɝ

N M
ɡ s

e Z

ë
¡¡ ¡¡¡- =î
î
ì
î¡¡ ¡- =-
îí

                                                       (32) 

where 

p ce h +h=                                                                (33) 
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2

s p c cZ e b E Ix= +                                                         (34) 

2

p2

s

s

e ɝb
N

Z
=                                                               (35) 

Accordingly, with the boundary conditions, the slip is zero at mid-span 
L

s 0
2

å õ
=æ ö

ç ÷
 due to 

symmetry, and as a result of zero moment at the end of the FRP laminates ()bɡ 0 0¡¡= , combining 

with external moment for the case (b), ( )20.5 0.5 2exM q x q L a x=- + - , the general solution for 

a slip bs  from the case (b) is given by the following expression: 

( ) ( )b 1 2s C coshɚx C sinh ɚx Ax B= + + +                                       (36) 

where 

s

eɝq
A

Z K
=-                                                                (37) 

( )
s

eɝ
B 0.5q L 2a

Z K
= -è øê ú                                                   (38) 

 
( )2

s

K
ɚ
ɝ 1 N

=
-

                                                           (39) 

1

s

A ɚL eɝqa 1
C tanh

ɚLɚ 2 Z K
cosh

2

å õ
= +æ ö

å õç ÷
æ ö
ç ÷

                                         (40) 

2

A
C

ɚ
=-                                                                 (41) 
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Consequently, the shear stress bŰ from the case (b) is expressed as:  

b bŰ Ks=                                                                 (42) 

In the case shown in Fig. 4.4 (d), the concrete and FRP laminates have different deflections.  

Recall that the slip due to bending 2 c c p ps h ɡ h ɡ¡ ¡= +  can be rearranged as follows: 

( )2 c p c ps eɡ h ɡ ɡ¡ ¡ ¡= - -                                                          (43) 

It should be noted that, ( )p c ph ɡ ɡ¡ ¡-  can be negligible compared with the value of ceɡ¡.  

Therefore, Eq. (43) then becomes: 

2 cs eɡ¡=                                                                     (44) 

Similarly, considering that ( )p c ph ɡ ɡ¡¡ ¡¡-  can be negligible compared with the value of ceɡ¡¡, 

will result in ( )c c p p c p c p ch ɡ h ɡ eɡ h ɡ ɡ eɡ¡¡ ¡¡ ¡¡ ¡¡ ¡¡ ¡¡+ = - - º.  Substituting Eq. (44) into Eq. (21), the set of 

governing equations for case (d) is given by: 

c

2

s ex
c

s

K
s s eɡ
ɝ

N M
ɡ s

e Z

ë
¡¡ ¡¡¡- =î
î
ì
î¡¡ ¡- =-
îí

                                                        (45) 

In accordance with the boundary conditions from case (d), the slip is zero at mid-span 

L
s 0

2

å õ
=æ ö

ç ÷
 due to symmetry, and as a result of zero moment at the end of the FRP laminates 

() ( )c

c c

1
ɡ 0 qa L a

2 E I
¡¡=- - , combining with external moment for the case (d), 
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( )exM 0.5q a L a= - , the general solution for slip ds  from case (d) is given by the following 

expression: 

( ) ( )d 1 2s C coshɚx C sinh ɚx= +                                              (46) 

where 

( )1 2

s s c c

e ɚL 1 1
C tanh q a L a

2 N ɚ 2 Z E I

å õå õ
=- - -æ öæ ö

ç ÷ ç ÷
                                 (47) 

( )2 2

s s c c

e 1 1
C q a L a

2 N ɚ Z E I

å õ
= - -æ ö

ç ÷
                                            (48) 

Consequently, the shear stress dt from the case (d) is expressed as:  

d dK st=                                                                 (49) 

Therefore, in terms of the principle of superposition, the shear stress t is the sum of the 

shear stress bt from case (b) and the shear stress dt from case (d) can be expressed as follows: 

( ) ( )( ) ( )1 21 2K C C coshɚx C C sinh ɚx Ax Bt è ø= + + + + +ê ú
                          (50) 
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4.3.3 Interfacial normal stress 

4.3.3.1 Governing equations of interfacial normal stress 

Considering that the concrete and FRP laminates parts are connected by the adhesive for 

interfacial transverse and longitudinal stresses transfer, the equilibrium can be established as 

illustrated by Fig. 4.7: 

 

Fig. 4.7 Differential element in concrete beams externally bonded FRP laminates with 

adhesive  

For concrete on the top, the shear direction equilibrium condition of the force acting on the 

differential element shown in Fig. 4.7 is given by: 

c pV dx ůb dx qdx¡ =- -                                                       (51) 

where ů = interfacial normal stress between concrete and FRP laminates, and cV¡ = the first 

derivative of a given function for transverse shear force acting on the cross section of concrete.  

The moment acting on the differential element of concrete is expressed as: 
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( ) ( )
2 2c

c c p p

d q ů
V dx M dx+ b dx+ dx b dx

2 2 2
t¡= +                                  (52) 

where cM¡ = the first derivative for the resultant bending moment acting on the cross section of 

the concrete.  Eq. (53) is obtained by recognizing that the second order term is negligible compared 

to the first order term: 

c
c c p

d
V dx M dx+ b dx

2
t¡=                                                   (53) 

The governing equations for concrete can be given by combining Eq. (51), Eq. (53), and 

Eq. (27): 

4

c c
c c p p4

d ɡ d
E I q ůb Ű b

dx 2
¡= + +                                                (54) 

Similarly, the shear direction equilibrium condition of the force acting on the differential 

element of FRP laminates on the bottom is defined as following: 

p pV dx ůb dx¡ =                                                             (55) 

where pV¡ = the first derivative for a given function of transverse shear force acting on the cross 

section of FRP laminates.  The moment that ignores the second order term ( )
2

p

ů
b dx

2
-  acting on 

the differential element of FRP laminates is expressed as:  

p

p p p

t
V dx M dx Űb dx

2
¡= +                                                    (56) 

Accordingly,  
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p p p pM E I ɡ¡¡=-                                                             (57) 

The governing equations for FRP laminates can be given by combining Eq. (55), Eq. (56), 

and Eq. (57): 

4

p p

p p p p4

d ɡ t
E I ůb Ű b

dx 2
¡=- +                                                (58) 

Subtracting Eq. (54) from Eq. (58) yields Eq. (59): 

4 4
p p p pc c

p4 4

c c p p p p c c c c

d ɡ b b td ɡ d q
ů Ű b

dx dx E I E I 2 E I 2 E I E I

å õ å õ
¡- =- + + - -æ ö æ öæ ö æ ö

ç ÷ ç ÷
                   (59) 

In accordance with the linear elastic constitutive law behavior for the adhesive: 

( )n p ců K ɡ ɡ= -                                                            (60) 

a
n

a

E
K

t
=                                                                 (61) 

where nK  = the normal stiffness, aE  is the modulus of elasticity of the adhesive, at  is the 

thickness of the adhesive.  Substituting the fourth derivative of Eq. (60) into Eq. (59), Eq. (62) 

with regard to the interfacial normal stress is expressed as: 

()4

s s

n c c

ů q
ɢ ů ɣ Ű

K E I
¡+ = -                                                     (62) 

where 
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c c p p

s p

c c p p

E I E I
ɢ b

E I E I

å õ+
= æ öæ ö
ç ÷

                                                    (63) 

p c
s p

p p c c

t d
ɣ b

2 E I 2 E I

å õ
= -æ öæ ö
ç ÷

                                                  (64) 

4.3.3.2 Solutions of the governing equations 

The cases shown in Fig. 4.4 (c) and Fig. 4.4 (d) are applied to define the interfacial normal 

stress, whereas the case of Fig. 4.4 (b) has no relative transverse movement between concrete and 

FRP laminates that result in the interfacial normal stress is zero.  For the case shown in Fig. 4.4 

(c), the concrete and FRP laminates have the same deflection magnitude but different signs: 

cc cpɡ ɡ=-                                                                 (65) 

where ccɡ  and cpɡ  refer to the deflection of the concrete and FRP laminates from the case (c), 

respectively.  In order to determine the deflection of the concrete and FRP laminates, consider that 

case (c) is relative motion in which the adhesive in the intermediate portion is treated as a spring 

attached rigid bodies under uniformly distributed load 2Q .  The equation representing that motion 

can be written as follows: 

( ) ( )p 1 cc 2b L 2a k ɡ Q L 2a- = -                                                 (66) 

where 1k  is defined as the spring coefficient, 

1

2
2a

n

a

E
k K

t
= =                                                             (67) 
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Therefore, 

2
cc cp

p

Q
ɡ ɡ

2 K b
=- =                                                          (68) 

Substituting ( )2 p p c c p pQ q E I E I E I= +  into Eq. (68), and becomes: 

( )
p p

cc cp

p c c p p

q E I
ɡ ɡ

2 K b E I E I
=- =

+
                                             (69) 

In accordance with Eq. (60), the normal stress ců from case (c) is expressed as: 

( )
( )

p p

c n cp cc

p c c p p

q E I
ů K ɡ ɡ

b E I E I
= - =-

+
                                         (70) 

In the case shown in Fig. 4(d), there is no distributed load acting on the area where concrete 

is bonded to the FRP laminates, and governing equation Eq. (62) can be rewritten as follows: 

()4
d

s d s d

n

ů
ɢ ů ɣ Ű

K
¡+ =                                                           (71) 

where dů  = the normal stress from the case (d).  Considering the homogenous part of Eq. (71): 

()4
d

s d

n

ů
ɢ ů 0

K
+ =                                                           (72) 

And the characteristic equation representation of Eq. (72) is as follows: 

()4
n

s n

n

ɚ
ɢ ɚ 0

K
+ =                                                           (73) 
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where nɚ = the characteristic roots that are given by the following expressions: 

n s n s4 4
n1

K ɢ K ɢ
ɚ i

4 4
= +                                                      (74) 

n s n s4 4
n2

K ɢ K ɢ
ɚ i

4 4
=- +                                                    (75) 

n s n s4 4
n3

K ɢ K ɢ
ɚ i

4 4
= -                                                      (76) 

n s n s4 4
n4

K ɢ K ɢ
ɚ i

4 4
=- -                                                    (77) 

Consequently, the general solution of the homogeneous equation d 0ů  is as follows: 

( ) ( ) ( ) ( ) ( ) ( )d0 1 2 3 4ů exp ɓx D cos ɓx D sin ɓx exp ɓx D cos ɓx D sin ɓx= + + - +è ø è øê ú ê ú     (78) 

where 1D , 2D , 3D , 4D  are quantities that can be defined using the boundary conditions as 

illustrated in a subsequent section, as well as:  

n s4
K ɢ

ɓ
4

=                                                               (79) 

The particular solution d1ů  of nonhomogeneous differential equation Eq. (71) can now be 

calculated based on the right-hand side portion of the structure, 

( ) ( )s d s 1 2ɣ Ű Kɣ C ɚsinh ɚx C ɚcosh ɚx¡ è ø= +ê ú                                    (80) 

Hence, the particular solution d1ů  is given in the form: 
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( ) ( )d1ů Hsinh ɚx Tcosh ɚx= +                                                (81) 

where 

s n 1

4

n s

ɣ KK C ɚ
H

ɚ K ɢ
=

+
                                                         (82) 

s n 2

4

n s

ɣ KK C ɚ
T

ɚ K ɢ
=

+
                                                         (83) 

Thus, the general solution of the governing equation Eq. (71) is given by: 

d d 0 d1ů ů ů= +                                                              (84) 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

d 1 2 3 4ů exp ɓx D cos ɓx D sin ɓx exp ɓx D cos ɓx D sin ɓx

H sinh ɚx Tcosh ɚx

= + + - +è ø è øê ú ê ú

+ +
      (85) 

It should be noted that the normal stress důwill approach zero with increasing x , which 

results in 1 2D D 0= =, and Eq. (85) can be rewritten as: 

( ) ( ) ( ) ( ) ( )d 3 4ů exp ɓx D cos ɓx D sin ɓx Hsinh ɚx Tcosh ɚx= - + + +è øê ú              (86) 

Considering the boundary conditions for obtaining two unknown constants 3D , 4D , 

()0 0pM =  and () ( )c

q a
M 0 L a

2
= -  for case (d), which leads to the second derivate of deflection 

at the end of FRP laminates ()bɡ 0 0¡¡=  and at the end of concrete () ( )c

c c

q a
ɡ 0 L a

2 E I
¡¡=- -, 

respectively.  Based on Eq. (60), the following boundary condition when x=0  is given by: 
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() ( ) ( )0d n p c n

c c

q a
ů K ɡ ɡ K L a

2 E I

è ø
¡¡ ¡¡ ¡¡= - = -é ù

ê ú
                                       (87) 

Taking into account the third derivative of Eq. (60) and combining with Eq. (27), Eq. (57) 

can be rewritten as follows: 

p c
d n

p p c c

dM dM1 1
ů K

E I dx E I dx

è øå õ å õ
¡¡¡= - - -é ùæ ö æ ö

ç ÷é ùç ÷ê ú
                                     (88) 

Substituting Eq. (53) and Eq. (56) into Eq. (88) results in: 

p d p p d p cc
d n

p p p p c c c c

V Ű b t Ű b dV
ů K

E I 2 E I E I 2 E I

è ø
¡¡¡= - + + -é ù

é ùê ú
                                   (89) 

At x 0=  for the case (d), ()p 2V 0 P=- , ()
2

c 1

L
V 0 q a P

å õ
= - -æ ö
ç ÷

, as well as () 10d K Ct =  

based on Eq. (46) and Eq. (49).  As a result, another boundary condition when x=0  is given by: 

() p c
d n 1 p

c c p p c c

t dq L
ů 0 K a KC b

E I 2 2 E I 2 E I

è øå õå õ
¡¡¡= - + -é ùæ öæ ö æ öç ÷é ùç ÷ê ú

                           (90) 

Hence, substituting Eq. (87) and Eq. (90) into the second and the third derivatives of Eq. 

(86), respectively, 3D  and 4D  can be expressed as follows: 

p 3c
3 n 1 p 43

c c p p c c

t d1 q L
D K a K C b Hɚ D

2ɓ E I 2 2E I 2E I

ë ûè øå õî îå õ
= - + - - -é ùæ öì üæ ö æ öç ÷é ùî îç ÷ê úí ý

             (91) 

( ) 2n
4 2

c c

K q a1
D L a Tɚ

2ɓ 2E I

è ø
=- - -é ù

ê ú
                                           (92) 
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Therefore, through applying the principle of superposition, the normal stress ů is the sum 

of the normal stress ců from case (c) and the normal stress dů  from case (d), and can be expressed 

as follows: 

c dů ů ů= +                                                                (93) 

( ) ( ) ( ) ( ) ( )
( )

p p

3 4

p c c p p

q E I
ů exp ɓx D cos ɓx D sin ɓx Hsinh ɚx Tcosh ɚx

b E I E I
= - + + + -è øê ú

+
  (94) 

 

4.4 Validation and comparisons  

In order to verify the accuracy of the proposed method, comparisons were made to 

published finite element results [43] and existing models by other investigators [1,2], respectively.  

Although many experimental studies have focused on the performance of reinforced concrete 

beams strengthened by externally bonded FRP laminates, it was found that measuring interfacial 

shear and normal stresses is practically impossible [44,45].  Therefore, additional validation was 

conducted to compare the present solution with the published FE model [43] as an alternative that 

cannot be compared with experimental results. 

Beam-spring-beam (B-S-B) models [43] were developed for predicting interfacial stresses 

and debonding failure in structural members strengthened by bonded plates using the FE method 

in which the beam and the bonded plate were both modeled by beam elements while the adhesive 

layer was modeled by spring elements.  As a result, interfacial stresses are constant through the 

adhesive thickness, which is consistent with the assumptions of the model developed in this study.  

Also, it should be noted that the stiffness of the spring element adopted the stiffness of adhesives 
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layer a a
K G t=  in B-S-B FE model.  Therefore, comparisons are performed for validation of the 

present method with shear stiffness a a
K G t= .  The example from Zhang and Teng is a simply 

supported reinforced concrete beam strengthened by FRP laminates under UDL.  The beam span 

is L 3000 mm= , UDL acting on the beam is 30 /q N mm= , and the distance from the support to 

the FRP laminates cutoff point is a 300 mm= .  The geometric and material parameters are listed 

in Table 4.1. 

Table 4.1 Material parameters used for comparison with FE analyses 

Part 
Modulus of 

elasticity (MPa) 
Width (mm)  Thickness (mm) Poissonôs ratio 

Concrete  = 30000  = 150  = 300  = 0.18 

Adhesive  = 3000  = 150  = 2  = 0.35 

FRP laminates  = 200000  = 150  = 3  = 0.3 

 

As shown in Fig. 4.8 and Fig. 4.9, the predictions of the interfacial stress distribution by 

the present solution are in very close agreement with the corresponding FE results based on similar 

assumptions, which demonstrates the accuracy of analytical solution in this study.  The predicted 

interfacial shear stress peak value is 5.1% higher than that from FEM; the predicted interfacial 

normal stress peak value is 3.8% lower than that from FEM.  The reason why the discrepancy only 

appears at the end of FRP laminates is due to the stress singularity [46]. 

cE cb cd cɜ

aE ab at aɜ

pE pb pt pɜ
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Fig. 4.8 Comparison between FE analysis and present results for the interfacial shear stress 

 

Fig. 4.9 Comparison between FE analysis and present results for the interfacial normal 

stress 

The second validation example is from Smith and Teng [2], which is also the simply 

supported RC beam with the span of L 3000 mm= , UDL acting on the beam is 50 /q N mm= , 

and the distance from the support to the FRP laminates cutoff point is a 300 mm=  as shown in 

Fig. 4.10.  The geometric and material parameters are listed in Table 4.2. 
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Fig. 4.10 The simply supported concrete beam externally bonded FRP laminates subjected 

to UDL used for validation 

Table 4.2 Material parameters used for comparison analyses 

Part  
Modulus of 

elasticity (MPa) 
Width (mm)  Thickness (mm) Poissonôs ratio 

Concrete cE  = 30000 cb  = 200 cd  = 300 N/A 

Adhesive aE  = 2000 ab  = 200 at  = 2 aɜ = 0.35 

FRP laminates pE  = 100000 pb  = 200 pt  = 4 N/A 

 

The solution for interfacial shear stress from Eq. (50) based upon m mK st= , a a
K G t=  

and K 383.6 MPa / mm=  in the present study were compared to the predictions of Malek et al. 

[1] and Smith et al. [2] and are provided in Figs. 4.11, 4.12, and 4.13, respectively.  Specifically, 

the shear stiffness m mK st=  is from the bond-slip model proposed by Ko et al. [30], which is 

based on a regression analysis of pullout tests of bonded FRP-concrete interfaces.  The shear 

stiffness a a
K G t=  has been widely applied to previous methods for the analysis of interfacial 

stress in which the local bond stress-slip relationship between concrete and FRP laminates is not 

taken into account.  The slip modulus K 383.6 MPa / mm=  was evaluated by Lorenzis et al. [24] 
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by means of the shear lag approach together with the determination of the thickness of composite 

systems using a Scanning Electron Microscope (SEM).  As can be seen in Fig. 4.11, the present 

method with m mK st=  and other researchersô methods have a discrepancy in the interfacial shear 

stress peak values, which gradually vanishes as the distance to the midspan decreases.  In contrast, 

it can be observed from Figs. 4.12 and 4.13 that the results from the present method with 

a a
K G t=  and K 383.6 MPa / mm=  show close agreement with Smith et al.ôs [2] results, 

whereas it still has a small discrepancy with the results of Malek et al. [1].  This is because the 

effect of bending deformation of concrete and FRP laminates on the interfacial shear is not taken 

into account in Malek et al.ôs [1] solution.  According to Eq. (24), this might lead to a rise in the 

value of slip, resulting in the interfacial shear stress predicted by Malek et al.ôs [1] method being 

slightly larger than the values estimated by Smith et al. [2] and the current method. 

The predicted results with a a
K G t=  of the current method are almost identical to those 

from Smith et al.ôs [2] solution with the same shear stiffness illustrated in Fig. 4.12, which 

demonstrates the accuracy in the interfacial shear stress calculations using composite beam theory 

of this study.  It is worth noting that maxŰ  at the end of the FRP laminates from this study is only 

2.5% larger than that of Smith et al.ôs [2] solution because the bending resistance provided by the 

FRP laminates is negligible.  This further indicates that the effect of bending deformation of FRP 

laminates on the interfacial shear stress is negligible compared to that of concrete. 

As can be seen in Fig. 4.13, the agreement between predicted results with 

K 383.6 MPa / mm=  in this study and those from Smith et al.ôs [2] solution is good enough to 

demonstrate the accuracy and efficiency of the present method by considering the shear stiffness 

K  between concrete and bonded FRP laminates.  It should be noted that the differences between 
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the predicted results based on m mK st=  with other researchersô are mainly due to the shear 

stiffness K  conducted by Ko et al. [30] is much lower than a a
K G t= .  However, in fact, the 

definition of the constitutive mechanism of bond-slip for FRP laminate-concrete is a complex 

problem that is not only governed by properties of the adhesive but also depends on concrete 

strength, FRP laminates and concrete width ratio and FRP axial stiffness [30,33-35].  Therefore, 

an accurate assessment of the bond-slip (Ű-s) relationship for FRP laminate-concrete is essential 

to the analysis of the mechanical behavior of concrete beams with externally bonded FRP 

laminates.  

 

Fig. 4.11 Interfacial shear stress distributions near the end of FRP laminates with 

m mK st=  
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Fig. 4.12 Interfacial shear stress distributions near the end of FRP laminates with 

a a
K G t=  

 

Fig. 4.13 Interfacial shear stress distributions near the end of FRP laminates with 

K 383.6 MPa / mm=  
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From Figs. 4.14, 4.15, and 4.16, the comparison between the predictions of the interfacial 

normal stress based upon the shear stiffness m mK st= , a a
K G t=  and K 383.6 MPa / mm=  

presented in this study and the solutions of Malek et al. [1] and Smith et al. [2] are illustrated, 

respectively.  Fig. 4.14 shows that the present solution with the shear stiffness m mK st=  have a 

discrepancy with results of other researchers near the end of the FRP laminates and the discrepancy 

gradually vanishes as the distance to the midspan becomes small.  The reason is that the 

determination of interfacial normal stress derived by Eq. (94) takes into account the results of the 

interfacial shear stress, and interfacial shear stresses based on m mK st=  are different from those 

of other researchers.  However, as can be observed from Figs. 4.15 and 4.16, the predicted results 

with a a
K G t=  and K 383.6 MPa / mm=  are in close agreement with the solutions of Smith et 

al. [2].  Also it can be found from Figs. 4.14, 4.15, and 4.16 that there are some discrepancies 

between the results of Malek et al. [1] and others in the region of negative interfacial normal stress.  

This is because the tensile stress in FRP laminates was mistaken for the interfacial shear stress in 

the process of Malek et al.ôs [1] solution for interfacial normal stress.  Additionally, based on the 

solution of tensile stress without considering the effects of bending deformation of concrete and 

FRP laminates, resulting in maxů  at the end of FRP laminates of Malek et al. [1]  is 24.4% larger 

than that of Smith et al.ôs [2] solution.  
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Fig. 4.14 Interfacial normal stress distributions near the end of FRP laminates with 

m mK st=  

 

Fig. 4.15 Interfacial normal stress distributions near the end of FRP laminates with 

a a
K G t=  

 



119 

 

 

Fig. 4.16 Interfacial normal stress distributions near the end of FRP laminates with 

K 383.6 MPa / mm=  

As the interfacial shear Ű and normal stress ů have been determined in Eq. (50) and Eq. 

(94), respectively, the peak value of interfacial stress at the end of FRP laminates ( )x 0=  can be 

defined by the following:  

( )max 1 1Ű K C C B= + +                                                        (95) 

( )
p p

max 3

p c c p p

q E I
ů D T

b E I E I
= + -

+
                                              (96) 

The results of the maximum value of interfacial stress given by Eq. (95) and Eq. (96) for 

the example were compared to those of the former [1,2] and are summarized in Table 4.3.  Thus, 

it is evident that maxŰ  and maxů  at the end of FRP laminates by the solution with m mK st=  in the 

present study are smaller than that of other solutions because the result depends on the shear 

stiffness K , whereas the shear stiffness m mK st=  from pullout tests for bonded FRP-concrete 
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interfaces is smaller than the shear stiffness calculated from elastic properties of adhesive, which 

has been proved in the extensive literature [33-38]. 

Table 4.3 Comparison of peak values of interfacial stress 

Description 

Peak value of 

interfacial shear 

stress maxŰ  

( MPa ) 

max smith

smith

Ű Ű

Ű

-
 

Peak value of 

interfacial 

normal stress 

maxů  ( MPa ) 

max smith

smith

ů ů

ů

-
 

Smith et al. [2] 2.740 0 1.484 0 

Malek et al. [1] 3.078 12.3% 1.846 24.4% 

Present ( m m
K Ű s= ) 1.609 41.3% 0.803 45.9% 

Present ( a a
K G t= ) 2.808 2.5% 1.387 6.5% 

Present 

( K 383.6 MPa / mm= ) 
2.854 4.2% 1.408 5.1% 

 

4.5 Influence of parameters on the interfacial stress 

In order to study the influence of various factors on the peak interfacial shear maxŰ  and 

normal maxů  stress, parameters ranges were selected based on experiment data [25,30] and 

normalized for better quantification, i.e., the distance from the support to the end of FRP 

( a 0 400 mm= ), the thickness of FRP laminates ( pt 0 4 mm= ), the width of FRP laminates 

( 5pb 0 200 mm= ), the depth of concrete (cd 100 400 mm= ), the elastic modulus of concrete 

( cE 20000 40000 MPa= ), the elastic modulus of FRP laminates 
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( pE 100000 300000 MPa= ), the shear stiffness ( /K 30 3500 MPa mm= ) and the width of 

concrete ( cb 100 400 mm= ). 

Figs. 4.17 and 4.18 show how various factors affect the peak interfacial shear maxŰ  and 

normal maxů  stress.  The maximum interfacial stresses, i.e., maxŰ  and maxů , both are increasing as 

the distance from the support to the end of FRP laminates becomes larger.  Also, as the thickness 

of FRP laminates increases, the maximum interfacial stresses increase. This is the reason why the 

application of multiple layers will increase the stress at the end of FRP laminates.  In contrast, the 

results indicate that the effect of FRP laminates width on the peak interfacial stresses are not 

evident within limits.  It is worth noting that the influence of concrete depth and width have some 

difference: as the depth of concrete becomes larger, the peak value of interfacial stresses decreases 

significantly, whereas, as the width of concrete becomes larger, the peak value of interfacial 

stresses decreases relatively less.  This is because the larger depth of concrete affects not only the 

tensile force developed in the concrete, but also the bending moment.  In turn, it has a greater 

impact on the results.  It is also found that larger elastic modulus of concrete and FRP laminates 

results in increasing maxŰ  and maxů .  As previously mentioned, Figs. 4.17 and 4.18 further illustrate 

that the maximum interfacial stresses are closely related to the shear stiffness K , which means 

that the larger shear stiffness K  will remarkably increase the peak value of interfacial stresses. 
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Fig. 4.17 Influence of parameters on the peak interfacial shear stress  

 

 

Fig. 4.18 Influence of parameters on the peak interfacial normal stress 
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In addition, Fig. 4.19 through Fig. 4.26 demonstrate the influence of various factors on the 

distributions of the interfacial shear Ű and normal ů stress determined in Eq. (50) and Eq. (94), 

respectively. The results from Fig. 4.19 and Fig. 4.25 reveal that the interfacial stress is closely 

associated with the distance from the support to the end of the FRP and the shear stiffness, and the 

effect mainly occurs near the end of the FRP laminates.  On the other side, the concept of the active 

bond length of externally bonded FRP systems for strengthening concrete structures [39] also 

confirms the accuracy of the results.  In Fig. 4.21, again for FRP laminates width, the effect on the 

interfacial stresses are not significant, as mentioned above.  Fig. 4.20 shows that FRP laminates 

thickness has a wide range of influences.  As illustrated in Figs. 4.23 and 4.24, the effects of elastic 

modulus of concrete and FRP laminates are relatively minor, but they work throughout the bond 

area.  By comparing the effect of concrete depth with concrete width on the interfacial stressesô 

distribution illustrated by Figs 4.22 and 4.26, it is not difficult to recognize that the former is more 

obvious and the latter is gradually weakening.  Furthermore, the similarity between the influence 

of the concrete depth and width on the interfacial stressesô distribution is that they are both 

primarily reflected close to the end of FRP laminates. 

 

Fig. 4.19 Influence of the distance from the support to the end of FRP on interfacial stress 

distributions 
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Fig. 4.20 Influence of the thickness of FRP laminates on interfacial stress distributions 

 

 

Fig. 4.21 Influence of the width of FRP laminates on interfacial stress distributions 

 

 

Fig. 4.22 Influence of the depth of concrete on interfacial stress distributions 
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Fig. 4.23 Influence of the elastic modulus of concrete on interfacial stress distributions 

 

 

Fig. 4.24 Influence of the elastic modulus of FRP on interfacial stress distributions 

 

 

Fig. 4.25 Influence of the shear stiffness on interfacial stress distributions 
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Fig. 4.26 Influence of the width of concrete on interfacial stress distributions 

 

4.6 Conclusions 

The interfacial shear t and normal s stress in concrete beams strengthened by externally 

bonded FRP laminates subjected to UDL are analyzed by using composite beam theory in this 

study.  A rigorous analytical approach considering the bond-slip relationship between FRP 

laminates and concrete is developed for the determination of the mechanics behavior including 

longitudinal and transverse interactions.  Two sets of governing equations are derived for 

interfacial stresses that include the interfacial shear stress t and the interfacial normal stress s.  

The closed-form solutions are given by means of superposition technique in which UDL is 

decomposed into three simple subcases.  Through comparing the distribution of interfacial stresses 

evaluated based upon the developed model with those from the published finite element modeling 

results and existing models by other investigators, the conclusions were drawn as follows: 

1.  The present approach associated with the shear stiffness a a
K G t=  shows good 

agreement with published FE results and analytical solutions by other investigators, and 

demonstrates the feasibility and effectiveness in the interfacial stresses prediction for concrete 
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beams strengthened by externally bonded FRP laminates using the composite beam theory 

developed in this study.   

2.  Using the model with the shear stiffness based on pullout tests for bonded FRP-concrete 

interfaces improves the solution accuracy for interfacial stresses.  

3.  The effect of FRP laminates bending deformation on the determination of interfacial 

stresses is not obvious, but it is necessary to consider the bending deformation of concrete in order 

to derive a more rigorous model. 

4.  It is critical to define the relationship between FRP laminates and concrete for accurately 

determining the interfacial stress, which further predicts accurately the debonding failure for 

externally bonded FRP systems for strengthening concrete structures. 

5.  The advantages of the theoretical development are demonstrated by the parametric study.  

The influences of various factors on the peak interfacial shear and normal stresses are quantified, 

and the influence area of different parameters on the distribution of interfacial stress is illustrated 

through the developed formulation.  

Future work will be devoted to the composite beam theory solution for concrete beams 

strengthened by externally bonded FRP laminates subjected different types of loading.  In addition, 

it will be essential to provide a more accurate assessment of the bond-slip relationship between 

concrete structures and externally bonded FRP laminates composed of different types of fiber, 

such as Aramid Fiber Reinforced Polymer (AFRP), Carbon Fiber Reinforced Polymer (CFRP) and 

Glass Fiber Reinforced Polymer (GFRP). 
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Notations 

sp  transverse force per length fG  interfacial fracture energy 

s Interfacial normal stress between concrete and FRP laminates at  thickness of the adhesive layer 

ults  the ultimate slip pt   thickness of FRP laminates 

a  distance from the end of the FRP laminates to the support of the span aG  shear modulus of the adhesive 

L  span length P  support reaction 

cE  modulus of elasticity of concrete q  uniformly distributed load on the beam 

pE  modulus of elasticity of FRP laminates cI  moment of inertia of concrete 

pb  width of FRP laminates pI  moment of inertia of FRP laminates 

sq   horizontal shear per length DB  interfacial material parameter 

t interfacial shear stress between concrete and FRP laminates 1Q  ( )1 c c c c p pQ q E I E I E I= +  

s  total slip between concrete and FRP laminates 2Q  ( )2 p p c c p pQ q E I E I E I= +  

bE  slip modulus at FRP laminate-concrete interfaces 1P  ( )1 1P 0.5Q L 2a= -  

mŰ maximum local bond stress 2P  ( )2 2P 0.5Q L 2a= -  

cf  concrete compressive strength N(x) 
resultant axial force in both the concrete 

beam and the FRP laminates 

ms  slip corresponding to 
mŰ 

cA  cross section area of the concrete 

n  n 3= , constant in bond-slip models 
pA  cross section area of FRP laminates 

aců  concrete stress due to the axial force 
cŮ concrete axial strain 

apů  FRP laminates stress due to the axial force pŮ FRP laminates axial strain 

1cs¡ the first derivative of concrete displacement due to the axial force 
1s  slip due to axial force 

1ps¡ the first derivative of FRP laminates displacement due to the axial force 
2s  slip due to bending 

ph  distance from the centroid of FRP laminates to the neutral axis cɡ deflection of concrete  

ch  distance from the centroid of concrete to the neutral axis pɡ deflection of FRP laminates 

cɡ¡ slope angle of concrete cM  concrete moment due to bending 
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pɡ¡ slope angle of FRP laminates pM  FRP laminates moment due to bending 

cN  axial force acting at the centroid of concrete cV  
transverse shear force acting on the 

cross section of concrete 

pN  axial force acting at the centroid of FRP laminates pV  
transverse shear force acting on the 

cross section of FRP laminates 

exM  external moment e  
p ce h +h=  

x 

p pc c

p pc c
pp

c cp p

A EA E
ɝ

A EA E
b 1+b 1+

A EA E

= =
å õ å õ
æ ö æ öæ ö ç ÷ç ÷

 

K  Shear stiffness 

bɡ deflection from the case (b) 
2

sN  

2

p2

s

s

e ɝb
N

Z
=  

sZ  
2

s p c cZ e b E Ix= +  
bs  slip from the case (b) 

bt Shear stress from the case (b) 
ds  slip from the case (d) 

dt Shear stress from the case (d) cd  depth of the concrete beam 

nK  normal stiffness 
1k  1

2
2a

n

a

E
k K

t
= =  

sc  
c c p p

s p

c c p p

E I E I
ɢ b

E I E I

å õ+
= æ öæ ö
ç ÷

 
sy  

p c
s p

p p c c

t d
ɣ b

2 E I 2 E I

å õ
= -æ öæ ö
ç ÷

 

ccɡ  deflection of the concrete from the case (c) 
ců normal stress from case (c) 

cpɡ  deflection of FRP laminates from the case (c) 
dů  normal stress from case (d) 

ɓ n s4
K ɢ

ɓ
4

=  
nɚ the characteristic roots 

d0ů  general solution of normal stress from case (d) d1ů  
particular solution of normal stress 

from case (d) 

maxt  maximum interfacial shear stress maxs  maximum interfacial normal stress 
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Chapter 5   Verification of Composite Beam Theory with Finite 

Element Model for Pretensioned Concrete Members with 

Prestressing FRP Tendons 

5.1. Introduction 

Along with the strikingly rapid development of composite materials in the field of civil 

engineering, the applications of fiber reinforced polymers (FRPs) on strengthening concrete 

structures have attracted more and more attention.  The applications of FRPs can be divided into 

the form of FRP tendons as internal reinforcements or FRPs laminates as externally bonded 

reinforcements.  In the previous decades, extensive analytical and experimental studies have been 

conducted on the local bond-slip relationship of concrete flexural members reinforced by FRP 

tendons [1-8] or concrete members strengthened by externally bonded FRPs laminates [10-19].  It 

was found that a sound understanding of the bond behavior between FRPs reinforcement and the 

concrete substrate played a major role in the development of design guidelines and performance 

evaluation of FRPs strengthening concrete members.  Therefore, a reliable and rigorous analytical 

model based on the innovative partial composite action, taking into account the corresponding 

bond characteristics, is essential to accurately assess the mechanical properties of strengthening or 

retrofitting concrete structures using FRPs.  A previously developed method [23] focused on 

pretensioned concrete members with prestressing FRP tendons.  The transfer length was solved by 

combining the local bond-slip relationship for FRP tendons in concrete with composite beam 
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theory.  In the presented paper, finite element modeling of pretensioned concrete members with 

prestressing FRP tendons is proposed in order to provide further verification of the developed 

analytical methodology. 

Composite beam theory proposed by Granholm [20] in 1949 and Newmark et al. [21] in 

1951 was initially used to solve for the case of nailed timber structures and T-beams consisting of 

a rolled steel I-beam and a concrete slab, respectively.  In terms of partially composite action, the 

theoretical analysis was developed for the member consisting of two separate elements connected 

by discrete connectors.  Furthermore, the influence of relative displacement between the two 

elements, i.e. the effect of slip, was fully considered.  From this perspective, therefore, composite 

beam theory is not limited to the types of structures mentioned above but is instead devoted to a 

wide range of structures comprised of two or more interconnected elements under reasonable 

assumptions.  For example, Bai and Davidson [25] implemented a rigorous analysis of foam 

insulated concrete sandwich panels in which structural deflection was divided into two 

components, shear and flexural.  The structural behavior was taken into account as partially 

composite in terms of composite beam theory.  Sha and Davidson [9,23] provided closed form 

solutions using composite beam theory for determining the transfer length of pretensioned concrete 

members strengthened by FRP tendons as well as predicting the interfacial stress in concrete beams 

with externally bonded FRPs laminates.  Through the research on the developmental course of 

composite beam theory [21,23,25], it has been observed that theoretical methods were mainly 

verified against the existing experimental data from the literature.  However, in order to 

comprehensively evaluate the accuracy and reliability of the developed method, as a 

supplementary verification, finite element analyses (FEA), is an effective methodology that can 

be employed to compare with theoretical solutions. 
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As an important numerical technique, FEA has been widely used to study the behavior of 

prestressed concrete beams [27-29].  Most research has focused on pretensioned concrete members 

with prestressing steel strands; only a very limited number of FE models are specifically available 

for pretensioned concrete with prestressing FRP tendons.  The main reason for the lack of in-depth 

FE research in this field is the challenging nature of the interaction between FRP tendons and 

concrete matrix.  Hence, this paper establishes a three-dimensional FE model that simulates 

prestressing FRP tendons in which the transfer length is determined.  In addition, the different 

friction coefficients between FRP tendons and the surrounding concrete obtained by experimental 

studies [30] are fully considered to improve the accuracy of FE modeling approaches. 

One of the most compelling advantages of FEA over other analytical solutions is that a 

simulation associated with fewer assumptions may be closer to the corresponding experimental 

outcomes.  Besides, visualizations of the pre- and post-processing of FEA can help engineers easily 

find vulnerabilities in the design.  Despite some obvious advantages, mesh convergence is a critical 

issue that must be taken into account in the process of developing FE models.  In this work, a 

comparative study is conducted between numerical simulation with fine and coarse meshes to 

illustrate the effect of mesh density on convergence.  Another noteworthy point is that the concrete 

model used for numerical simulation is based on the linear elastic assumption.  Although the 

concrete damaged plasticity (CDP) model from Abaqus [22] has often been used to simulate the 

nonlinear behavior of concrete in other studies, the strains associated with the present paper are 

assumed to be in a range that essentially has a linear and brittle stress-strain relationship in 

compression.  Furthermore, determining the development length in pretensioned members are 

designed for zero tension in the concrete under service load conditions through Rabbat et al.ôs [26] 

tests.  The main focus of this study is to determine the transfer length at the serviceability state 
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level in which concrete has not yet cracked, and therefore it is reasonable to assume that the 

concrete is within the linear-elastic range. 

In this paper, the general approach of composite beam theory is summarized specifically 

for FRPs strengthening concrete members and used to determine the transfer length of prestressing 

FRP tendons in pretensioned concrete.  Taking account of the empirical bond-slip relationship 

between FRP tendons and concrete matrix, governing differential equations are derived in terms 

of the equilibrium of axial force acting on each element as well as the balance of the overall 

bending moment.  Using the FEA commercial software Abaqus [22], a comparison of numerical 

results with those obtained by using composite beam theory is conducted.  The present FE model 

has been established with consideration of the friction coefficient from the experimental study on 

the FRP tendons and prestressed concrete members.  Additionally, different mesh densities are 

compared for the convergence analysis.  As a result, a satisfactory agreement has been reached 

between the theoretical solutions and FEA responses, which further demonstrates the feasibility 

and effectiveness of the developed composite beam theory.  

 

5.2 Background of the bond mechanism  

Understanding the nature of bond behavior plays a critical role in assessing how the 

prestress force is transferred from the prestressing FRP tendons to the concrete.  A large amount 

of research [27,29,31,32] indicates that the chemical adhesion, friction, and mechanical 

interlocking could explain the interaction between prestressing tendons and concrete.  Chemical 

adhesion only affect the bond strength in the minimal slip range.  With the increase of slip, friction 

and mechanical interlocking play a role in the bond strength when the adhesive bond gradually 
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decreases.  For prestressed tendons with rough surface, such as seven-wire strands, ribbed bars, 

and deformed rebars, the mechanical action of the helical outer wire of a strand bearing against the 

surrounding concrete matrix is referred to as mechanical interlocking.  It should be noted, however, 

although the contribution of mechanical interlocking to bond strength is important, it is still not 

the key factor.  This is because the rough surface of surrounding concrete that is in contact with 

prestressing tendons will eventually be sheared off due to the mechanical interlock action if the 

pretensioned structure has sufficient confinement.  However, that does not seem to be occurring 

[32].  In other words, this would imply that friction known as the ñwedge effectò dominates the 

interaction between prestressed tendons and concrete.  

Friction can be defined as a relationship that is responsible for transmitting the shear and 

normal forces between contacting bodies, i.e., prestressing tendons and the surrounding concrete 

matrix.  According to the commercial FE program Abaqus [22], friction behavior is generally 

analyzed using the base form of the Coulomb friction model in which the critical shear stress is 

given by the following expression: 

crit pt m=                                                                     (1) 

where 
critt  is the critical shear stress, p  is the contact pressure, and m is the friction coefficient.  

In the Coulomb friction model shown in Fig. 5.1, shear stresses between two contacting surfaces, 

pt m¢  is the case in which the two contacting bodies are in a state of sticking before sliding 

occurs and  pt m>  is when shear stresses exceed a certain magnitude defined as the critical shear 

stress 
critt , which refers to the transition from sticking to slipping along the interface of contacting 

bodies.  The slope of the function, the friction coefficient m, is in the range of 0.3 to 0.7 according 

to most research literature [28,32].  However AASHTO [34] reports that the value of friction 
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coefficient m from a modified shear-friction model increases from approximately 0.6 to 1.4, 

depending on the concrete surface conditions and the shape of the reinforcement.  Thus it can be 

seen that some inconsistencies exist among the specification and literature used to explain the bond 

behavior between concrete members and the reinforcement, which directly affects the reliability 

of the analysis results based on the value of friction coefficient. 

 

Fig. 5.1 Coulomb friction model [22] 

It is worth mentioning that the current work using FEM to estimate the transfer length is 

based on the friction coefficient specifically for FRP tendons in pretensioned prestressed concrete 

members.  Previous studies on finite element analysis [27-29] of pretensioned concrete members 

used the value of friction coefficient recommended by the specification to address the bond 

behavior, which is suitable for steel reinforcement as a prestressed strand.  However, when FRP 

tendons are considered, it is necessary to redefine the friction coefficient through the available 

experimental data.  Khin et al. [30] carried out pull-out tests of Vinylon and Carbon FRP tendons 

with cement mortar and confined by highly expansive material (HEM).  During the test, the bond 

stress versus confining pressure for specimens was recorded using high precision pressure 

transducers to determine the friction coefficient of FRP tendons from the slope of curve.  These 
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values from Khin et al. [30] are listed in Table 5.1 and used as the friction coefficient in the 

presented FE model. 

Table 5.1 Friction coefficient used for FRP tendons [30] 

FRP tendons Concrete Friction coefficient 

Vinylon FRP rods HEM 0.23 

Carbon FRP strands HEM 0.30 

Vinylon FRP rods HEM and mortar 0.20 

Carbon FRP strands HEM and mortar 0.19 

 

For another description of the bond behavior model, the local bond stress-slip relationship 

( )st t=  was used in the analytical model [23] developed by using composite beam theory for 

determining the transfer length for FRP tendons in prestressed concrete.  The results of pullout 

tests [1-4,6,8] show that the local bond stress as a function of slip depends on a variety of factors, 

including concrete strength, the roughness of reinforcement surface, concrete cover, bar diameter, 

and epoxy resin properties.  Over the years, numerous existing models of the bond stress t and 

slip s have been proposed to evaluate the bond performance that is established on the basis of 

nonlinear local bond stress-slip relationship ( )st t=  between concrete and the reinforcement.  

Three well-known models have been developed for steel and FRP tendons, namely the Bertero-

Eligehausen-Popov (BEP) model [1], the modified Bertero-Eligehausen-Popov (mBEP) model 

and the Cosenza-Manfredi-Realfonzo (CMR) model [6].  The BEP model is defined by Eq. (2), 

which is adopted in CEB-FIP Model Code 90 [2]: 

0

0

s

s

a

t t
å õ

= æ ö
ç ÷

                                                               (2) 
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where 
0t is the maximum shear stress, 

0s  is the slip corresponding to 
0t, and a is the coefficient 

of 0.4 that is available for the case of steel [2].  Considering different requirements in the 

engineering analysis process, the mBEP and CMR expressions were proposed as the bond stress-

slip alternative analytical models given by the following Eq. (3) and Eq. (4), respectively.  

1
s

C s
s

at
å õ

= -æ ö
ç ÷

                                                             (3) 
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è ø
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                                                       (4) 

For the mBEP model, 
0t  is rewritten by C  and assuming 

0 1s mm=  from the BEP 

expression, s  is the slip related to 0t= .  The expression of CMR, 
mt  is the peak bond stress, and 

unknown parameters 
rs , b are determined by the curve fitting of experimental data.  More 

detailed reviews of these analytical models for the curve st-  can be found in the literature 

[1,6,8,23].  In previous work by Sha and Davidson [23], the BEP expression with calibrated 

parameters of C  and a from Focacci et al. [8] was used as the constitutive bond-slip definition 

between the FRP tendons and concrete, as illustrated in Fig. 5.2.  The latter two models, i.e., the 

mBEP and CMR expressions are equivalent to the BEP expression in the case of structural analyses 

in which the slip is sufficiently small.   
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Fig. 5.2 BEP model of bond-slip relationship [8] 

Thick-wall cylinder theory [28] depends on the Coulomb friction model to perform the 

analysis on prestress transfer in pretensioned concrete members.  The concrete is conceived as a 

hollow cylinder in which the inner diameter is equal to that of prestressed tendons and the outer 

diameter is the distance across the short side (diameter) of the component.  Accordingly, the 

estimation of bond behavior relies on the radial compressive stress as well as deformation 

compatibility conditions of the interface between prestressed tendons and the surrounding concrete.  

Based on extensive experimental and analytical investigations [4,6,35], many researchers 

nevertheless point out that the confinement pressure has a small effect on the bond strength 

between reinforcement (steel or FRP) and surrounding concrete for the situation in which 

deformed rebar with spiral shape surface is used as reinforcement.  However the bond resistance 

strongly depends on the confined stress known as radial compressive stress in other cases such as 

smooth rods.  Different from the thick-wall cylinder theory, the nonlinear bond stress-slip 

relationship is taken into account for deriving the governing differential equations using composite 

beam theory developed herein for analyzing the behavior of pretensioned concrete members with 

prestressing FRP tendons.  Consequently, in addition to further verifying the previous work of 
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predicting transfer length for prestressing FRP tendons by means of the developed FE model, the 

second aim of the current study is to prove the superiority of composite beam theory considering 

the slip effect through the comparative studies between the analytical and numerical results. 

 

5.3 Analytical solution for FRPs strengthening concrete members 

5.3.1 General approach of composite beam theory  

The following assumptions and limitations are specifically proposed for FRPs 

strengthening concrete members using the general approach of composite beam theory: 

(1) Linear elastic constitutive behavior and small displacement are applied to each 

component in the developed analytical models. 

(2) FRPsô bending resistance is negligible compared to that provided by the concrete 

member. 

(3) Slender beams are considered and therefore Euler-Bernoulli beam theory can be applied 

to each component of a composite structure and therefore the shear deformation is neglected 

through the cross section of the concrete beam and FRP components, respectively.  

5.3.1.1 Axial force equilibrium 

A differential element of the composite beam is composed of the concrete and FRPs, as 

illustrated in Figure 5.3; the upper part represents concrete and the lower part is FRPs.  Axial forces 

acting on the cross sections of two separate infinitesimal elements are transmitted as the internal 
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forces through bond stress t that is a function of slip.  As a result, equilibrium can be established 

in the Eq. (5):  

 

Fig. 5.3 Differential element of the composite beam 

 

 
c pC dx dN dNt = =                                                            (5) 

in which 
cN  and 

pN  denote the resultant axial force acting on the cross section of the concrete 

and FRPs, respectively, and C  represents the contact edge distance of the interface between FRPs 

and the surrounding concrete in the transverse direction.  For example, C  can be used to refer to 

the total circumferences of FRP tendons in prestressed concrete members.  In the case of a concrete 

beam strengthened by externally bonded FRP laminates, it is the width of FRP laminates.  

Substituting 
c c cN As=  and p p pN As=  into Eq. 5 results in: 

( ) ( )c c p pC A At s s¡¡= =                                                      (6) 
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in which
cA  is the cross section area of concrete, 

cs  is the concrete stress due to axial force, 
pA  

is the cross section area of FRPs, and 
ps  is the FRPs stress due to axial force.  Accordingly, 

Es e=  applies to both the concrete and FRPs elements due to the assumption of the linear elastic 

constitutive behavior.  Since the slip is a relative motion, the sign convention of axial force are not 

considered in the equation.  Eq. (6) then becomes:  

c c c c c cC A E A E st e¡ ¡¡= =                                                      (7a) 

p p p p p pC A E A E st e¡ ¡¡= =                                                    (7b) 

where 
cE  and 

pE  refer to the modulus of elasticity of the concrete and FRPs, respectively.  Since 

cs¡ is the first derivative of the concrete displacement due to the axial force, the concrete axial 

strain 
c cse ¡= .  Similarly, 

p pse ¡=  corresponds to FRP strains. 

As mentioned above, the analysis of the behavior of FRPs strengthening concrete members 

is based on partial composite action.  To some extent this means that relative movement between 

FRPs and the surrounding concrete, namely slip s, is permitted.   

1 2 3s s s s= + +                                                              (8) 

2 c ps s s= +                                                                  (9) 

Thus, Eq. (8) indicates that the slip s can be divided into three components: the slip 
1s  due 

to bending illustrated later, the relative displacement 
2s  between the concrete and FRPs due to the 

axial force as expressed by Eq. (9), and the slip 
3 iss dxe=ñ  resulting from prestressing tendon 
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retraction, where 
ise  is the strain caused by prestress before transmission.  For the case of a 

concrete beam strengthened by externally bonded FRP laminates, 
3 0s = . 

In terms of the ( )st t=  relationship obtained by experimental studies on FRPs 

reinforcement in concrete, combining with Eq. (9), the new equilibriums are established by Eq. 

(10a) and Eq. (10b): 

2( )

1

c c

c c

p p

s
s C A E

A E

A E

t
¡¡

=
å õ
+æ öæ ö
ç ÷

                                                 (10a) 

2( )

1

p p

p p

c c

s
s C A E

A E

A E

t
¡¡

=
å õ
+æ ö
ç ÷

                                                (10b) 

As a result, the governing equation relevant to the axial force is generated in the form: 

2( )s st z¡¡=                                                                (11) 

in which 
( )

c c p p

c c p p

A E A E

C A E A E
z=

+
.  

5.3.1.2 Bending moment equilibrium 

The known external moment 
exM  is balanced by the internal moment and axial force acting 

on the cross section of each element, as expressed in the following:  

ex c p c c p pM M M N h N h= + + +                                               (12) 
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where the internal bending moment 
c c c cM E I u¡¡=-  in the concrete beam with the second 

derivative of the deflection 
cu¡¡ and the moment of inertia 

cI .  Bending resistance from the FRP 

component is ignored, 0pM = .  Combining Eq. (7a) and Eq. (7b), the internal axial forces in the 

concrete and FRPs are given by:  

2c pN N C sz ¡= =                                                           (13) 

As demonstrated in Fig. 5.4, 
ch  is the distance from the concrete beam centroid to the 

neutral axis, and similarly, 
ph  corresponds to FRPs.  Furthermore, it can be observed that the slip 

1s  is associated with the neutral axis and the slope angle of each part when the bending moment is 

occurring.  The slip 
1s  can be written in the general form: 

1 c c p ps h hu u¡ ¡= +                                                            (14) 

where 
cu¡ denotes the slope angle of concrete, 

pu¡ relevant to that of FRPs.  Considering that 

concrete flexural members reinforced by FRP tendons, the slip 
1s , in this case, can be expressed 

as follows: 

1s eu¡=                                                                  (15) 

The reason for this change is that the structural behavior is limited to elastic and small 

displacement, the constitutive relation is assumed to be linear, and each component of the 

composite beam has the same deflection c pu u u= =.  In the meantime, it will be readily understood 

that the eccentricity is equal to the distance from the neutral axis of the concrete beam to the FRPsô, 

i.e. c pe h h= + . 
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Fig. 5.4 The slip 
1s  due to bending moment 

Substituting Eq. (13) into Eq. (12), results in the expression for bending moment as follows: 

( )2ex c c c c pM E I C s h hu z¡¡ ¡=- + +                                             (16) 

Consequently, plugging 
2 1 3s s s s= - - into the differential equation Eq. (11) and Eq. (16) 

and simplifying, the set of governing equations that are specifically developed for FRPs 

strengthening concrete members using composite beam theory can be given by: 
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in which the new symbols are introduced for simplicity: 

( )s c pD C h hz= +                                                          (18) 

s
s

c c s c

D

E I D h
a=

+
                                                         (19) 
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According to the general form of governing equations Eq. (17), it can be observed that the 

bond-slip relationship ( )st t=  corresponding to various forms FRPs strengthening concrete 

structures would be taken into account.  For the application of prestressed concrete with FRP 

tendons, the governing equations can be generated by combining the relationship of bond-slip, i.e., 

0.337( ) 8.847s st =  [8], in metric (SI) units: 

0.337
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where  

2

s c cK E I e Cz= +                                                         (21) 

2
2

s
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K

z
=                                                                    (22) 

 

5.3.2 Predictions of transfer length for prestressed FRP tendons application 

It is critical to estimate the transfer length of prestressed concrete beams, not only because 

it affects the bending and shear strength of the structure, but also it is valuable for designers to 

understand it for structural detailing.  The effective prestressing force is transferred from the 

prestressed tendons to the concrete in the transfer zone, in which the distance is related to the 

transfer length.  The conventional experimental investigation used to measure the transfer length 

mainly depends on the strain change in the concrete or the prestressed tendons before and after 

release.  The determination of transfer length is implemented in terms of the strain distribution 



152 

 

along the length of the beam using the 95% Average Maximum Strain (AMS) method.  For the 

analytical solution, the proposed model relied upon a novel and theoretically pure composite beam 

theory developed specifically for pretensioned prestressed concrete members with FRP tendons, 

the details of which were provided in the previous work [23].  Based on the boundary condition of 

a simply supported beam without any external loading as shown in Fig. 5.5, correspondingly, the 

closed form solution with 0.337a=  for the governing equation Eq. (20) is given by the following, 

in metric (SI) units: 
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Fig. 5.5 The coordinate system of the pretensioned concrete with prestressed FRP tendons 

Transfer length 
tL  expressed by Eq. (24) is derived by taking advantage of the type of 

piecewise function for the slip s  (Eq. (23)), considering the local bond-slip relationship [8] 

resulting from the average behavior of FRP tendons with diameters of 6.4 mm, 9.5 mm, 12.7 mm 

and 15.9 mm.  Previously, it has been validated through the comparison between the prediction of 

strain profile and the available experimental data from literature.  

 

5.4 Numerical implementation with finite element modeling  

5.4.1 Finite element modeling of pretensioned RC beams with FRP tendons 

Experimental studies on the transmission of prestressing force conducted by Nanni et al. 

[36] are utilized herein to develop a FE model using the commercial software Abaqus [22].  As a 

result, the strain profiles are provided for the determination of transfer length and further verified 

the general approach of composite beam theory.  The specimen is a simply supported beam with 

the span of 4000mm and the rectangular cross-section of 210 120mm mm³ .  The pretensioned 

concrete beam prestressed with a single AFRP tendon is modeled using two levels of 50% and 
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100% initial prestress force.  In order to simulate the prestressing process, the prestress of 

698MPa  and 349MPa  are applied to the prestressing tendon in the initial step, respectively.  

Taking advantage of double-symmetry conditions, a quarter of pretensioned RC beams with FRP 

tendons modeled in the simulation is given as shown in Fig. 5.6.  As explained in the previous 

section, both concrete and FRP tendons are modeled as linear elastic, isotropic materials with 

parameters reported in Table 5.2.   

 

Fig. 5.6 Geometric details of 1/4 of the beam using double-symmetry conditions in Abaqus 

 

Table 5.2 Material parameters [36] used for FE simulation 

Part 
Modulus of 

elasticity (MPa) 
Poissonôs ratio 

Density 

(tonne/mm3) 

Concrete 25000 0.2 2.4e-9 

AFRP tendons 67600 0.35 1.4e-9 
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C3D8R with 8-node linear brick is employed for modeling the concrete in Abaqus, which 

is a reduced integration element with hourglass control.  The C3D6 element, which is a 6-node 

linear triangular prism, is used for the FRP tendons.  The geometry of these two elements are 

illustrated by Fig. 5.7.   

 

Fig. 5.7 Geometric characteristics of elements used for concrete and FRP tendons 

In order to optimize computing time and results precision, the mesh around the FRP 

tendons is very refined and the mesh density increases as the distance from the midspan increases.  

The quarter symmetry FE model of pretensioned concrete beam with boundary conditions is 

represented in Fig. 5.8.  As can be seen, the symmetry restraints on the Y-Z and X-Y symmetry 

planes are U1=UR2=UR3=0 and U3=UR1=UR2=0, respectively.  Meanwhile, a support condition 

of UY = 0 is applied to the end of the beam. 

The interaction between the concrete and FRP tendons modeled by FE consists of three 

parts: tangential behavior, normal behavior, and cohesive behavior.  According to the concept of 

Coulomb friction model as previously described, the tangential behavior between two contacting 

surfaces is defined in accordance with four different friction coefficients m listed in Table 1 from 

Khin et al. [30].  The reason for this is to explain variable bond stress along the beam in the region 
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of transfer length.  Normal behavior is modeled using ñhardò contact as the contact pressure-

overclosure relationship, which prevents penetration of the concrete into FRP tendons in the FE 

simulation of bond behavior.  Another consideration is to prevent transmission of tensile stress 

through the interface between the FRP tendons and concrete.  Cohesive behavior adopted in the 

present FEA is due to the slip at the interface.  At the same time, by defining initial values of 

predefined field variables in Abaqus, the initial stress is applied to the FRP tendon as a prestress.  

Moreover, since the purpose of this research is to predict the transfer length at the serviceability 

state using FEA and to further verify the previously proposed composite beam theory, creep and 

shrinkage are not considered. 

 

Fig. 5.8 FE model of pretensioned concrete beam with boundary conditions  
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5.4.2 Convergence analysis and verification of FE model 

In order to investigate the dependence of nonlinear solutions obtained from the proposed 

FE model on the mesh size, two models with different mesh densities are simulated in Abaqus.  

By means of the solution technique of full Newton and automatic control of the time increment, 

the mesh convergence study is performed on the three-dimensional FE model of pretensioned 

concrete beam using coarse mesh and fine mesh, respectively.  The cross-sectional and 

longitudinal views corresponding to both the fine and coarse models are shown in Fig. 5.9.  For 

the coarse mesh shown in Fig. 5.10, the FE model is composed of 10000 hexahedral elements of 

type C3D8R and 800 wedge elements of type C3D6.  A similar meshing method is correspondingly 

given in the fine model, which is made up of 77500 hexahedral elements for concrete as well as 

3200 wedge elements for FRP tendons, as shown in Fig. 5.11.  Two models associated with coarse 

and fine are meshed by defining the number of elements along the selected edges, where the 

number of elements defined on each edge of the fine model is twice as those applied in the coarse 

model.  As presented in Figs. 5.10 and 5.11, the result has very close agreement with a 1% 

difference between the maximum von Mises stress that occurs at the midspan of FRP tendons.  

 

Fig. 5.9 Mesh density for both coarse model and fine model 
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Fig. 5.10 FE model with coarse mesh 

 

Fig. 5.11 FE model with fine mesh 

To further demonstrate the mesh convergency and the feasibility and accuracy of the 3-D 

FEA solution, a comparison is made between the FE results and the strain profile from the 

experiment [36].  Fig. 5.12 represents a group of nodes that are located at the position on concrete 

surface at the level of the FRP tendons within the fine FE model and coarse FE model, which 

provides the longitudinal strain value along the beam, corresponding to the results recorded in the 

test.  The values predicted by the FE model and experimental results at 100% and 50% of prestress 

force release are compared in Fig. 5.13 and Fig. 5.14, respectively.  As can be seen, there is a 

reasonable agreement with the strain measurements.  Compared to the effective prestress strain of 






































