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Abstract

New ab initio electron propagator self−energies (one−particle Green’s function meth-

ods) for calculating electron binding energies and Dyson orbitals have been derived from

an intermediately normalized, Hermitized superoperator metric. No adjustable or empir-

ical parameters are tolerated in the derivation of the new self−energies or their reference

Hartree−Fock orbital bases. The cubically scaling diagonal second order method (D2) has

been demonstrated to systematically underestimate (overestimate) ionization energies (elec-

tron affinities). To ameliorate this deficiency, same−spin correlation is neglected in the

opposite−spin second order method (os−D2) that significantly improves accuracy and effi-

ciency.

Renormalizations of the ring and ladder terms in the diagonal 2ph−TDA self−energy

lead to the diagonal ring (DR) and diagonal ladder (DL) methodologies that have achieved

improved efficiency and accuracy. Modification of the Outer Valence Green’s Function

(OVGF) method because of the new choice of intermediately normalized, Hermitized su-

peroperator metric leads to the derivation of the approximately renormalized linear third

order (L3+). Simplification of the L3+ method leads to the approximately renormalized

quasiparticle third order (Q3+) and the approximately renormalized partial third order

method (P3+). When the approximate estimation of post−third−order terms is replaced

by the explicit evaluation of all contributions from the expansion of inverted matrices, the

resulting explicitly renormalized variants of L3+, Q3+, and P3+ are obtained, referred to

as RL3, RQ3, and RP3, respectively. Restoration of off−diagonal matric elements leads to

the NRL3, NRQ3 and NRP3 self−energies.

In addition, non−Dyson (nD) versions of D2, os−D2, OVGF, L3+ and RL3 self−energies

are obtained by deactivating energy dependence in 2ph denominators for electron detachment

ii



energies calculations and in 2hp denominators for electron attachment energies calculations.

This deactivation is achieved by setting the E = "p in the Σpq(E) self−energy terms with

these denominators. The non−Dyson version has improved efficiency in electron detachment

energies calculations as the arithmetic bottlenecks are no longer iterative. This advantage

does not necessarily occur for electron attachment energies calculations.

Performance of the new methods has been evaluated using extensive experimental and

computational benchmark databases for vertical ionization energies (VIEs), vertical elec-

tron affinities (VEAs), and vertical electron detachment energies (VEDEs) of anions. For

VIEs and VEDEs, the best compromises of accuracy and cost, expressed in terms of mean

absolute errors (MAEs) in eV, and arithmetic efficiency, expressed in terms of powers of

occupied (O) and virtual (V) orbital dimensions in bottleneck operations, are os−nD−D2,

Q3+, nD−L3+, and nD−RL3 diagonal self−energies. The corresponding MAEs and arith-

metic scaling factors respectively are: (∼0.18, OV2), (∼0.15, O2V3), (∼0.08, OV4), and

(∼0.07, OV4). NRL3 is the best non−diagonal method with an MAE of ∼0.06 eV and a

non−iterative O2V4 scaling. For VEAs, the best compromises of accuracy and cost are D2,

nD−L3+, and nD−RL3 diagonal self−energies. Their corresponding MAEs and arithmetic

scaling factors respectively are: (∼0.18, OV2), (∼0.08, OV4), and (∼0.07, OV4). NRL3 is the

best non−diagonal method with an MAE of ∼0.06. Tests on open−shell atoms, molecules,

and ions show similar trends except that MAEs generally increase by ∼0.05 eV due to spin

contamination.

For molecules with nuclei of the fourth or higher periods, RL3 and nD−RL3 are the

best methods with MAEs of ∼0.14 eV. For core 1s ionizations, the Brueckner doubles with

triple field operators (BD−T1) method exhibits the highest accuracy with a MAE of ∼0.39

eV. It shows excellent agreement with experimental data and minimal systematic bias.

Composite schemes that incorporate the new methods for estimating basis−set effects

have enabled highly accurate calculations of VIEs and VEDEs for organic photovoltaic
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molecules, which are important for optimizing solar energy devices, achieving MAEs that ap-

proach chemical accuracy (average errors of 0.04 eV). The new methods and their composite

schemes also produce excellent predictions and clear interpretations based on Dyson orbitals

for the photoelectron spectra of DNA nucleotide anions and green fluorescent protein (GFP)

chromophore anions.

Because the new methods developed in this dissertation require no adjustable or empir-

ical parameters and the accuracy of several of them approaches chemical accuracy, they are

reliable for predictions on novel molecules, ions, and clusters. Therefore, the existence, stabil-

ity and VEDEs of OnH2n+1
� and NH4

�(H2O)n double Rydberg anions have been predicted.

These clusters are predicted to have well separated VEDEs and experimentally accessible

total energies and therefore are expected to appear in mass−selected, anion photoelectron

spectra that typically detect low−lying isomers.
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Chapter 1

Introduction

1.1 The Schr•odinger Equation

A key turning point in modern chemistry came with the formulation of the Schr•odinger

equation.[1] It mathematically described the behavior of quantum particles, such as elec-

trons, and laid the foundation for quantum chemistry. For a molecular system containing

N electrons andM nuclei, the time� independent non� relativistic Schr•odinger equation is

given by

Ĥj	 i = E j	 i (1.1.1)

Here, Ĥ is the full molecular Hamiltonian, 	 is the total wavefunction, and E is the total

energy. The full Hamiltonian is expressed as

Ĥ = �
NX

i =1

~2

2me
r 2

i �
MX

A=1

~2

2MA
r 2

A

�
NX

i =1

MX

A=1

ZA e2

jr i � R A j
+

NX

i<j

e2

jr i � r j j
+

MX

A<B

ZA ZB e2

jR A � R B j
:

(1.1.2)

The full Hamiltonian in equation 1.1.2 incorporates kinetic energy of electrons and nuclei,

electron� nuclear attraction, electron� electron repulsion, and nuclear� nuclear repulsion.

1.2 The Born � Oppenheimer Approximation and the Electronic Hamiltonian

The Born� Oppenheimer approximation[2] exploits the fact that nuclei are much heav-

ier and slower than electrons. This assumption allows the separation of electronic and

nuclear motion by treating nuclear positions as �xed parameters. The resulting electronic
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Schr•odinger equation becomes

Ĥel	 el(f r i g; f R A g) = Eel	 el(f r i g; f R A g); (1.2.1)

where the electronic Hamiltonian can be expressed as

Ĥel = �
NX

i =1

~2

2me
r 2

i �
NX

i =1

MX

A=1

ZA e2

jr i � R A j
+

NX

i<j

e2

jr i � r j j
: (1.2.2)

To further simplify the electronic Hamiltonian, atomic units (a.u.) are adopted by setting

~ = me = e = 4�" 0 = 1.[3] This simpli�cation leads to the electronic Hamiltonian in atomic

units expressed as

Ĥel = �
NX

i =1

1
2

r 2
i �

NX

i =1

MX

A=1

ZA

jr i � R A j
+

NX

i<j

1
jr i � r j j

: (1.2.3)

This is the fundamental starting point for almost everyab initio electronic structure theory

development.

1.3 Approximating the Wavefunction: The Hartree � Fock Method

Having seen how the Hamiltonian is simpli�ed to the electronic Hamiltonian in atomic

units, we need to equally �nd some conceptually equivalent approximate treatment for the

wavefunction.[3] The exact solution of the many� electron Schr•odinger equation is computa-

tionally unfeasible for systems larger than hydrogen. The Hartree� Fock (HF) method ap-

proximates the full electronic wavefunction as a single Slater determinant[4] of spin� orbitals

	 HF (x1; : : : ; xN ) =
1

p
N !

�
�
�
�
�
�
�
�
�
�
�
�
�

� 1(x1) � 2(x1) � � � � N (x1)

� 1(x2) � 2(x2) � � � � N (x2)
...

...
. . .

...

� 1(xN ) � 2(xN ) � � � � N (xN )

�
�
�
�
�
�
�
�
�
�
�
�
�

: (1.3.1)
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Each spin� orbital � i (x) is a function of spatial and spin coordinates. The Slater determi-

nant ensures antisymmetry under particle exchange, satisfying the Pauli exclusion principle.

Based on the variational principle, the Hartree{Fock method minimizes the total electronic

energy with respect to the molecular orbitals, subject to the constraint that these orbitals

remain orthonormal. This constrained minimization leads to the self� consistent �eld (SCF)

equations also known as the Hartree{Fock equations

f̂ � i = " i � i ; (1.3.2)

where the Fock operatorf̂ is given by

f̂ = ĥ +
NX

j =1

�
Ĵj � K̂ j

�
: (1.3.3)

In this notation, ĥ denotes the customary one� electron operator (kinetic energy + nuclear

attraction), Ĵj for Coulomb operator, andK̂ j representing the exchange operator. The

HF equations are solved iteratively using a self� consistent �eld (SCF) procedure. The key

de�ciency of the HF method is the lack ofexplicit treatment of electron correlation for

which nearly all post� HF methods attempt to address. Only the the Fermi or exchange

correlation occurs at the HF level. Fermi correlation occurs due to the antisymmetry of

the wavefunction (Pauli exclusion principle). Thus, same� spin electrons cannot occupy the

same spatial region, which naturally leads to a kind of correlation between their positions.

HF does account for this via the exchange term.

1.4 Koopmans's Theorem

Koopmans' theorem (KT)[5] provides an important interpretation of Hartree� Fock or-

bital energies. The ionization energy required to remove an electron from a closed� shell

system is approximately equal to the negative of the Hartree� Fock orbital energy of that

3



electron.

I � � " i (1.4.1)

KT is derived by assuming frozen orbitals (i.e., orbitals do not relax upon ionization). Thus,

the KT is an excellent approximation to vertical ionization energy which can be considered

as an instantaneous response to a molecule upon photoionization prior to relaxation. The

energy di�erence between the neutral and ionized systems simpli�es to the orbital energy of

the removed electron,

I = E N � 1 � E N � � " i : (1.4.2)

Although KT neglects relaxation and correlation e�ects, it serves as good starting point

for estimating vertical electron binding energies to facilitate interpretation of photoelectron

spectroscopy and scattering experiments.

There are four broad categories ofab initio techniques widely known to systematically

address the electron correlation de�ciency in HF theory. These comprise con�guration� interaction

methods, coupled� cluster methods, many� body perturbation theories, one� particle many� body

Green's functions (MBGF) also known as electron propagators. The electron propagator

theory (EPT) particularly di�ers from the others as its Feynman{Dyson perturbation series

converges at the exact basis� set solutions of a many� electron Schr•odinger equation within

the framework of a one� particle theory.[6]

1.5 Methodologies for Calculating Electron Binding Energies

Electron binding energies (EBEs) are essential properties crucial to understanding molec-

ular electronic structure, ionization processes, and electron a�nities.[7] These energies, which

represent the cost or gain associated with removing or adding an electron to a molecule, ion

or atom, play a critical role in a variety of �elds, from spectroscopy and chemical reactivity

to material science and catalysis. The accurate and e�cient calculation of EBEs has long

been a signi�cant challenge in theoretical and computational chemistry, primarily due to the
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necessity of incorporating electron correlation e�ects, which are intrinsically many� body in

nature.

Among the many methodologies developed to tackle this challenge, electron propaga-

tor theory (EPT) stands out as a powerful and versatile approach.[8{10] Grounded in the

framework of Green's functions, EPT directly relates the electronic structure of a system to

experimental observables such as ionization potentials (also known as ionization energies)

and electron a�nities.[11] Many traditional wavefunction� based methods for calculating

EBEs often require separate optimizations for ground and �nal state wavefunctions. EPT

departs from this convention by formulating the problem in terms of the ground state's re-

sponse to the addition or removal of an electron. This makes it particularly well� suited

for calculating spectral properties and interpreting data from spectroscopic and scattering

experiments.

EPT provides a systematic framework for calculating electron� binding energies by lever-

aging the properties of the one� electron Green's function and the Dyson equation.[12, 13]

The advantage of using this approach lies in itsaccuracy, e�ciency , and interpretability .

EPT rigorously builds on the familiar one� electron molecular orbital theory.[14] The canon-

ical molecular orbital energies from Koopmans's theorem[5] (KT) de�ne the zeroth order

theory. The energy dependent self� energy operator of EPT includes corrections to KT from

orbital relaxation e�ects and electron correlation.

By de�ning electron detachment and attachment energies as poles of the electron prop-

agator, we can extract meaningful and accurate predictions for both valence and inner� shell

electron� binding energies. These calculations, which serve as a bridge between experimental

and theoretical chemistry, help validate and interpret experimental measurements, such as

photoelectron spectroscopy, electron scattering and Penning ionization experiments.[15{18]
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1.6 Account of Evolutionary Stages of Electron Propagator Theory

The �eld of electron propagator theory has seen several evolutionary stages, with each

improving accuracy and computational e�ciency. The �rst generation of methods focused

primarily on accuracy, aiming to make electron� binding energy predictions that closely

match experimental results. Many of these methods focused on deriving and implement-

ing perturbative expansions that improve on Koopmans's theorem.[5] Many of these early

methods are e�cient while others often involved high computational costs due to the com-

plexity of handling higher order many body e�ects. The development of second order[19]

and third order[20] self� energies marked signi�cant progress, as they introduced the di-

agonal approximation that enhanced both computational speed and accuracy. To account

for primary and correlation states, the two-particle� one� hole� Tamm� Danco� approxima-

tion (2ph� TDA)[21] was developed. The pursuit of higher accuracy led to the derivation

of the third order algebraic diagrammatic construction, or ADC(3)[22], and alternatives in

which the third order energy independent term is replaced with its fourth� order counter-

part or renormalization schemes.[23] The fourth order extension, ADC(4), has been eval-

uated more recently for electron attachments and detachments.[24] These computationally

demanding e�orts did realize improvements over KT. The ADC(3) method has been coupled

with a complex absorbing potential to e�ciently compute metastable electronic states in elec-

tron{molecule scattering and ionization processes.[25] ADC methods utilizing multireference

wavefunctions have been discussed elsewhere.[26, 27]

The GW family of methods[28] [Green's function (G) and the screened Coulomb inter-

action (W)] includes variants with renormalized self� energies, which can be based on either

diagonal� approximation or non� diagonal self� energy schemes. In all cases, ring diagrams

for all orders are incorporated into theGW self� energy.[29] In most cases, the orbital basis

is obtained from Kohn� Sham density functional theory (DFT) calculations, although there

is no impediment to using HF reference states. This approximation is characteristic of the
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G0W0 approach. While GW self� energies are exact up to second order in the 
uctuation

potential, they neglect several signi�cant third� order contributions.

Subsequent developments such as the outer valence Green's function (OVGF)[30] method,

the partial third � order (P3)[31] self� energy and its approximately renormalized extension

(P3+)[32] focused on estimating higher order e�ects to achieve improved accuracy and ef-

�ciency. Extension of the diagonal approximation to partial fourth order (P4+)[33] and

its non� diagonal version[34] were also considered. The nondiagonal renormalized second

order (NR2)[35] has been highly successful with its favorable arithmetic scaling require-

ments. Methods that use approximate Brueckner reference orbitals instead of the customary

Hartree� Fock (HF) reference state have proven highly accurate especially on molecules with

relatively strong correlation.[36{38] Multireference electron propagator (EP) methods uti-

lizing multireference spin� tensors have also been reported.[39] Another alternative may be

based on transition operator reference states.[40] Improved algorithms that take advantage

of Abelian point group symmetry for e�cient computation of electron repulsion integrals

(ERIs) were also developed.[41] Techniques of resolution of the identity were also invoked

for electron propagator calculations.[42] Truncation of virtual orbital dimensions were also

employed to facilitate studies of large molecules.[43, 44] In a quest for e�ciency, Danovich

and co-workers developed semi� empirical versions of the OVGF method.[45] Algebraic di-

agrammatic construction methods utilizing non� Dyson procedures (vide infra) were also

developed to improve computational e�ciency.[46{50]

Later e�orts focused on development of relativistic[51] versions of quasiparticle EP meth-

ods as well as composite schemes[52] that exploit basis set additivity schemes to study large

molecules. Cholesky decomposition has been applied to electron propagator methods to e�-

ciently handle large systems.[53] Monte Carlo versions of second and third order EP methods

have also appeared and have been applied to extended systems.[54{56]
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1.7 Brief Survey of Applications

Rapidly evolving methodological advances continue to expand the capabilities of EP

methods. The performance of several of these methods has been evaluated against bench-

mark standards of ionization energies, [26, 27, 49, 52, 57{61] electron detachment energies

of anions,[62{64] and electron a�nities.[59, 65, 66] This has allowed the spectral assign-

ment and interpretation of a wide range of molecules and anions including fullerenes,[52, 53,

65, 67, 68] nucleic acid fragments,[69{71] borane and carborane anions,[72{74] superhalo-

gens and superacids,[75{77] metalloporphyrins,[78, 79] polypeptides,[80{82] organometallic

complexes,[83, 84] and molecular wires,[85, 86] among others. Prediction, assignment and

interpretation of novel electronic structures in double Rydberg anions[87{89] have also been

executed as well as in the closely related solvated electron precursors.[90]

1.8 New � Generation Ab Initio Electron Propagators

During my PhD research, I have focused on the development and applications of new� generation

methods[91, 92] that represent a major advancement in the �eld, as they o�er improvedaccu-

racy, e�ciency , and interpretability .[93] In analogy to several of their antecedents, adjustable

parameters arenot tolerated in the design of the new self� energies or their reference orbital

bases. These methods include simpli�ed and optimal second order methods, simpli�ed ring

and ladder renormalized methods, explicitly and approximately renormalized class of meth-

ods, such as the quasiparticle third order (Q3) and the linear third order (L3) methods.

These methods have favorable cubic and quintic scaling in computational costs, respectively.

The new methods also show unprecedented accuracy when compared with experimental and

computational standards of EBEs, with several achieving mean absolute errors below 0.1 eV

for electron detachment[63, 64, 94{96] and attachment energies[66, 95] with respect to high

quality computational standards as well as experimental reference ionization energies.[97]

Several of the new methods have been extended to open� shell molecules and atoms and
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demonstrate exceptional performance with error margins generally increasing by only 0.05

eV as a result of spin contamination.[98]

1.9 Outline of the Dissertation

Chapter 2 presents the theoretical foundation of the one� electron Green's function (the

electron propagator) and its rigorous connection to the Dyson equation. Procedures for

obtaining the poles and Dyson orbitals are discussed. It is followed by discussion on super-

operator theory and how it is pertinent to developing approximate self� energies. The latter

part pertains to discussion on the equivalency of the Dyson equation and Hartree� Fock

theory as well as the eventual evolution of the quasiparticle theory. This chapter is a par-

tial summary of Appendix A|Appendix C. Chapter 3 introduces the derivations of the

new� generation electron propagator methods developed in this dissertation research and

their rigorous relationships to older electron propagator methods where applicable. This

chapter is a partial summary of Appendix A|Appendix C.

Chapter 4 is devoted to numerical results calibrating the new� generation electron propa-

gator methods versus their antecedents and related many� body methods (where applicable).

Thus, the performance of the new methods on vertical ionization energies, vertical electron

a�nities, and vertical electron detachment energies of closed� shell and open� shell molecules

and molecular ions are discussed. Their performance on VIEs of heavy� element� containing

molecules as well as K� shell ionization energies is also presented. Most sections of this

chapter are summaries of Appendix A|Appendix K.

Chapter 5 focuses on applications of the new� generation electron propagator methods

to the assignment and interpretation of the photoelectron spectra of DNA nucleotide anions

and green 
orescent proteins (GFP) chromophore anions. This chapter is a summary of

Appendix H and Appendix I.

Chapter 6 is a summary of my research on the prediction of stability, VEDEs and

Dyson orbitals of new double Rydberg anions and Rydberg molecules based on OnH2n+1
+ ;0;�
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clusters. This chapter is a summary of Appendix L. Chapter 7 also presents my work on

the prediction of stability, VEDEs and Dyson orbitals of new double Rydberg anions and

Rydberg molecules based on NH4� (H2O)n clusters with ammonium� water kernels. This

chapter is a summary of Appendix M.

Chapter 8 presents general conclusions and an outlook for the entire dissertation.

This dissertation is primarily based on the content of my 13 peer-reviewed articles pub-

lished during the course of my PhD research. Reprints of these articles are included in the

appendices, with permissions obtained from the respective publishers. In addition, parts of

this dissertation, speci�cally selected sections of Chapter 1 through Chapter 5 and Chap-

ter 8, are adapted from the following article I authored, which is currently in press:

E. Opoku , F. Paw lowski and J. V. Ortiz, \ Green's Function Methods: Theory and Applica-

tions for Ionization Potentials and Electron A�nities", In Handbook of Electronic Structure

Theory: Methods and Applications(Editors: V. Barone and M. Hochlaf), Elsevier, Amster-

dam, 2026. In Press

Sections 4.5 and 4.6 are based on two ongoing research projects, the results of which

are intended for publication at a later stage. Additionally, the following article was published

during the course of my PhD studies; however, its contents are not included or discussed

within this dissertation:

J. C. Cruz, E. Opoku , S. �Smiga, I. Grabowski, J. V. Ortiz and S. Hirata, \Performance of

the Spin-Component-Scaled Methods for Energy Bands", Mol. Phys., 123, e2504545(2025) .

10



Chapter 2

Green's Functions and Dyson's Equation

2.1 Creation and Annihilation Operators

Throughout the entire text, occupied and virtual spin� orbitals are designated respec-

tively as i,j,k,l and a,b,c,d, while generic spin� orbitals are denoted asp, q, r, s.

In second quantization, the state of a many� electron system is described in terms of

occupation numbers relative to a chosen one� electron basis, typically a set of orthonormal

molecular spin� orbitals. Within this formalism, creation and annihilation operators provide

a rigorous algebraic framework for constructing and manipulating fermionic many� body

wavefunctions. Let f � pg denote a complete orthonormal set of spin� orbitals. For each

spin� orbital � p, we de�ne the creation operator ây
p and the annihilation operator âp as

follows

ˆ The creation operator ây
p adds an electron to spin� orbital � p.

ˆ The annihilation operator âp removes an electron from spin� orbital � p.

These operators act onFock space, which is the direct sum of allN � electron Hilbert spaces

for N = 0; 1; 2; : : :, and they obey the fermionic anti� commutation relations:

f âp; âqg = 0 (2.1.1)

f ây
p; ây

qg = 0 (2.1.2)

f âp; ây
qg = � pq (2.1.3)

wheref A; B g = AB + BA denotes the anti� commutator, and � pq is the Kronecker delta.
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When acting on a Slater determinantj� i , which is a normalized antisymmetrized prod-

uct of occupied spin� orbitals, the operators yield

âp j� i =

8
>><

>>:

(� 1)np j� 0i if � p is occupied in j� i

0 otherwise
(2.1.4)

ây
p j� i =

8
>><

>>:

0 if � p is already occupied inj� i

(� 1)np j� 00i otherwise
(2.1.5)

Here, j� 0i and j� 00i are determinants resulting from the removal or addition of spin� orbital

� p, respectively, andnp is the number of occupied orbitals preceding� p in a chosen ordering.

The sign (� 1)np accounts for the fermionic antisymmetry.

Creation and annihilation operators also provide a compact representation of the elec-

tronic Hamiltonian. The second� quantized form of the non� relativistic electronic Hamilto-

nian is

Ĥ =
X

pq

hpq ây
pâq +

1
4

X

pqrs

hpqjj rsi ây
pây

qâsâr (2.1.6)

wherehpq are the one� electron integrals andhpqjj rsi are the antisymmetrized two� electron

integrals. This operator formalism is foundational in electronic structure theory and underlies

the formulation of methods discussed in this dissertation.

2.2 The Electron Propagator (One � Body Green's Function)

In an orthonormal spin� orbital basis, u, the elements of the Fourier transform of the

one� body Green's function (electron propagator) matrix expressed in the energy domain
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(spectral form) are given by

Gpq(! ) = lim
� ! 0+

"
X

A

h	 N
0 japj	 N +1

A ih	 N +1
A jay

qj	
N
0 i

! + E N
0 � E N +1

A + i�
+

X

D

h	 N
0 jay

qj	
N � 1
D ih	 N � 1

D japj	 N
0 i

! � E N
0 + E N � 1

D � i�

#

(2.2.1)

Equation 2.2.1 involves two summations describing electron attachment and detachment

processes, respectively. Thus, calculating electron attachment energies (electron a�nities)

and detachment energies (ionization energies) is equivalent to �nding the poles (see denom-

inators) of equation 2.2.1 where singularities occur. Methods and techniques for searching

the electron propagator (EP) poles are discussed extensively elsewhere.[99, 100] The residues

(numerators) of the poles are expressed in terms of Feynman� Dyson amplitudes,

f A
p = h	 N

0 japj	 N +1
A i (2.2.2)

gD
p = h	 N � 1

D japj	 N
0 i (2.2.3)

for electron attachments and detachments, respectively. The integrations that de�ne Dyson

spin� orbitals for attachment and ionization processes are related to these amplitudes ac-

cording to

' Dyson
A (x1) =

p
N + 1

Z
	 N �

0 (x2; x3; x4; : : : ; xN +1 ) 	 A (x1; x2; x3; : : : ; xN +1 ) dx2 dx3 dx4 : : : dxN +1

=
X

n

f A
p up(x1) (2.2.4)

' Dyson
D (x1) =

p
N

Z
	 �

D (x2; x3; x4; : : : ; xN )	 N
0 (x1; x2; x3; : : : ; xN )dx2dx3dx4 : : : dxN =

X

S

gD
p up(x1)

(2.2.5)

Dyson orbitals play a crucial role in describing electronic structure and the transitions as-

sociated with electron attachment and removal processes. Unlike canonical Hartree� Fock

orbitals, Dyson orbitals are not eigenfunctions of the Fock operator but instead re
ect the

correlated nature of the system after an electron has been attached or detached. These
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orbitals are critical in interpreting experimental observables such as photoelectron spectra,

where the spectral shapes and probabilities of di�erent ionization events can be directly

linked to Dyson orbitals.[101, 102]

The perturbation series for the Green's function, while useful for capturing electron

correlation and orbital relaxation e�ects, does not present a straightforward form for directly

evaluating its poles. Instead, the Dyson equation, expressed in the! � representation, o�ers

a more practical framework for identifying these poles. In this formulation, the Green's

function G(E) is related to its non� interacting counterpart G0(E) through the self� energy

� (E), and the poles of the system are determined by solving the Dyson equation.

G(E) = G0(E) � G0� (E)G(E) (2.2.6)

The EBEs, however, are more conveniently obtained by seeking zero eigenvalues of the inverse

electron propagator matrix

G � 1(E) = G � 1
0 (E) � � (E) (2.2.7)

and the Dyson orbitals are then determined by the eigenvectors corresponding to the zero

eigenvalues. This approach not only facilitates the identi�cation of EBEs but also allows for

the incorporation of many� body e�ects through the self� energy operator, which captures

the in
uence of electron correlation and orbital relaxation e�ects.

In terms of perturbation series, the Dyson equation can be expanded iteratively. As-

suming the self� energy� (E) is introduced as a perturbation to the non� interacting Green's

function G0(E), the series representation forG(E) can be expressed as

G(E) = G0(E) + G0(E)�( E)G0(E) + G0(E)�( E)G0(E)�( E)G0(E) + � � � (2.2.8)

Thus, each successive term in the perturbation series includes an additional interaction

mediated by � (E), capturing progressively higher� order many� body e�ects.
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In principle, the propagator matrix G0(E) can be solved to the exact limit corresponding

to a one� electron basis. However, some form of truncation within the self� energy part is

desired to obtain practical approximate methods.

2.3 Superoperator Theory

Superoperator theory provides a convenient framework for developing approximations

to the self� energy part of the Dyson equation.[103] In this formalism, the attachment and

detachment summations of equation 2.2.1 are joined by a superoperator metric, which is

represented by the expression

[AjB ] = h	 N
0 jAyB + BA yj	 N

0 i (2.3.1)

wherein A and B are part of a set of number� non� conserving second� quantized �eld op-

erator products, where the number of creation operators exceeds the number of annihilation

operators by one. Examples include single� particle operatorsay
p (h and p), two� particle

operatorsay
pay

qar (2hp and 2ph), and higher� order terms such as three� particle operators

ay
pay

qa
y
r asat (3h2p and 3p2h).

Three superoperators (identity, Hamiltonian, and resolvent) are needed to derive ap-

proximate self� energies. Identity, Hamiltonian and resolvent superoperators can be de�ned,

respectively, as

ÎA = A (2.3.2)

ĤA = HA � AH (2.3.3)

G(E) = ( E � Ĥ )
� 1

: (2.3.4)

The resolvent superoperator [104, 105] is used in EPT to obtain the inverse of an opera-

tor. Thus, the resolvent superoperator allows expressing the electron� propagator matrix
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elements in the following form

Gpq(E) = [ ay
pj(E Î � Ĥ )

� 1
ay

q]: (2.3.5)

The resolvent superoperator is expressed in the electron propagator matrix notation as

G(E) = [ ayj(E Î � Ĥ )
� 1

ay]: (2.3.6)

The inverse operator of equation 2.3.6 may be circumvented by making use of inner

projection superoperator techniques introduced by L•owdin [106{109] wherew operators are

introduced according to

G(E) = [ ayjw][wj(E Î � Ĥ )w]
� 1

[wjay]: (2.3.7)

It is now convenient to partition the w operator manifold into sets of simple (a), and sec-

ondary (t ) normalized �eld operators such that [ayjt ] = 0, thus producing an orthogonalized

complement. The inverse form of the Dyson equation can now be recast as

G � 1(E) = [ ayj(E Î � Ĥ )ay] � [ayjĤ t ][t j(E Î � Ĥ )t ]
� 1

[t jĤ ay]: (2.3.8)

In this formalism, a denotes simple second quantized �eld operatorsay
p (h and p), t 3

includes triple �eld operators (2hp and 2ph) and t 5 includes quintuple �eld operators (3h2p

and 3p2h). Thus, if one considers only primary and triple �eld operators, the partitioned

propagator matrix can now be expressed as

G(E) =
�

1 0

�
2

6
4

E1 � (a j Ĥ a) � (a j H t 3)

� (t 3 j Ĥ a) E1 � (t 3 j H t 3)

3

7
5

� 1 2

6
4

1

0

3

7
5 : (2.3.9)
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With the partitioned spaces, poles of the EP are obtained when values ofE are equal to the

eigenvalues,! , of an Hamiltonian superoperator matrix [16, 110] for which the eigenvalue

problem is formulated as,

ĤU = ! U (2.3.10)

and explicitly rendered as,

2

6
4

�
a j Ĥ a

� �
a j Ĥ t 3

�

�
t 3 j Ĥ a

�
(t 3 j Ĥ t 3)

3

7
5

2

6
4

Ua

Ut

3

7
5 = ! n

2

6
4

Ua

Ut

3

7
5 : (2.3.11)

2.4 Dyson's Equation and Hartree � Fock Theory

The relationship between HF theory and the Dyson equation may be obtained by rec-

ognizing that

[ay
pjĤay

q] = h(1)
pq +

X

rs

hprjjqsi � rs = F HF
pq (2.4.1)

whereFHF is a generalized Fock matrix with the usual one� electron (h(1) ) and anti� symmetrized,

two� electron matrix elements, and� is the one� electron reduced� density matrix of the ref-

erence state. In a spin� orbital basis that diagonalizes a one� electron operatorh(1) + v with

eigenvaluesev, the inverse electron propagator matrix can be de�ned in a reference form that

is strictly diagonal,

G � 1
0 (E) = E1 � ev: (2.4.2)

This choice leads to an inverse Dyson equation of the form

G � 1(E) = G � 1
0 (E) � � (E) (2.4.3)
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where the self� energy matrix, � (E), consists of both energy� independent (constant) and

energy� dependent components according to

� (E) = F � h (1) � v + [ ayjĤ t ][t j(E Î � Ĥ )t ]
� 1

[t jĤ ay]: (2.4.4)

When v corresponds to the usual Coulomb� exchange potential of a HF reference state, the

self� energy operator can take the following form

� (E) = � (1 ) + [ ayjĤ t ][t j(E Î � Ĥ )t ]
� 1

[t jĤ ay] (2.4.5)

where elements of the energy� independent part of the self� energy matrix,

� pq(1 ) =
X

rs

hprjjqsi (� rs � � HF
rs ) (2.4.6)

depend only on the correlation contributions to the one� electron density matrix. This

uncorrelated choice ofv facilitates the analysis of results in terms of �nal� state orbital

relaxation and di�erential correlation e�ects, both of which are explicitly con�ned to the

self� energy matrix.

Note that the sum of the �rst three terms in Equation 2.4.4 vanishes through second or-

der in the 
uctuation potential and, at higher orders, corresponds to the energy� independent

contributions in Equation 2.4.6. In contrast, eigenfunctions derived from alternative poten-

tials designed to incorporate exchange or correlation e�ects in ground� state calculations

generally lead to non� diagonal, energy� independent �rst� order terms in the self� energy.

These terms explicitly involve the non� local HF exchange operator, as described in Equation

2.4.5.
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For all choices of orbital bases, poles ofG(E), or zeroes ofG � 1(E), occur at energies

(EX ) where the quasiparticle eigenvalue equation is satis�ed:

F + � (EX )]C(EX ) = EX C(EX ): (2.4.7)

The pole strength (probability factor), �, equals the norm of the Dyson spin� orbital

and may be determined with

� X =
Z

j' Dyson (x)j2dx = (1 � Cy(EX )[
d� (E)

dE
]
E = EX

C(EX ))
� 1

: (2.4.8)

Elements of the eigenvectors are related to Feynman� Dyson amplitudes and Dyson

spin� orbitals via

' Dyson
X (x) = � 0:5

X

X

p

Cp(EX )up(x) (2.4.9)

2.5 Quasiparticle Theory

The quasiparticle theory considers each electron as if it were an independent particle

with renormalized properties, making it possible to describe highly correlated systems by

only solving single� particle� like equations. Several old and recent electron� propagator

methods use canonical HF spin� orbitals as their zeroth order and neglect o�� diagonal

couplings in the self� energy matrix elements. In these methods, each canonical spin� orbital

independently produces a unique set of electron binding energies, determined iteratively via

the diagonal quasiparticle equation

eHF
p + � pp(EXp ) = EXp : (2.5.1)
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Thus, canonical HF orbital energies (eHF
p ) are re�ned by the diagonal elements of the

self� energy matrix. Probability factors are given by

� Xp = [1 �
d� pp(E)

dE
jE = EXp ]

� 1

(2.5.2)

and the Dyson spin� orbitals are proportionally related to the canonical HF spin� orbitals

' Dyson
Xp (x) = � 0:5

Xp uHF
p (x): (2.5.3)

In principle, multiple roots (EXp ) may be obtained for a givenp, but only those with

probability factors � 0.85 are acceptable within the quasiparticle framework. The remain-

ing electron binding energies may have some qualitative meaning, but are likely to require

improvements from renormalized, non� diagonal self� energy approximations that have the

appropriate treatment of shakeup characters for correlation states.
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Chapter 3

Approximate Electron � Propagator Self � Energies

Throughout this chapter, electron repulsion integrals (ERIs) are expressed as

h�� jĝj�� i =
ZZ

� �
� (r 1)� � (r 2)

1
jr 1 � r 2j

� �
� (r 1)� � (r 2) dr 1 dr 2; (3.0.1)

wheref � � g denote the one� electron basis functions, and the operator ^g corresponds to the

Coulomb interaction

ĝ =
1

r12
=

1
jr 1 � r 2j

: (3.0.2)

For brevity, the shorthand notation (�� j�� ) is used interchangeably with the notation

h�� jĝj�� i throughout the text. Thus, an antisymmetrized electron repulsion integral is

de�ned as

h�� jj �� i = h�� jĝj�� i � h �� jĝj�� i (3.0.3)

which is equivalent to

h�� jj �� i = h�� j�� i � h �� j�� i : (3.0.4)

Table 3.1 displays the acronyms and full names of electron propagator methods whose

self� energy expressions are derived and discussed forthwith. For each approximation, arith-

metic bottlenecks are given in terms of the dimensions of the occupied (O) and virtual (V)

orbital spaces in Table 3.2. Most of the self� energies have identical formulas for calculations

of VIEs and VEAs. For these cases, self� energy formulae remain the same for all values

of p in Equation 2.4.7. Di�erent formulas for VIEs and VEAs apply to the P3, P3+, Q3,

Q3+, RP3, RQ3, NRP3 and NRQ3 self� energies. In addition, the non� Dyson (nD) ver-

sions of D2, os� D2, OVGF, L3, L3+ and RL3 self� energies deactivate energy dependence
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in 2ph denominators for VIE calculations and in2hp denominators for VEA calculations.

This deactivation is achieved by setting theE = "p in the self� energy terms with these

denominators.

Table 3.1: Acronyms and names of electron� propagator methods

Acronyms a Full name
Diagonal Second Order Self � Energies

D2 Diagonal second order
os� D2 Opposite� spin D2
nD� D2 non� Dyson D2
os� nD � D2 Opposite� spin non� Dyson D2

Diagonal Post Second Order Self � Energies
D3 Diagonal third order
nD� D3 non� Dyson D3
OVGF Outer� Valence Green's Function (Versions A, B and C)
nD� OVGF non� Dyson OVGF (Versions A, B and C)
P3 Partial third order
P3+ Approximately renormalized partial third order
Q3 Quasiparticle third order
Q3+ Approximately renormalized quasiparticle third order
L3 Linear third order
nD � L3 non� Dyson L3
L3+ Approximately renormalized linear third order (Versions A, B and C)
nD � L3+ non� Dyson L3+ (Versions A, B and C)
RP3 Explicitly renormalized partial third order
RQ3 Explicitly renormalized quasiparticle third order
RL3 Explicitly renormalized linear third order
nD � RL3 non� Dyson RL3
DR Diagonal (renormalized) ring approximation (HF� TDA � G0W0)

Non � diagonal Second and Post Second Order Self � energies
ND2 Non� diagonal, second order
2ph� TDA Two � particle� one� hole Tamm� Danco� approximation
3+ Non� diagonal third order
ADC(3) Third order algebraic diagrammatic construction
NR2 Non� diagonal, renormalized, second order
BD� T1 Brueckner doubles with triple �eld operators
NRP3 Non� diagonal extension of RP3
NRQ3 Non� diagonal extension of RQ3
NRL3 Non� diagonal extension of RL3

aFor new� generation methods inbold type : N = non� diagonal; nD = non� Dyson; R =
explicitly renormalized; + = approximately renormalized
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Table 3.2: Arithmetic scaling and transformed integral requirements of electron� propagator
methods.a

Methods b Arithmetics Steps ERI c

Diagonal Second Order Self � Energies
D2, os� D2 OV2 NE O2V2

RSPT2, nD� D2, os� nD � D2 OV2 Non� iterative O2V2

Diagonal Post Second Order Self � Energies
RSPT3 OV4 Non� iterative V 4

D3, OVGF OV4 NE
d V4

IP: P3, P3+, Q3, Q3+ O2V3 Non� iterative OV 3

EA: P3, P3+, Q3, Q3+ OV4 NE V4

L3 , L3+ OV4 NE
d V4

IP: RP3 , RQ3 O2V3 Non� iterative OV 3

EA: RP3 , RQ3 OV4 NINE V4

RL3 OV4 NINE
d V4

DL OV4 NINE
d V4

IP: DR O2V3 NINE O2V2

EA: DR O2V3 NINE OV3

Non � diagonal Second and Post Second Order Self � energies
ND2 OV3 NI OV3

2ph� TDA OV 4 NI V4

3+ O2V4 Non� iterative V 4

ADC(3) O2V4 NI V4

IP: NR2 O3V3 Non� iterative f OV3

EA: NR2 O2V4 Non� iterative f V4

BD� T1 O2V4 BDe V4

NRP3 O2V4 Non� iterative f V4

NRQ3 O2V4 Non� iterative f V4

NRL3 O2V4 Non� iterative f V4

aO = # occupied orbital, V = # virtual orbitals, N E = energy iterations,
NI = inverse� expansion or linear� equation iterations for diagonal methods and
Hamiltonian� vector multiplications for non� diagonal methods. bNew methods in bold
type . IE = ionization energy (electron detachment). EA = electron a�nity (electron at-
tachment). cERI = largest electron repulsion integral set. dReduction by a factor of NE

occurs in non� Dyson (nD) versions for electron detachments.eThe O2V4 arithmetic bot-
tleneck occurs in the Brueckner Doubles, coupled� cluster, reference� state calculation; the
subsequent electron� propagator bottleneck is OV4. f NI OV4 iterative steps for 3+, ADC(3)
and NRL3; NI O3V2 iterative steps for NR2, NRP3 and NRQ3 IEs; NI OV4 iterative steps
for NR2, NRP3 and NRQ3 EAs.
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3.1 Diagonal Second � Order Methods

Koopmans's results (canonical HF orbital energies) are employed as the zeroth order

self� energy for all the diagonal methods discussed in this work. The �rst order energy depen-

dent self� energy correction for the M�ller� Plesset 
uctuation potential vanishes. Energy

independent correction terms,� (1 ), vanish through second order. The simplest correction

to the KT result occurs in the so� called diagonal second order (D2) self� energy for which

o� diagonal matrix elements are completely neglected. The D2 self� energy matrix elements

have two (2hp and 2ph) summations over canonical HF spin� orbitals.

� D 2
pp (E) =

1
2

virX

a

occX

ij

jhpajj ij ij 2

E + ea � ei � ej
+

1
2

occX

i

virX

ab

jhpijjabij 2

E + ei � ea � eb
= S2hp + S2ph: (3.1.1)

Energy dependence is omitted in the S2hp and S2ph notations that represent the sum-

mations associated with two� hole� one� particle (2hp) and two� particle� one� hole (2ph)

operators. When both the �rst and second terms of equation 3.1.1 are evaluated atE = "p,

the resulting expression equals the second� order, Rayleigh� Schr•odinger perturbation theory

(RSPT2) value.[6, 111, 112] The D2 method has an iterative OV2 (O and V denote occupied

and virtual orbital dimensions) arithmetic bottleneck. Numerous benchmarks studies (vide

infra ) provide evidence that this method typically underestimates detachment energies while

overestimating VEAs.

In several modi�ed self� energy formulations that preserve the cubic arithmetic scaling

of the D2 method, empirically adjusted weights have been assigned to the same� spin and

opposite� spin terms in both summations.[113{116] To ameliorate the de�ciency of D2 with-

out introducing adjustable or empirical parameters, modi�cation can be made to the D2

self� energy by separating the matrix components into same� spin (ss) and opposite� spin

(os) contributions

� D 2
pp (E) = � ss(2)

pp (E) + � os(2)
pp (E): (3.1.2)
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The D2 self� energy can then be expressed in an extended notation in which capital letters

denote spin� orbitals with spin opposite to that of p whereas small letters denote same� spin

orbitals,

� D 2
pp (E) =

1
2

virX

a

occX

ij

jhpajj ij ij 2

E + � a � � i � � j

+
1
2

occX

i

virX

ab

jhpijjabij 2

E + � i � � a � � b

+
virX

A

occX

iJ

jhpAjiJ ij 2

E + � A � � i � � J

+
occX

I

virX

aB

jhpI jaBij 2

E + � I � � a � � B
: (3.1.3)

Thus, the �rst two terms correspond to same� spin contributions and the last two terms

pertain to opposite� spin terms. A cleaner modi�cation to the D2 self� energy leverages

Fermi correlation treated at the HF level through the antisymmetric reference determinant

and only adds the opposite� spin self� energy to provide a balanced treatment of exchange

and correlation.[91] The resulting opposite� spin, second� order self� energy is labeled as

os� D2.

� os� D 2
pp (E) =

virX

A

occX

iJ

jhpAjiJ ij 2

E + � A � � i � � J
+

occX

I

virX

aB

jhpI jaBij 2

E + � I � � a � � B
: (3.1.4)

Other modi�cations to D2 and os� D2 require that the S2hp and S2ph summations be

analytically decoupled to obtain non� Dyson (nD) variants. The resulting nD� D2 method

is equivalent to D2, except that the second (S2ph) term is energy� independent, usingE = "p

for electron detachments. An analogous modi�cation that is applicable to os� D2 produce

the os� nD� D2 self� energy. These modi�cations bestow on the nD� D2 and os� nD� D2

methods a minor computational advantage in detachment energy calculations as the OV2

arithmetic bottleneck is no longer energy� dependent, thus eliminating iterative require-

ments.
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The roles of the S2hp and S2ph summations reverse in VEA calculations. For VEA

calculations, the O2V (2hp) term similarly bypasses iteration, though the computational

gain is minimal. Practically, the primary bottleneck lies in the ERI transformation to the

canonical HF basis, where the computational scaling can be reduced from �fth to fourth

power for a given orbital indexp.

3.2 Simpli�ed Renormalized Diagonal Ring and Ladder Approximations

Several members of theGW family of self� energy methods incorporate in�nite� order

summation of rings while neglecting exchange terms.[28] Another alternative, commonly

referred to as the T� matrix method, retains ladders and neglects ring and ring� exchange

terms. Although most of the GW methods use Kohn� Sham reference orbitals, there are

a few instances where HF orbitals are used instead. There is a recent derivation ofGW

approximations that considers ring and ladder renormalizations using HF orbitals within

the framework of the random� phase approximation.[117]

Here I present two straightforward simpli�cations to the 2ph� TDA [21] self� energy.

Take note that the �rst � order couplings betweent 3 operators in the2ph� TDA self� energy,

� 2ph� T DA (E) = [ ayjĤ t 3]1[t 3j(E Î � Ĥ )t 3]� 1
1 [t 3jĤ ay]1; (3.2.1)

generate ring and ladder terms of all orders with anti� symmetrized vertices. These vertices

are de�ned through ERIs as (see equations 3.0.1 { 3.0.4 for de�nition of ERIs)

hpqjj rsi = hpqjrsi � h pqjsr i : (3.2.2)

A simpli�ed self� energy calleddiagonal (renormalized) ring (DR) [96] can be obtained

by the following considerations to equation 3.2.1 (2ph� TDA self� energy)

ˆ neglecting o�� diagonal elements of the2ph� TDA self� energy
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ˆ omitting ladder and ring� exchange terms in the [t 3j(E Î � Ĥ )t 3]1 matrix

ˆ discarding the exchange terms in the [ayjĤ t 3]1 and [t 3jĤ ay]1 matrices.

The resulting DR self� energy retains a subset of the terms appearing in Equation 3.2.1.

Thus, only terms appearing in bold orbital indices (of the2ph� TDA self� energy) in equa-

tions 3.2.3{3.2.8 are retained.

[ay
pjĤaaay

i a
y
j ]1 = hpajij i � h pajji i (3.2.3)

[ay
pjĤa i ay

aay
b]1 = hpi jabi � h pijbai (3.2.4)

[aaay
i a

y
j jĤ0aba

y
kay

l ]0 = � ab � ik � jl (� i + � j � � a) (3.2.5)

[ai ay
aay

bjĤ0aj ay
ca

y
d]0 = � ij � ac � bd (� a + � b � � i ) (3.2.6)

[aaay
i a

y
j jV̂ aba

y
kay

l ]1 = (1 � Pij )(1 � Pkl )� ik [hbj jali � h bj jlai ] � � abhij jj kl i (3.2.7)

[ai ay
aay

bjV̂ aj ay
ca

y
d]1 = � (1 � Pab)(1 � Pcd)� ac[hjbjidi � h jb jdi i ] + � ij habjjcdi (3.2.8)

An alternative method calleddiagonal (renormalized) ladders (DL) [96] also ne-

glects o�� diagonal matrix elements, retains ladders, neglects ring and ring� exchange terms

in the [t 3j(E Î � Ĥ )t 3]1 matrix while keeping the exchange terms in the [ayjĤ t 3]1 and [t 3jĤ ay]1

matrices. Thus, terms appearing in bold indices in equations 3.2.9 { 3.2.14 are retained in

the DL approximation.

[ay
pjĤaaay

i a
y
j ]1 = hpajij i � h pajji i (3.2.9)

[ay
pjĤa i ay

aay
b]1 = hpi jabi � h pi jbai (3.2.10)

[aaay
i a

y
j jĤ0aba

y
kay

l ]0 = � ab � ik � jl (� i + � j � � a) (3.2.11)

[ai ay
aay

bjĤ0aj ay
ca

y
d]0 = � ij � ac � bd (� a + � b � � i ) (3.2.12)

[aaay
i a

y
j jV̂ aba

y
kay

l ]1 = (1 � Pij )(1 � Pkl )� ik [hbj jali � h bj jlai ] � � ab hij jj kl i (3.2.13)
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[ai ay
aay

bjV̂ aj ay
ca

y
d]1 = � (1 � Pab)(1 � Pcd)� ac[hjbjidi � h jbjdii ] + � ij habjjcdi (3.2.14)

Note that in both DR and DL methods, the Hamiltonian superoperator consists of the sum

of the Ĥ0 and V̂ superoperators. Equations 3.2.5, 3.2.6, 3.2.11 and 3.2.12 assume that i< j

and k< l. This convention avoids the need to substitute� ik � jl � � il � jk for � ik � jl in these

equations.

3.3 Diagonal Full Third Order Approximation

There are eight terms that appear in the diagonal third order (D3) self� energy.[20]

Adopting a previous [91] notation, self� energy matrix elements can be expressed as

D3 = S2hp + S2ph + CD + CS + R2hp + R2ph + P2hp + P2ph: (3.3.1)

The D3 self� energy retains all diagonal matrix elements up to third order. The �rst two

terms (S2hp+ S2ph) of equation 3.3.1 pertain to D2 matrix elements as shown in equation 3.1.1.

The contributions are constant terms arising from �rst� order double and second� order sin-

gle substitutions in the reference canonical HF state. The next two termsR2hp + R2ph are

the ring and ladder contributions. The last two termsP2hp + P2ph arise from perturbative

�rst � order replacements. The R and P contributions have energy dependence that is sup-

pressed in this notation. TheR2hp + R2ph terms have two energy dependent denominators

whereasP2hp + P2ph contain terms that are Hermitian conjugates.

A non� Dyson D3 (nD� D3) approach establishes that the energy� dependent two� particle

hole (2ph) terms in the D3 self� energy are assigned toE = "p, which represents the un-

perturbed HF orbital energy for electron removals. For electron attachment,E = "p applies

to the two� hole particle (2hp) terms. Thus, the energy dependent 2ph and 2hp terms

of the self� energy are analytically decoupled in nD� Dyson methods. In the third� order

Rayleigh� Schr•odinger perturbation theory (RSPT3), the energy dependent terms in both
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the 2ph and 2hp summations are kept atE = "p.[6, 111, 112] Thus, the attachment and

detachment parts of the self� energy are still present but there are no energy iterations.

All eight terms appearing in the D3 self� energy have the following explicit matrix

elements in a real spin� orbitals basis.

S2hp =
1
2

virX

a

occX

ij

jhpajj ij ij 2

E + ea � ei � ej
(3.3.2)

S2ph =
1
2

occX

i

virX

ab

jhpijjabij 2

E + ei � ea � eb
(3.3.3)

CD =
1
2

X

ab

hapjjbpi
X

ijc

tac(1)
ij tbc(1)

ij �
1
2

X

ij

hipjj jp i
X

abk

tab(1)
ik tab(1)

jk (3.3.4)

CS = 2
X

ia

hipjjapi ta(2)
i (3.3.5)

R2hp =
X

ai<j

Upaij (E)hij jjpai
E + � a � � i � � j

(3.3.6)

where

Upaij (E) = �
X

k<l

hpajjkl ihkl jj ij i
E + � a � � k � � l

� (1 � Pij )
X

kb

hpbjj jk ihakjjbii
E + � b � � j � � k

: (3.3.7)

R2ph =
X

ia<b

Upiab(E)habjjpii
E + � i � � a � � b

; (3.3.8)

where

Upiab(E) =
X

c<d

hpijjcdihcdjjabi
E + � i � � c � � d

+ (1 � Pab)
X

jc

hpj jjbcihicjj ja i
E + � j � � b � � c

: (3.3.9)

P2hp = 2
X

ai<j

hpajj ij i Wpaij

E + � a � � i � � j
; (3.3.10)

where

Wpaij =
X

b<c

tbc(1)
ij hbcjjpai + (1 � Pij )

X

kb

tba(1)
jk hbijjpki (3.3.11)
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P2ph = 2
X

ia<b

hpijjabi Wpiab

E + � i � � a � � b
; (3.3.12)

where

Wpiab = �
X

j<k

tab(1)
jk hjk jjpii � (1 � Pab)

X

jc

tbc(1)
ji hja jjpci : (3.3.13)

3.4 Outer � Valence Green's Function (OVGF) Method

The extension of the self� energy component to third order in perturbation theory (D3)

was immediately assessed numerically in several studies. Unfortunately, it did not yield satis-

factory numerical results and improved self� energies were sought after. In 1975, Cederbaum

used diagrammatic arguments to introduce renormalized interaction terms that estimate

higher many� body e�ects in the self� energy.[118] The renormalization interaction is based

on computationally trivial estimates of higher� order e�ects that are based on the second

and third order terms. Three versions (A, B, C) of the renormalizations were proposed for

the outer valence Green's function (OVGF).[30]

The formula for each of the three OVGF self� energies can be given in a similar manner

to the D3 notation. The A version reads,

� OV GF � A = S2hp + S2ph +
S2hp + S2ph

S2hp + S2ph � P2hp � P2ph
(CD + CS + R2hp + R2ph + P2hp + P2ph):

(3.4.1)

Notice that the renormalization treatment is carried out over all constant, ring, ladder

and perturbative terms. The B version adopts a more uniform approach in the renormaliza-

tion. Energy independent terms are excluded while separating theR and P terms into their

respective 2hp and 2ph components,

� OV GF � B = S2hp + S2ph + CD + CS +
S2hp

S2hp � P2hp
(R2hp + P2hp) +

S2ph

S2ph � P2ph
(R2ph + P2ph):

(3.4.2)
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In analogy to version A, the C version also performs renormalizations over all post

second� order terms. However, the nature of the renormalization terms di�ers from version

A.

� OVGF-C = S2hp + S2ph

+
R2hp + R2ph + P2hp + P2ph

S2hp � P2hp

S2hp
(R2hp + P2hp) +

S2ph � P2ph

S2ph
(R2ph + P2ph)

� (CD + CS + R2hp + R2ph + P2hp + P2ph) (3.4.3)

The OVGF method has the same OV4 arithmetic scaling as D3. At the end of D3

calculation, pole contributions from second and third order terms are used to perform the

computationally trivial estimates of higher order terms. Similar arguments for nD� D3 su�ce

to derive nD� OVGF for electron attachments and detachments.

3.5 Diagonal Linear Third Order Methods

My contributions to developments[91, 92] have focused on deriving new electron� propagator

methods that retain the conceptual clarity discussed so far while achieving increased accu-

racy and e�ciency. Thus, no adjustable or empirical parameters are tolerated in deriving

the new self� energies. Therefore, the new class of methods has been derived using the

superoperator metric below that enforces Hermiticity and intermediate normalization,

[AjB ] =
1
2

(hHF j(AyB+ BA y)(1+ T (1)
2 + T (2)

1 )jHF i + hHF j(1 + T (1)
2 + T (2)

1 )
y
(AyB+ BA y)jHF i ):

(3.5.1)

This choice of superoperator metric starts with a HF wavefunction and adds perturba-

tive corrections. Examples ofA and B in the square brackets include simple and triple

second� quantized �eld operators, h, p, 2hp or 2ph. The T2
(1) and T1

(2) terms incorporate
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�rst � order, double and second� order, single replacements, respectively, with the following

explicit formulae

T (1)
2 =

1
4

occX

ij

virX

ab

hij jjabi
ei + ej � ea � eb

ay
aay

bai aj =
1
4

occX

ij

virX

ab

tab(1)
ij ay

aay
bai aj (3.5.2)

T (2)
1 =

occX

i

virX

a

1
2(ei � ea)

(
occX

jk

virX

b

tab(1)
jk hbijj jk i +

occX

j

virX

bc

tbc(1)
ij hbcjjaj i )ay

aai =
occX

i

virX

a

ta(2)
i ay

aai :

(3.5.3)

This choice of superoperator metric su�ces to generate all third� order matrix elements that

occur linearly in the reference state substitutions as well as ring and ladder renormalizations.

Note that the perturbation terms in the superoperator metric are denoted asT (m)
n wheren

indicates the level of excitation andm represents the order of the excitation. In principle,

T (m)
n can be expanded to include several excitations and orders in the following fashion,

T = T (1)
2 + T (2)

1 + T (2)
2 + T (2)

3 + T (2)
4 + � � � : (3.5.4)

However, only the lowest� order linear parametrization of the HF wavefunction is preserved

for single and double substitutions. Double substitutions contribute at �rst order, while

single substitutions appear at second order, as their �rst� order terms vanish.

In the diagonal explicitly renormalized linear third order (RL3)[91, 92] method ,

all linear third order, ring� ladder terms, and higher order terms obtained upon expansion

of the inverted matrices are retained,

� RL3 (E) =
1
2

�
CS + [ ayjĤ t 2ph]2

h
t 2phj(E Î � Ĥ )t 2ph

i � 1

1
[t 2phjĤ ay]1

+ [ ayjĤ t 2ph]1
h
t 2phj(E Î � Ĥ )t 2ph

i � 1

1
[t 2phjĤ ay]2

+ [ ayjĤ t 2hp]1
h
t 2hpj(E Î � Ĥ )t 2hp

i � 1

1
[t 2hpjĤ ay]2

+ [ ayjĤ t 2hp]2
h
t 2hpj(E Î � Ĥ )t 2hp

i � 1

1
[t 2hpjĤ ay]1

�
; (3.5.5)
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whereCS represents the non� diagonal matrix generalization ofC S contributions. The C S

is responsible for energy� independent third� order correlation contributions to the ground

state. The C D term which depends on �rst� order double replacements is excluded because

of its quadratic dependence. The ring and ladder terms are independent of reference state

amplitudes and are the same as those found in the2ph� TDA, 3+, and ADC(3) methods.

However, terms that have linear dependence on the reference� state correlation amplitudes

are now scaled by a factor of one� half because of the choice of superoperator metric.

Expansion of the inverted matrices in the RL3 formula will lead to the identi�cation

of many fourth and higher order terms. When one neglects these higher order terms and

restricts the inverted matrix elements to only third order, the resultingdiagonal linear

third order (L3) [91, 92] self� energy has the following formula,

� L 3 = S2hp + S2ph +
1
2

(CS + P2hp + P2ph) + R2hp + R2ph: (3.5.6)

The L3 method di�ers from D3 in two respects. First, because theC D term in D3

has a quadratic dependence on reference� state amplitudes, L3, with restrictions imposed by

the new superoperator metric, completely neglects it. Also, the constant and perturbative

�rst � order terms have factors of one� half which are absent in the D3 formula. As L3 treats

2ph and 2hp terms on the same footing, a non� Dyson version also exists based on similar

arguments discussed earlier in favor of OVGF.

The L3 method treats 2ph and 2hp terms on equal footing. Therefore, approximate

renormalization of third� order terms can be carried out in analogy to OVGF. The resulting

self� energy expression is called theapproximately renormalized linear third order

(L3+) [91, 92] method with versions A, B and C alternatives for calculating detachment

and attachment energies de�ned as,

� L 3+ A = S2hp + S2ph +
S2hp + S2ph

S2hp + S2ph � 1
2(P2hp + P2ph)

[
1
2

CS + R2hp + R2ph +
1
2

(P2hp + P2ph)]

(3.5.7)
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� L 3+ B = S2hp + S2ph +
1
2

CS +
S2hp

S2hp � 1
2P2hp

(R2hp +
1
2

P2hp) +
S2ph

S2ph � 1
2P2ph

(R2ph +
1
2

P2ph)

(3.5.8)

� L 3+ C = S2hp + S2ph +
�

1
2

CS + R2hp + R2ph +
1
2

(P2hp + P2ph)
�

�
R2hp + R2ph + 1

2(P2hp + P2ph)

S2hp � 1
2P2hp

S2hp
(R2hp + 1

2P2hp) +
S2ph � 1

2P2ph

S2ph
(R2ph + 1

2P2ph)

: (3.5.9)

Here again, only two minor di�erences exist between OVGF formulas and the L3+ alter-

natives. TheC D term is absent and theC S, P2hp and P2ph terms have a factor of one� half.

Hence, only trivial modi�cations are required in codes that perform OVGF calculations to

incorporate the L3+ method. The non� Dyson version of L3+ (nD� L3+) is easily derived

with the same approach as nD� OVGF.

3.6 Diagonal Quasiparticle Third Order Methods

The most computationally intensive arithmetic operations in the RL3 method are the

couplings between 2ph operators at third order and beyond, as they have ERIs with four

virtual orbital indices. It has been established that these terms generally have a minimal

impact on detachment energies. By omitting these terms, anexplicitly renormalized

quasiparticle self � energy (RQ3) [91, 92] is de�ned for detachment energy calculations,

� IP-RQ3 (E) =
1
2

CS +
h
ay

�
�
�Ĥ t 2ph

i

1

h
t 2ph

�
�
�(E Î � Ĥ )t 2ph

i � 1

0

h
t 2ph

�
�
�Ĥ ay

i

1

+
1
2

h
ay

�
�
�Ĥ t 2hp

i

2

h
t 2hp

�
�
�(E Î � Ĥ )t 2hp

i � 1

1

h
t 2hp

�
�
�Ĥ ay

i

1

+
1
2

h
ay

�
�
�Ĥ t 2hp

i

1

h
t 2hp

�
�
�(E Î � Ĥ )t 2hp

i � 1

1

h
t 2hp

�
�
�Ĥ ay

i

2
(3.6.1)

This self� energy is denoted as IP� RQ3 to indicate the ionization potential version of

RQ3. For electron attachment energies, the roles of the 2ph and 2hp terms are reversed.
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Hence, an electron a�nity (EA � RQ3) version of RQ3 may be de�ned as,

� EA -RQ3(E) =
1
2

CS + [ ayjĤ t 2hp]1
h
t 2hp

�
�(E Î � Ĥ )t 2hp

i � 1

0
[t 2hpjĤ ay]1

+
1
2

[ayjĤ t 2ph]2
h
t 2ph

�
�(E Î � Ĥ )t 2ph

i � 1

1
[t 2phjĤ ay]1

+
1
2

[ayjĤ t 2ph]1
h
t 2ph

�
�(E Î � Ĥ )t 2ph

i � 1

1
[t 2phjĤ ay]2: (3.6.2)

By neglecting terms beyond third order that emerge in the expansion of the inverted

matrix of RQ3, a quasiparticle third order (Q3) [91, 92] method is obtained for calcu-

lating detachment energies (ionization energies) and electron attachment energies (electron

a�nities),

� IP � Q3 = S2hp + S2ph +
1
2

(CS + P2hp) + R2hp (3.6.3)

� EA � Q3 = S2hp + S2ph +
1
2

(CS + P2ph) + R2ph: (3.6.4)

An approximately renormalized Q3 method can also be derived that resembles the L3

and D3 methods. On examining the renormalization approaches in L3+ and OVGF, we �nd

that only the B variant treats renormalization separately for the energy� dependent 2ph and

2hp third � order terms, as well as for the ring� ladder terms. Since we focus exclusively on the

2hp third � order terms in Q3 for calculating VIEs and the 2ph third � order terms for VEAs,

the B variant of the approximate renormalization is the most suitable choice. Therefore,

approximately renormalized quasiparticle third order (Q3+) [91, 92] expressions for

VIEs and VEAs are de�ned as,

� IP � Q3+ = S2hp + S2ph +
1
2

CS +
S2ph

S2ph � 1
2P2hp

(R2hp +
1
2

P2hp) (3.6.5)

� EA � Q3+ = S2hp + S2ph +
1
2

CS +
S2ph

S2ph � 1
2P2ph

(R2ph +
1
2

P2ph) (3.6.6)
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3.7 Diagonal Partial Third Order Methods

The explicitly renormalized partial third order (RP3) [91, 92] method is derived

by omitting the third � order constant term, denoted asC S, in the RQ3 formulation. The C S

term originates from second� order single replacements in the reference state and contributes

primarily to ground� state correlation amplitudes. However, this term is often less critical,

particularly in calculations involving electron attachments, where the correlation treatment

of the �nal state typically has a greater impact than that of the ground state. Therefore,

the resulting self� energy has the following expressions for VIEs,

� IP -RP 3(E) = [ ayjĤ t 2ph]1
h
t 2ph

�
�(E Î � Ĥ )t 2ph

i � 1

0
[t 2phjĤ ay]1

+
1
2

[ayjĤ t 2hp]2
h
t 2hp

�
�(E Î � Ĥ )t 2hp

i � 1

1
[t 2hpjĤ ay]1

+
1
2

[ayjĤ t 2hp]1
h
t 2hp

�
�(E Î � Ĥ )t 2hp

i � 1

1
[t 2hpjĤ ay]2: (3.7.1)

The VEA counterpart also has the following formula,

� EA -RP 3(E) = [ ayjĤ t 2hp]1
h
t 2hp

�
�(E Î � Ĥ )t 2hp

i � 1

0
[t 2hpjĤ ay]1

+
1
2

[ayjĤ t 2ph]2
h
t 2ph

�
�(E Î � Ĥ )t 2ph

i � 1

1
[t 2phjĤ ay]1

+
1
2

[ayjĤ t 2ph]1
h
t 2ph

�
�(E Î � Ĥ )t 2ph

i � 1

1
[t 2phjĤ ay]2: (3.7.2)

A partial third order (P3) [91, 92] method is obtained when fourth and higher order

terms that are recoverable from the inverted matrices of RP3 are neglected. The P3 also has

di�erent formulae for VIEs and VEAs,

� IP � P 3 = S2hp + S2ph +
1
2

P2hp + R2hp (3.7.3)

� EA � P 3 = S2hp + S2ph +
1
2

P2ph + R2ph: (3.7.4)
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The P3 method was �rst derived and implemented in 1996 using an asymmetric superoper-

ator metric with distinct de�nitions for VIE[31] and VEA.[119]

Here also, anapproximately renormalized partial third order (P3+) [91, 92]

self� energy can be de�ned by performing computationally simple estimates of higher� order

terms, in analogy to the B versions of OVGF, L3+, as well as Q3+. There are separate

formulas for VIEs and VEAs,

� IP � P 3+ = S2hp + S2ph +
S2ph

S2ph � 1
2P2hp

(R2hp +
1
2

P2hp) (3.7.5)

� EA � P 3+ = S2hp + S2ph +
S2ph

S2ph � 1
2P2ph

(R2ph +
1
2

P2ph): (3.7.6)

P3+ was �rst introduced in 2005[32] as an extension of P3 and has been highly successful

in numerous applications.

3.8 Non � diagonal and Renormalized Electron Propagator Methods

Aside developments of new quasiparticle (diagonal) electron� propagator methods, I

have also made contributions to generalized self� energies where all matrix elements (diagonal

and o� � diagonal) are explicitly evaluated. Dyson orbitals also appear as linear combination

of reference state orbitals, and therefore su�ce to produce reliable qualitative descriptions of

transition processes when the quasiparticle picture is no longer valid. Methods of this class

are named non� diagonal electron� propagator methods.[92]

The newly introduced non� diagonal renormalized methods (NRP3, NRQ3, and NRL3)

[92] are formulated in terms of superoperator Hamiltonian couplings that recover all self� energy

terms present in their diagonal, explicitly renormalized counterparts (RP3, RQ3, and RL3).

A summary of the order of terms contributing to each block of the Hamiltonian̂H is pro-

vided in Table 3.3. These approximations are also based on the Hermitized, intermediately

normalized metric de�ned in Equation 3.6.1.
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Table 3.3: Orders retained in superoperator Hamiltonian matrices (Ĥ ) of NRP3, NRQ3
and NRL3 self� energies for hole (h), particle (p), two� hole� one� particle (2hp), and
two� particle� one� hole (2ph) operators.a,b,c,d,e,f

Ĥ h p 2hp 2ph

h

NRP3 0e

NRQ3 3
NRL3 3
ND2 0e

3+ 3c

NRP3 0e

NRQ3 3
NRL3 3
ND2 0e

3+ 3c

NRP3 2
NRQ3 2
NRL3 2
ND2 1
3+ 2

NRP3 1
NRQ3 1
NRL3 2
ND2 1
3+ 2

p

NRP3 0e

NRQ3 3
NRL3 3
ND2 0e

3+ 3c

NRP3 2b

NRQ3 2
NRL3 2
ND2 1
3+ 2

NRP3 1
NRQ3 1
NRL3 2
ND2 1
3+ 2

2hp

NRP3 1
NRQ3 1
NRL3 1
ND2 0d,e

3+ 1

NRP3 0e,f

NRQ3 0e,f

NRL3 0e,f

ND2 0e,f

3+ 0f

2ph

NRP3 0e

NRQ3 0e

NRL3 1
ND2 0d,e

3+ 1
aEvaluation of Ĥ with Hermitized, intermediately normalized metric in bold type . b NR2
is the same as NRP3 except thatp� 2hp couplings are evaluated in �rst instead of second
order. c3+ is identical to strict ADC(3); other versions of ADC(3) di�er in their treatment
of h� h, h� p and p� p couplings. d2ph� TDA di�ers from ND2 by introducing �rst order
terms in the 2hp� 2hp and 2ph� 2ph blocks. eFirst order terms and o�� diagonal zeroth
order terms vanish. CHF orbital energies of zeroth order occur in diagonal matrix elements.
In the h� h, p� p and h� p blocks, second order terms also vanish.fThe �rst non � vanishing
2hp� 2ph couplings appear in second order and contribute to fourth� order and higher� order
self� energies.
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Older non� diagonal methods such as ND2,2ph� TDA, and 3+ evaluate all contributions

up to a �xed order in the 
uctuation potential and are often based on the unit� normalized,

symmetric superoperator metric as I have discussed elsewhere.[92] Terms that are quadratic

in ground� state correlation amplitudes emerge at third order in the couplings between pri-

mary creation and annihilation operators (h and p). For real orbitals, the di�erence between

these older methods (e.g., 3+) and the newly developed approaches is limited to a factor

of two in their second� order couplings between simple (h and p) operators. A similar dis-

tinction exists in their treatment of couplings between simple operators that incorporate

second� order single replacement amplitudes.

The NR2 method has strong similarity to the NRP3 self� energy expression. Both

methods have identical expressions in the zeroth� order and �rst � order terms. The only

notable di�erence pertains to the �rst� order treatment of the p� 2hp block for which the

NR2 method e�ectively obviates the need for ERIs involving four virtual indices.

All the methods shown in Table 3.3 use canonical HF reference states except the BD� T1

method that employs approximate Brueckner orbitals. The same set of primary and sec-

ondary �eld operators, h, p, 2hp and 2ph, also appear in the superoperator Hamiltonian

matrix. The couplings between 2ph and 2hp operators are neglected; however, the matrix el-

ements within the 2ph� 2ph and 2hp� 2hp blocks remain linear in the double substitution am-

plitudes as well as the couplings between simple and triple operators. The pseudo� canonical

Brueckner orbital energies are represented as diagonal elements in theh� h and p� p blocks

of the generalized Fock matrix denoted as
h
ay j Ĥ ay

i
. Non� vanishing couplings betweenh

and p operators are present, as the Brillouin condition is not generally satis�ed.
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Chapter 4

Numerical Results: Performance of the New and Old Generation

Electron � Propagtor Methods

4.1 Vertical Ionization Energies of Molecules

I have evaluated the performance of all the new and old electron� propagator methods

for vertical ionization energies (VIEs) across four benchmark datasets: Cam� 136� VIEs[96,

97], QTP� 116� VIEs[91, 92], GW100� VIEs[94], and OPV� 24� VIEs[95]. Mean absolute

errors (MAEs) of KT and four second� order EP methods (D2, os� D2, nD� D2, os� nD� D2)

are summarized in Table 4.1.

KT exhibited the largest errors across all datasets, with values ranging from 0.491 eV

(OPV� 24) to 1.445 eV (QTP� 116). D2 and nD� D2 consistently underestimate VIEs in

all cases. The os� D2 and os� nD� D2 methods have lower MAEs than D2 and nD� D2

and have nearly equal numbers of underestimates and overestimates. QTP� 116� VIEs dis-

played the largest error range, with values spanning 0.235 eV (os� nD� D2) to 1.445 eV

(KT). Cam � 136� VIEs and GW100� VIEs exhibited a moderate error range, with values

for os� D2, os� nD� D2 consistently below 0.247 eV. OPV� 24� VIEs displayed the smallest

Table 4.1: MAEs (eV) of diagonal second� order electron� propagator methods versus VIE,
VEDE and VEA standards.

Method a Cam-
136-
VIEs [96, 97]

QTP-
116-
VIEs [91, 92]

GW100-
VIEs [94]

OPV-
24-
VIEs [95]

VEDEs-
55[63, 64]

OPV-
23-
VEAs [95]

NIST-
50-
VEAs [66]

KT 0.756 1.445 0.646 0.491 0.613 1.308 0.730
D2 0.380 0.594 0.511 0.425 0.482 0.387 0.179
os-D2 0.188 0.247 0.182 0.185 0.176 0.386 0.280
nD-D2 0.401 0.626 0.534 0.453 0.506 0.454 0.197
os-nD-D2 0.182 0.235 0.182 0.181 0.180 0.359 0.265

aNew methods inbold type.
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overall errors, with a range of 0.181 eV (os� nD� D2) to 0.491 eV (KT). The performance

improvement achieved by the os� D2 and os� nD� D2 methods over their respective baselines

(D2, nD� D2) is evident across all datasets. For instance, in the GW100� VIEs dataset, the

error decreased from 0.51 eV (D2) to 0.18 eV (os� nD� D2), indicating a substantial en-

hancement in accuracy. The favorable non� iterative cubic scaling of os� nD� D2 and MAEs

< 0.2 eV makes it very attractive for assigning photoelectron spectra of larger molecules.

Error measures of the diagonal third order and approximately renormalized third� order

methods are displayed in Table 4.2. D3 and nD� D3 overestimate VIEs in all four bench-

mark sets: Cam� 136� VIEs, QTP� 116� VIEs, GW100� VIEs, and OPV� 24� VIEs. D3

and OVGF have OV4 arithmetic scaling but do not perform as well as the non� iterative

cubically scaling os� nD� D2 method in Table 4.1. L3+, which also has the same OV4 scaling

su�ces to produce MAEs below 0.1 eV in most cases. The nD� L3+ methods are as good as

their L3+ counterparts with slight improvements in their accuracy and e�ciency. Therefore

nD� L3+ is the best method among the OV4 scaling class of methods and can be used for

de�nitive assignment of spectra with errors below 0.1 eV. With O2V3 scaling, P3+ procures

MAEs near 0.15 eV in all VIEs standards. Q3+ also performs slightly better than P3+ at

practically the same computational cost. Because Q3+ has better ground state correlation

than P3+, it is favorably considered for routine assignment of photoelectron spectra when

errors near 0.15 eV are acceptable. When considering organic systems with signi�cant con-

jugation such as those in the OPV� 24� VIEs set, Q3+ su�ces to produce an MAE of 0.06

eV, approaching chemical accuracy.
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Table 4.2: MAEs (eV) of diagonal third order and approximately renormalized
electron� propagator methods versus VIE, VEDE and VEA standards.

Method a Cam-

136-

VIEs [96, 97]

QTP-

116-

VIEs [91, 92]

GW100-

VIEs [94]

OPV-

24-

VIEs [95]

VEDEs-

55[63, 64]

OPV-

23-

VEAs [95]

NIST-

50-

VEAs [66]

D3 0.388 0.674 0.345 0.185 0.642 0.465 0.232

nD-D3 0.381 0.662 0.304 0.183 0.581 0.434 0.227

OVGF-A 0.122 0.214 0.167 0.233 0.136 0.168 0.165

OVGF-B 0.190 0.333 0.210 0.267 0.235 0.250 0.194

OVGF-C 0.197 0.345 0.167 0.127 0.249 0.254 0.183

nD-OVGF-A 0.121 0.203 0.161 0.242 0.135 0.130 0.151

nD-OVGF-B 0.184 0.319 0.191 0.277 0.212 0.211 0.183

nD-OVGF-C 0.186 0.327 0.145 0.132 0.224 0.215 0.170

P3 0.233 0.250 0.180 0.170 0.288 0.138 0.099

P3+ 0.156 0.153 0.138 0.116 0.159 0.108 0.095

Q3 0.170 0.232 0.194 0.088 0.280 0.210 0.133

Q3+ 0.116 0.138 0.154 0.063 0.158 0.145 0.111

L3 0.139 0.206 0.129 0.092 0.228 0.147 0.121

nD-L3 0.133 0.189 0.125 0.084 0.220 0.105 0.096

L3+A 0.100 0.124 0.152 0.189 0.125 0.071 0.107

L3+B 0.083 0.109 0.104 0.106 0.098 0.090 0.111

L3+C 0.086 0.109 0.102 0.093 0.101 0.086 0.109

nD-L3+A 0.110 0.115 0.160 0.206 0.124 0.053 0.091

nD-L3+B 0.079 0.103 0.107 0.118 0.086 0.061 0.097

nD-L3+C 0.080 0.104 0.102 0.102 0.089 0.061 0.108
aNew methods inbold type.
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Table 4.3: MAEs (eV) of diagonal post second order and explicitly renormalized
electron� propagator methods versus VIE, VEDE and VEA standards.

Method a Cam-
136-
VIEs [96, 97]

QTP-
116-
VIEs [91, 92]

GW100-
VIEs [94]

OPV-
24-
VIEs [95]

VEDEs-
55[63, 64]

OPV-
23-
VEAs [95]

NIST-
50-
VEAs [66]

DR 0.396 0.247 0.229 0.163 0.258 0.141 0.190
DL 0.116 0.161 0.157 0.158 0.125 0.122 0.15
nD-DL 0.110 0.151 0.159 0.168 0.125 0.131 0.15
RP3 0.130 0.122 0.158 0.112 0.129 0.098 0.118
RQ3 0.117 0.112 0.172 0.107 0.160 0.091 0.104
RL3 0.073 0.082 0.104 0.115 0.076 0.079 0.090
nD-RL3 0.075 0.081 0.111 0.127 0.081 0.057 0.093

aNew methods inbold type.

Table 4.3 also displays MAEs for diagonal EP methods that involve explicit evaluation of

matrix elements beyond third order in their self� energies. Of this set, DR requires the least

computational e�ort, and it is also the least accurate in all cases. In terms of computational

e�ort, RP3 and RQ3 have identical requirements but RQ3 performs slightly better than RP3

owing to the ground state correlation term in its self� energy formula [see equations 3.6.1

and 3.7.1]. DL and nD� DL have identical OV4 scaling requirements as RL3 and nD� RL3,

but the former does not compete favorably in terms of accuracy. Notably, RL3 and nD� RL3

systematically produce MAEs below 0.1 eV on the experimental ionization energy standard,

Cam� 136� VIEs, and the more challenging computational QTP� 116� VIEs test set.

Error measures obtained from tests of non� diagonal EP methods are shown in Tables

4.4. Among the older methods, ND2,2ph� TDA, and 3+ have no practical advantage. They

are relatively inaccurate and ine�cient. With an iterative O2V4 scaling, ADC(3) obtains

higher MAEs. NR2 and BD� T1 are older methods that produce acceptable MAEs. BD� T1

is more reliable in many unusual cases such as systems with considerable biradical character.

With an MAE of 0.04 eV, BD� T1 reaches chemical accuracy on the OPV� 24� VIEs and

renders it very attractive on applications to organic conjugated molecules. Among the new

generation methods, NRL3 notably obtains MAEs well below 0.1 eV in all cases. The
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Table 4.4: MAEs (eV) of non� diagonal and renormalized electron� propagator methods
versus VIE, VEDE and VEA standards.

Method a Cam-
136-
VIEs [96, 97]

QTP-
116-
VIEs [91, 92]

GW100-
VIEs [94]

OPV-
24-
VIEs [95]

VEDEs-
55[63, 64]

OPV-
23-
VEAs [95]

NIST-
50-
VEAs [66]

ND2 0.422 0.646 0.452 0.456 0.508 0.415 0.234
2ph-TDA 0.527 0.610 0.510 0.563 0.521 0.433 0.271
3+ 0.252 0.372 0.244 0.216 0.230 0.299 0.127
ADC(3) 0.211 0.343 0.161 0.115 0.201 0.096 0.104
NR2 0.123 0.097 0.157 0.119 0.123 0.095 0.153
BD-T1 0.091 0.104 0.063 0.043 0.066 0.182 0.167
NRP3 0.124 0.096 { 0.116 0.126 0.095 0.153
NRQ3 0.123 0.100 { 0.145 0.161 0.069 0.091
NRL3 0.078 0.065 { 0.142 0.079 0.063 0.059

aNew methods inbold type.

consistency of its predictions makes it very attractive for generating and interpreting high

quality data.

4.2 Vertical Electron Detachment Energies of Molecular Anions

Results for 55 vertical electron detachment energies (VEDE� 55), obtained using quar-

tic extrapolated complete basis set (CBS) limits from �CCSD(T) calculations with the

aug� cc� pVTZ and aug� cc� pVQZ basis sets, are presented in Tables 4.1 | 4.4. All the

calculations are based on anionic closed� shell reference HF orbitals from which electrons

are detached. In Table 4.1, whereas KT mainly overestimates with an MAE of 0.6 eV, D2

produces underestimates with an MAE of 0.5 eV. Os� D2 and os� nD� D2 provide balanced

predictions of underestimates and overestimates while obtaining MAEs of 0.18 eV.

The data in Table 4.2 show that D3 and OVGF are not competitive. Q3+ is slightly

better than P3+ although both methods obtain MAEs near 0.15 eV. L3+ and nD� L3+

produce MAEs below 0.1 and demonstrate ideal success here as already observed on VIEs of

neutral molecules. In Table 4.3, DR is the least accurate. DL and nD� DL produce MAEs

near 0.12 eV with �fth � power scaling. RP3 and RQ3 obtain similar errors at a reduced cost.

44



Again, RL3 and nD� RL3 have MAEs well below 0.1 eV with the majority of its predicted

VEDEs centered near zero.

Results in Table 4.4 clearly indicate that ND2,2ph� TDA and 3+ are not reliable due to

their high MAEs. ADC(3) is also not competitive, especially given its demanding arithmetic

operations. BD� T1 has an equal arithmetic bottleneck as ADC(3) but has a much better

MAE of 0.07 eV and remains the best among the old methods. The costliest arithmetic

operations of all the new non� diagonal methods involve non� iterative O2V4 scaling. Thus,

ADC(3) with an MAE of 0.20 eV is more expensive than all the new methods. However,

NRL3 outperforms ADC(3) with an MAE near 0.08 eV.

4.3 Vertical Electron A�nities of Molecules

There are two sets of standard reference values for vertical electron a�nities (VEAs).

The �rst one pertains to 23 large organic conjugated photovoltaic molecules generated with

�CCSD(T)/aug � cc� pVDZ and denoted as OPV� 23� VEAs. Secondly, I have created a

dataset of 50 small, closed� shell molecules (NIST� 50� VEAs) with bound �nal anionic

states which I compiled from the NIST database. (NIST stands for the National Institute

of Standards and Technology). The VEA standard reference values for these molecules have

been determined using quartic extrapolated complete basis set (CBS) limits from �CCSD(T)

calculations with the aug� cc� pVTZ and aug� cc� pVQZ basis sets.

Results from Table 4.1 show that D2 su�ces to reduce KT errors severalfold. Unlike

VIEs, the os� D2 and os� nD� D2 methods have no advantages for VEA calculations. Their

MAEs are not better than D2. D3, OVGF, P3+, Q3+, L3+ and nD � L3+ results are shown

in Table 4.2. Take note that P3+ and Q3+ have the same arithmetic scaling as D3, OVGF,

and L3+ for VEA calculations. For the OPV� 23� VEAs standards, only L3+ and nD� L3+

obtain MAEs below 0.1 eV. nD� L3+ A approaches chemical accuracy with an MAE of 0.05

eV. For the NIST� 50� VEAs dataset, P3+ and the L3+ produce errors below 0.1 eV. Since
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P3+ and L3+ have identical arithmetic bottlenecks for VEAs, there is no advantage to using

P3+ instead of L3+ and its non� Dyson version.

In Table 4.3, DR is the least accurate of all in this category of methods. All the

new methods obtain smaller MAEs for the OPV� 23� VEAs dataset. RP3, RQ3, RL3 and

nD� RL3 have identical arithmetic scaling when considering VEA calculations. Therefore,

RL3 and nD� RL3 are the best methods since their errors are signi�cantly lower. For the

NIST� 50� VEAs standard, only RL3 and nD� RL3 produce MAEs below 0.1 eV, vindicating

its repeated success on VIEs and VEDEs.

Results on non� diagonal EP methods in Table 4.4 show that ND2,2ph� TDA and

3+ are obsolete as they o�er no practical bene�ts in their usage. ADC(3) performs well

on VEAs as it obtains MAEs near 0.1 eV at the cost of iterative sixth� power arithmetic

contractions. BD� T1 does not produce excellent MAEs as it does for VIEs and VEDEs.

Plots of histograms that have been published elsewhere[66, 95] show that BD� T1 produces

very precise albeit less accurate predictions. The impressive success of NRL3 on VEAs as

well as on VIEs and VEDEs suggests that the second� order couplings between 2ph and 2hp

operators may be necessary in BD� T1 to obtain MAEs consistent with its performance on

electron detachment energies calculations.

4.4 Vertical Electron Binding Energies of Open � Shell Atoms and Molecules

Here, I present the summary of my study[98] that evaluates the performance of various

diagonal self� energy approximations within the framework of electron propagator theory for

EBEs of open� shell species. Using unrestricted Hartree{Fock (UHF) spin{orbitals as the

reference, the work systematically benchmarks EP methods against �CCSD(T) standards

for atoms and molecules comprising the OM� 40 dataset, with emphasis on both electron

detachment and attachment energies.
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4.4.1 Open � Shell Atomic Electron Binding Energies

For atomic species, detachment energies (EDEs) of 12 atoms and 7 atomic anions were

compared across multiple methods. The �CCSD(T) benchmark yields chemical accuracy

(mean absolute error, MAE � 0.04 eV) when quintuple-� quality basis sets with di�use

functions are used. Koopmans's theorem (KT) gives a much larger MAE (� 0.4 eV), and

although the D2 approximation improves this to� 0.2 eV, os� nD� D2 o�ers no signi�cant

advantage. Among outer valence Green's function (OVGF) variants, version A performs

best. Explicitly renormalized self� energies such as RL3 and nD� RL3 yield MAEs below

0.1 eV and are more competitive with �CCSD(T).[98]

4.4.2 Open � Shell Molecular Ionization Energies

Ionization energies (IEs) were assessed for several transition types using UHF� based

�CCSD(T) data as a benchmark. For doublet� to� singlet transitions (i.e., ionization of

doublet molecules to closed� shell cations), KT results are qualitatively incorrect in many

cases, yielding a large MAE (� 1.2 eV). D2 reduces this to 0.19 eV, with OVGF and other

�fth � order methods failing to surpass this improvement. Notably, methods such as L3+B

and RL3 reach MAEs of 0.07|0.08 eV when closed� shell references are used, indicating

that such references provide a distinct advantage over open� shell determinants.[98]

Doublet� to� triplet ionization transitions also reveal improved performance when D2

corrections are applied to KT, reducing the MAE from 0.75 eV to 0.48 eV. The os� nD� D2

method outperforms other �fth� order methods, producing an MAE of 0.18 eV. More ad-

vanced methods such as L3+B and nD� L3+B attain even lower MAEs (� 0.12{0.13 eV).

Explicitly renormalized methods (RL3, nD� RL3) perform slightly worse, but still below 0.2

eV. IP� EOM� CCSD and ADC(3) show marginally better performance, although at greater

computational cost.[98]
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4.4.3 Open � Shell Molecular Electron A�nities

Electron a�nities (EAs) were explored through transitions from doublet or triplet states

to singlet or doublet anions. Direct calculation of EAs using UHF virtual� spin{orbitals

is shown to be unreliable. For example, KT MAEs can exceed 2 eV. D2 and explicitly

renormalized self� energies (RL3, nD� RL3) signi�cantly lower these errors, but only the

latter achieve acceptable MAEs near 0.5 eV. High� accuracy methods like IP� EOM� CCSD

and ADC(3) con�rm the need for non� diagonal self� energies to capture strong orbital

relaxation e�ects in EAs.[98]

In contrast, computing electron detchament energies (EDEs) of anions yields far superior

accuracy. The use of closed� shell anionic references leads to much smaller MAEs. For

instance, Q3+ and L3+B achieve MAEs of 0.11 eV and 0.07 eV, respectively, while RL3 and

nD� RL3 closely follow. These results even outperform UHF� based IP� EOM� CCSD and

ADC(3) under equivalent conditions. This trend holds consistently across other transitions

such as triplet� to� doublet or doublet� to� triplet electron detachment/attachment cases,

where EDE� based approaches outshine EA� based computations.[98]

4.4.4 Performance Across Various Classes of Vertical Transitions

Aggregate error analysis across various transition classes� Singlet� Doublet IEs, Dou-

blet EAs, Mixed� Spin IEs, and Mixed� Spin EAs� reveals that D2 and os� nD� D2 provide

robust, cubically scaling approximations with MAEs typically near or below 0.2 eV. The

higher� order L3+B and RL3 methods further improve accuracy at the cost of quintic com-

putational scaling. Non� Dyson variants of these methods o�er practical bene�ts by reducing

the number of bottleneck contractions in detachment energy calculations, though they o�er

no advantage for attachments.[98]

The use of UHF� based diagonal self� energies generally performs well when Koopmans's

identity is qualitatively valid, i.e., then the �nal state is dominated by a single Slater de-

terminant and spin contamination is minimal. However, for many open� shell species with
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strongly correlated initial or �nal states, especially those involving electron attachment to

di�use virtual orbitals, nondiagonal formulations or explicitly correlated methods are neces-

sary to achieve chemical accuracy.[98]

4.5 Vertical Ionization Energies of Heavy � Element � Containing (HEC) Molecules

4.5.1 Introduction to VIEs of HEC Molecules

The accurate prediction of VIEs is a fundamental challenge in quantum chemistry, par-

ticularly for molecules containing heavy elements where both electron correlation, relaxation

and relativistic e�ects become signi�cant. Although both the new and old generation EP

methods discussed so far in this work have proven e�ective for molecules composed of lighter

elements, their applications to systems involving heavy atoms remain a virgin zone.

Relativistic e�ects, including scalar relativistic corrections and spin� orbit coupling

(SOC), can dramatically in
uence the electronic structure of heavy� element� containing

molecules. These e�ects not only alter orbital energies but also modify the character and

ordering of ionized states, complicating both their computation and interpretation. There

also comes the computational complexity of implementing EP methods when treating SOC

explicitly which may pose substantial barriers for routine use in chemical applications.[120]

A viable compromise may involve the use of e�ective core potentials (pseudopotentials)

in conjunction with diagonal electron propagator methods to o�er a more computationally

a�ordable alternative. Pseudopotential techniques replace the core electrons of an atom

with a potential energy function. This simpli�es calculations, particularly for heavier ele-

ments, by focusing on the valence electrons that are most involved in chemical reactions.

Pseudopotentials can also be used to incorporate relativistic e�ects into the calculation.

In this project, I combine pseudopotentials with both new and established electron

propagator methods. The goal is to examine their performance in capturing electron corre-

lation and relativistic e�ects in heavy� element compounds, an area that has not yet been

systematically assessed. This gap in the literature motivates the present study, which aims
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to evaluate the reliability and accuracy of various electron propagator schemes for comput-

ing ionization energies of molecules with heavy atoms. By benchmarking against available

experimental reference data[121], I assess the extent to which EPT can serve as a viable

alternative for heavy� element quantum chemistry. The list of 81 heavy elements containing

molecules studied here is published elsewhere.[121]

4.5.2 Results and Discussion: Experimental Reference Ionization Energies of

HEC Molecules Versus Electron Propagator Methods

The data presented in Figure 4.1 show KT has the largest MAE at 0.59 eV, with D2

and os� D2 decreasing it to 0.29 eV and 0.28 eV, respectively. With favorable non� iterative

cubic scaling and MAE of 0.24 eV, os� nD� D2 is a very attractive method for studying

heavy� element� containing molecules. This error margin is almost identical to those ob-

tained on the QTP VIEs standards of small and medium sized main group molecules. D3

is as bad as D2 and o�ers no advantage. DR's MAE is almost equal to os� nD� D2, but

less e�cient than the latter. All the OVGF variants and their non � Dyson versions obtain

MAEs near 0.20 eV with their OV4 scaling requirements. At the same cost, all L3+ and

nD� L3+ variants procure MAEs near 0.17 eV. Q3+ and P3+ also obtain MAEs near 0.23

eV. They do not clearly surpass the non� iterative cubically scaling os� nD� D2 and therefore

o�er no practical advantages. The RL3 and nD� RL3 are the most accurate self� energies

obtaining MAEs of 0.14 eV. A close look at the histograms reveals that RL3 and nD� RL3

have peaks largely centered near zero with maximum error at 0.60 eV. With these error

margins, RL3 and nD� RL3 su�ce for de�nitive assignment of ionization energy peaks in

heavy� element� containing molecules.

The data in Figure 4.2 also show that many of the old non� diagonal EP methods (e.g.,

ND2, 2ph� TDA) are not competitive as they obtain MAEs near 0.4 eV. Only BD� T1

obtains an acceptable MAE of 0.16 eV among the old non� diagonal EP methods. NRL3
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Figure 4.1: Histograms of error distributions (eV) versus experimental VIEs of 81
heavy� element� containing molecules[121]: diagonal EP methods. All calculations were
executed with the def2TZVPP basis set.
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is the best among the non� diagonal EP methods but its accuracy does not surpass the

diagonal RL3 and nD� RL3 methods.

In summary, RL3 and nD� RL3 are the best methods when iterative OV4 arithmetic

requirements are met and MAE near 0.14 eV is desired. NRL3 is preferred when Dyson

orbitals in their more generalized form are needed. nD� L3+B is the next ranking method

with approximately renormalized OV4 scaling which also produces a MAE near 0.17 eV.

Q3+ follows with non� iterative O2V3 scaling and a MAE near 0.23 eV. The os� nD� D2

with non� iterative cubic scaling has a MAE of 0.24 eV and it is practically free following

HF self� consistent� �eld calculations.

4.5.3 Results and Discussion: � CCSD(T) Reference Vertical Ionization Ener-

gies of HEC Molecules Versus Electron Propagator Methods

A close examination of the experimental reference VIEs from previous publications[120,

121] and presented in Table 4.5 indicates that each entry represents an average or estimate

derived from multiple experimental measurements. As a result, these values carry inherent

uncertainties that diminish their reliability as benchmarks for assessing the accuracy of

emerging computational methods.

To address this limitation, I have generated a new benchmark dataset of VIEs for the

HEC molecules using the �CCSD(T)/def2-TZVPP level of theory, also provided in Table 4.5.

This method yields a mean absolute error (MAE) of 0.14 eV and a MSE of 0.03 eV relative to

the available experimental standards. The strong agreement between the �CCSD(T)/def2-

TZVPP results, and experimental data supports the use of these theoretical values as reliable

reference standards for evaluating both novel and established electron propagator methods.

Figure 4.3 presents a comparison of various diagonal electron propagator methods

against the �CCSD(T)/def2-TZVPP VIE benchmark standards. Among these methods,

KT consistently overestimates ionization energies, whereas D2 tends to systematically un-

derestimate them. The os� D2 and os� nD� D2 methods emerge as the most accurate among
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Figure 4.2: Histograms of error distributions (eV) versus experimental VIEs of 81
heavy� element� containing molecules[121]: non� diagonal EP methods. All calculations
were executed with the def2TZVPP basis set.

the cubically scaling approaches, each achieving a MAE of 0.17 eV comparable to the ac-

curacy typically observed in main group chemistry. The corresponding error histograms for

these methods are centered near zero, with only a few outliers on the side of underestimation.

Within the more computationally intensive O2V3 scaling category, the Q3+ method

demonstrates the best performance, with an MAE of 0.15 eV and an error distribution

centered near zero, exhibiting minimal overestimation bias. The P3+ method, with an MAE

of 0.18 eV and a similarly shaped histogram, represents a viable alternative. In contrast, the
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DR method is less competitive, yielding a higher MAE of 0.21 eV. Nonetheless, the RQ3 and

RP3 methods may serve as practical alternatives in applications where explicit evaluation of

all higher-order terms in the inverted matrices is required.

Within the OV 4 category of methods, OVGF� A performs competitively, achieving an

MAE of 0.11 eV. The nD� OVGF� A variant demonstrates equivalent accuracy, o�ering a

comparably e�ective alternative. The L3+A method yields a slightly lower MAE of 0.10 eV,

indicating a modest improvement over OVGF� A. All nD � L3+ variants exhibit identical

MAEs, making them more computationally e�cient alternatives for achieving similar levels

of accuracy.

The RL3 and nD� RL3 methods emerge as the most accurate among all diagonal electron

propagator methods, each producing an MAE of 0.07 eV. Their error distributions are sharply

centered at zero, with an MSE of 0.00 eV. These results suggest that the use of a triple-zeta

quality basis set is su�cient to attain accuracy approaching the chemical accuracy threshold.

The data presented in Figure 4.4 indicate that many of the older non-diagonal electron

propagator methods are not su�ciently reliable for the systems considered in this study.

For example, the ND2, 2ph� TDA, and 3+ methods exhibit MAEs in the range of 0.3

to 0.4 eV, which limits their utility in high-accuracy applications. In contrast, the NR2,

ADC(3), and NRP3 methods demonstrate more competitive accuracy, with NR2 o�ering

greater computational e�ciency relative to the other two. The NRQ3 method provides a

slight improvement in accuracy over NRP3 while maintaining a comparable computational

cost.

Among the older non� diagonal approaches, only BD� T1 achieves an MAE below 0.1

eV. Overall, the NRL3 method emerges as the most accurate within this category, yielding

an MAE of 0.08 eV. Its error distribution is sharply peaked and centered at zero, and it

exhibits a mean signed error of exactly zero, indicating excellent agreement with benchmark

values.
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The in
uence of spin� orbit coupling and relativistic e�ects on these results remains an

active area of investigation and will be published at a later time.

4.6 K � Shell Core Ionization Energies

Table 4.6 presents a comparative analysis of computed core� level electron binding ener-

gies for a set of small molecules consisting of methane (CH4), water (H2O), ammonia (NH3),

hydrogen 
uoride (HF), and neon (Ne) using various EP methods against experimental ref-

erence values.[122] The evaluation includes the methods KT, D2, ND2, NRL3, ADC(3), and

BD� T1. The accuracy of each method is quantitatively assessed using mean signed error

(MSE), mean absolute error (MAE), and maximum error (Max. Error) criteria.

Among the methods evaluated, BD� T1 exhibits the highest accuracy, with the lowest

MAE (0.39 eV), MSE (0.06 eV), and maximum deviation (0.57 eV). This indicates excellent

agreement with experimental data and minimal systematic bias. Although NRL3 involves

all important linear triple operator couplings, it obtains a MAE of 1.09 which is inferior to

BD� T1. This preliminary observation suggests that BD reference orbitals procure some ad-

vantages over HF reference during core ionizations where there are strong relaxation e�ects.

ADC(3) performs poorly as it achieves a low MAE of 3.59 eV and a maximum error

of 4.75 eV, while its MSE suggests a tendency to overestimate the core� level energies. KT

shows signi�cantly larger deviations, with a MAE value of 17.05 eV and maximum error

approaching 20 eV, indicating a systematic overestimation (as re
ected by the MSE of 17.05

eV). These observations demonstrate that the KT method is less reliable for quantitative

predictions of core ionization energies in the studied systems. Its pathologies likely extend

to all electron propagator (EP) methods based on the Hartree{Fock (HF) reference, which

is equivalent to KT.

The NRL3 method shows intermediate performance, with an MAE and MSE of 1.09

eV and a maximum error of 1.49 eV. While more accurate than KT, D2, and ND2, it

does not reach the precision of BD� T1. Overall, BD� T1 emerges as the most robust
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Table 4.5: HEC Molecules, Point Groups, Hole States, Experimental and �CCSD(T) Ioniza-
tions Energies Standards. All �CCSD(T) calculations were executed with the def2TZVPP
basis set.

Molecules Point group Hole Experimental VIEs � CCSD(T) VIEs
AgBr C1 v � 9.59 9.42
AgCl C1 v � 10.08 9.83
AgI C1 v � 8.80 8.81
Al 2Br6 D2h b2u 10.97 10.84
AlBr 3 D3h a2

0 10.91 10.94
AlI 3 D3h a2

0 9.66 9.71
AsBr3 C3v a1 10.21 10.02
AsCl3 C3v a1 10.90 10.63
AsF3 C3v a1 13.00 12.62
AsF5 D3h e00 15.53 15.57
AsH3 C3v a 10.58 10.40
AsI3 C3v e 9.00 9.22
Br2 D1 h � g 10.54 10.56
BrCl C1 v � 11.01 10.94
C10H10Ru D5h e2

0 7.45 7.38
C2H2Se C2v b1 8.71 8.62
C2H6Cd D3h a2

00 8.80 8.91
C2H6Hg D3h a2

00 9.32 9.08
C2H6Se C2v b1 8.40 8.32
C2H6Zn S6 au 9.40 9.53
C2HBrO Cs a00 9.10 9.17
C4H4Se C2v a2 8.86 8.96
CaBr2 D1 h � u 10.35 10.29
CaI2 D1 h � u 9.39 9.46
CdBr2 D1 h � g 10.58 10.66
CdCl2 D1 h � g 11.44 11.31
CdI2 D1 h � g 9.57 9.73
CF3I C3v e 10.45 10.73
CH3HgBr C3v e 10.16 10.10
CH3HgCl C3v a1 10.84 10.65
CH3HgI C3v e 9.25 9.33
CH3I C3v e 9.52 9.68
CI4 Td t1 9.10 9.19
CsCl C1 v � 8.69 8.38
CsF C1 v � 9.68 9.34
CsI C1 v � 7.46 7.34
CuF C1 v � 10.90 10.79
HgCl2 D1 h � g 11.37 11.27
I2 D1 h � g 9.35 9.48
IBr C 1 v � 9.85 9.94
ICl C1 v � 10.10 10.18
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Table 4.5 Continued

Molecules Point group Hole Experimental VIEs � CCSD(T) VIEs
IF C1 v � 10.62 10.68
KBr C 1 v � 8.10 8.14
KI C 1 v � 7.40 7.64
Kr 2 D1 h � u 13.77 13.67
KrF 2 D1 h � g 13.34 13.30
LaBr3 C3v a2 10.68 10.62
LaCl3 C3 e 11.29 11.17
LiBr C 1 v � 9.44 9.29
LiI C 1 v � 8.44 8.55
MgBr2 D1 h � g 10.85 10.94
MgI2 D1 h � g 10.50 9.93
MoC6O6 Oh t2g 8.50 8.40
NaBr C1 v � 8.70 8.62
NaI C1 v � 8.00 8.03
OsO4 Td t1 12.35 12.46
PBr3 C3v a1 10.00 9.83
POBr3 C3v a2 11.03 11.12
RbBr C1 v � 8.00 8.16
RbCl C1 v � 8.70 8.45
RbI C1 v � 7.30 7.44
RuO4 Td t1 12.15 12.18
SeCl2 C2v b1 9.50 9.28
SeO2 C2v a1 11.76 11.66
SiBrF3 C3 e 12.46 12.05
SiH3I C3v e 9.82 10.08
SOBr2 Cs a0 10.59 10.57
SPBr3 C3v e 9.89 9.69
SrBr2 D1 h � u 9.82 9.98
SrCl2 C2v b2 10.20 10.49
SrI2 D1 h � u 9.01 9.19
SrO C1 v � 6.91 6.26
TiBr 4 Td t1 10.57 10.65
TiI 4 Td t1 9.27 9.37

ZnBr2 D1 h � g 10.89 10.95
ZnCl2 D1 h � g 11.80 11.71
ZnF2 D1 h � g 13.91 13.83
ZnI2 D1 h � g 9.73 9.93
ZrBr4 Td t1 10.86 10.92
ZrCl4 Td t1 11.94 11.93
ZrI4 Td t1 9.55 9.61
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Figure 4.3: Histograms of error distributions (eV) versus �CCSD(T) VIEs of 81 HEC
molecules: Diagonal EP methods. All calculations were executed with the def2TZVPP
basis set.
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Figure 4.4: Histograms of error distributions (eV) versus �CCSD(T) VIEs of 81 HEC
molecules: Non� diagonal EP methods. All calculations were executed with the def2TZVPP
basis set.
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method for reproducing experimental core� level electron� binding energies in this bench-

mark. KT and ADC(3) demonstrate substantial errors that may limit their predictive utility

in high� accuracy applications. D2 and ND2 predictions with MAEs near 1.0 eV are very

promising in view of their lower cubic arithmetic scaling. When a shifting near 1.0 eV is

applied to D2 or ND2 (to estimate relativistic e�ects), their MAEs are likely to go below 0.1

eV.

Table 4.6: Electron propagator methods versus core 1s experimental electron binding
energies.a

Species Core Exp [122] KT D2 ND2 NRL3 ADC(3) BD-T1
CH4 C1s 290.84 305.04 291.68 291.68 291.51 293.18 290.95
H2O O1s 539.70 559.38 537.87 537.88 541.20 544.45 540.27
NH3 N1s 405.52 422.79 405.08 405.09 406.64 409.19 405.01
HF F1s 694.22 715.29 690.96 690.97 695.66 699.13 694.80
Ne Ne1s 870.31 891.69 866.05 866.06 871.16 874.41 870.53

MSE 17.05 -0.47 -0.47 1.09 3.59 0.060
MAE 17.05 1.03 1.03 1.09 3.59 0.39
Max.
Error

19.68 1.83 1.81 1.50 4.75 0.57

aAll calculations were executed with the cc� pVTZ basis set using experimental reference
geometries. All energies are in eV. Exp denote experimental reference values.[122]
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Chapter 5

Applications of New � Generation Electron � Propagator Methods

5.1 Vertical Electron Detachment Energies of DNA Nucleotide Anions

DNA, a multiply charged anion, consists of two helical polymers held together by hy-

drogen bonds between purine� pyrimidine base pairs. Each polymer is composed of nu-

cleotide monomers, which consist of a phosphate group covalently bound to a nucleoside

(sugar and base). The localization of holes generated by photoionization on the base,

sugar, or phosphate components signi�cantly in
uences subsequent chemical reactivity and

radiation� induced damage.[123, 124] The new� generation EP methods have been used to

calculate the VEDEs and analyze hole localization in the nucleotide anions.[64]

Dyson orbital analysis (since spatial symmetry is absent) was used to ascertain whether

electron density is primarily removed from the phosphate anion, sugar, or base (see Figure

5.1). For bases, holes may occupy delocalized� orbitals or more localized� lone� pair

orbitals. Calculations were conducted using a composite model (See CM1 below) comprising

�ve terms, incorporating results from os� D2, os� nD� D2, Q3+, and nD� L3+B methods

with aug� cc� pVDZ, aug� cc� pVTZ, and aug� cc� pVQZ basis sets. Basis� set e�ects were

approximated using cubic extrapolation to achieve a complete basis set (CBS) limit.

E CM 1 = E Q3+
aT Z + E nD � L 3+ B

aDZ � E Q3+
aDZ + E os� nD � D 2

CBS � E os� nD � D 2
aT Z (5.1.1)

The results in Table 5.1 demonstrate that the composite electron� propagator model

consistently re�nes and corrects qualitative de�ciencies in KT assignments. For guanosine

monophosphate (dGMP� ), the lowest VEDE (5.01 eV) is assigned to a base� orbital, in

agreement with experimental photoelectron spectroscopy (5.05� 0.10 eV). Phosphate� centered
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transitions follow at higher energies. In contrast, KT defects occur for several states, notably

the fourth VEDE at 8.09 eV. Predicted states based on CM1 align well with experimental

broad features, showing discrepancies of� 0.2 eV compared to prior calculations employing

the older P3 method in a small basis set.

For adenosine monophosphate (dAMP� ), the composite model identi�es a nearly de-

generate lowest VEDE for a base� orbital (6.14 eV) and a phosphate orbital (6.20 eV),

consistent with experimental estimates (6.05� 0.50 eV). KT incorrectly predicts a 1.7 eV

gap, with the base� orbital appearing lower. Subsequent transitions align with spectral fea-

tures, with � -hole states matching a peak near 7.1 eV. Prior calculations again show minor

discrepancies in state ordering.

In thymidine monophosphate (dTMP� ), the composite model places the lowest VEDE

at 6.14 eV (base� orbital), closely matching the experimental estimate (5.85� 0.50 eV). KT

predicts a 1.4 eV separation between base and phosphate states, whereas the composite model

suggests only a 0.2 eV di�erence. Higher transitions, including phosphate and delocalized

orbitals, agree with experimental spectral features.

For cytidine monophosphate (dCMP� ), the lowest VEDE (6.17 eV) is assigned to a

phosphate orbital, contrasting with KT's prediction of a base� orbital. Experimental es-

timates (5.80 � 0.50 eV) support the composite model. Higher transitions align well with

broad spectral features, with discrepancies from prior calculations under 0.2 eV.

Thus, the composite model predicts that the lowest VEDE corresponds to a base�

Dyson orbital in three of four nucleotides, with cytidine being the exception (phosphate

orbital). Guanosine exhibits a clear separation between the lowest VEDE and subsequent

transitions, while other nucleotides show neardegeneracy between base� and phosphate

orbitals. Agreement with experimental spectra underscores the composite model's reliability

for characterizing electron detachment in nucleotides.
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Table 5.1: Vertical electron detachment energies (eV) of deoxyribonucleotide anions.[64]

Anion Experiment KT CM1 Dyson Orbital
dAMP { 6.05± 0.50 6.092 6.138 A�

6.05± 0.50 7.797 6.204 PO4�

� 6.4 8.128 6.502 PO4� , S
� 6.7 8.301 6.727 PO4� , S
� 6.7 7.696 6.728 PO4� , S
� 6.9 8.352 6.958 A� 2

� 7.1 8.860 7.202 n1 A
� 7.1 8.971 7.296 n2 A

dGMP { 5.05± 0.10 5.202 5.008 G� 1

� 6.1 7.908 6.393 PO4�

� 6.4 8.248 6.709 PO4�

� 6.8 8.091 6.782 n, G, S, PO4�

� 6.9 8.481 6.823 G, S, PO4�

� 7.0 8.597 6.939 � 2, G, S
dTMP { 5.85± 0.50 6.667 6.137 T� 1

� 6.2 8.035 6.338 PO4�

� 6.6 8.333 6.677 PO4� , S
� 6.8 8.544 6.902 PO4� , S
� 6.8 8.490 6.904 PO4� , S
� 7.4 9.114 7.435 PO4� , S
� 7.5 9.300 7.800 T, S, PO4�

� 7.5 9.350 7.815 n T, PO4�

dCMP { 5.80± 0.50 7.674 6.170 PO4�

� 6.4-6.5 7.061 6.464 C� 1

� 6.4-6.5 8.026 6.580 PO4�

� 6.7 8.356 6.847 C, S, PO4�

� 6.9 8.472 7.044 C, S, PO4�

� 7.1 8.991 7.368 C, S, PO4�

� 7.3 8.613 7.477 PO4� , S
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Figure 5.1: Dyson orbitals of vertical electron detachment of deoxyribonucleotide anions[64]

64



5.2 Vertical Electron Detachment Energies of GFP Chromophore Anions

The lowest VEDEs of three green 
uorescent protein (GFP) model anions [125, 126]

were evaluated using composite models with explicitly renormalized diagonal (CM2) and

nondiagonal (CM3) selfenergy components (Table 5.2). Both models show excellent agree-

ment with experimental values, with CM3 predictions falling within experimental error forp-

hydroxybenzylidene-2,3-dimethylimidazoline anion (p-HBDI � ). Discrepancies between CM2

and CM3 are negligible, as both accurately account for basisset e�ects beyond the augc-

cpVTZ level.

E CM 2 = E nD � RL 3
aug� cc� pV DZ + E os� nD � D 2

CBS (DT ) � E os� nD � D 2
aug� cc� pV DZ (5.2.1)

E CM 3 = E NRL 3
aug� cc� pV DZ + E os� nD � D 2

CBS (DT ) � E os� nD � D 2
aug� cc� pV DZ : (5.2.2)

Prior studies [127] noted that VEDEs calculated with the aug� cc� pVDZ basis set

are � 0.2 eV lower than those obtained with aug� cc� pVTZ, and basis sets of quadruple-�

or higher quality increase VEDEs by at least 0.1 eV. These trends were con�rmed at the

os� D2/aug� cc� pVQZ level. However, previous calculations lacked estimates for the e�ects

of larger basis sets. Methods such as EOM� CCSD and �CCSD(T) involve iterative pro-

cedures with O2V4 arithmetic scaling and, for �CCSD(T), a non � iterative seventh� power

step. By contrast, the renormalized terms in CM2 and CM3, which require lower arithmetic

scaling, can be computed at the aug� cc� pVDZ level without signi�cant loss of accuracy.

The lowest VEDEs for all three anions correspond to delocalized� Dyson orbitals of b1 or

a" � type symmetry (see Figure 5.2).[125, 126] Antibonding interactions between oxygen and

adjacent carbon atoms in the chromophore ring are observed, with signi�cant contributions

from basis functions on 
uoride and methoxy oxygen nuclei in substituted anions. These

features emphasize the necessity of explicitly renormalized self� energies, which improve

accuracy by reducing VEDEs by� 0.05 eV (nD� RL3 vs. nD� L3+B). Such corrections are

crucial for the high precision achieved by the CM5 and CM8 models.
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Table 5.2: Vertical electron detachment energies of GFP model anions.[63]

GFP Anions Experiment CM2 CM3
p� HBDI � 2.74± 0.04 2.80 2.78
DF � HBDI � 2.98± 0.04 3.05 3.04
Syn � DM � HBDI � 2.7 ± 0.04 2.82 2.81

Probability factors o�er further insight into the in
uence of relaxation and correla-

tion e�ects. For the three phenolate anions (see Appendix I or reference [63]), nD� L3+B,

nD� RL3, and NRL3 calculations using the aug� cc� pVDZ basis yield probability factors of

0.92, 0.90, and 0.86, respectively. (See equations 2.4.8 and 2.5.2 for de�nition of probability

factors). In the NRL3 case, the canonical Hartree� Fock orbital contributes a coe�cient of

0.99 to the normalized Dyson orbitals, validating the diagonal self� energy approximation.

Relaxation and correlation e�ects are slightly stronger for the three HBDI� anions, with

corresponding probability factors of 0.90, 0.87, and 0.83, respectively.

These �ndings a�rm the qualitative reliability of the diagonal self � energy approxima-

tion while highlighting the importance of o� � diagonal couplings for capturing relaxation and

correlation e�ects in GFP model anions. CM2 and CM3 models provide a robust framework

for studying VEDEs with excellent experimental agreement and computational e�ciency.
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Figure 5.2: Structures and Dyson orbitals for vertical electron detachment energies of model
GFP anions.[63]
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Chapter 6

Prediction of New Molecules and Anions: Double Rydberg Anions and

Rydberg Molecules

In this chapter, I present the major �ndings from my work on OnH2n+1
+ ;0;� double

Rydberg anions (DRAs) published elsewhere.[88]

6.1 Electron Binding Energies and Dyson Orbitals of OnH2n+1
+ ;0;� Clusters

Rydberg neutrals and DRAs arising from OH3+ have been studied since 1990.[128,

129] Ortiz[130] previously presented structural and spectral predictions of the OH3
� DRA.

Electron propagator calculations combined with larger di�use basis sets were used to obtain

vertical electron binding energies for the OH3� DRA at the geometry of the anionic minimum.

A later study[131] provided predictions of structures, vibrational frequencies, relative total

energies, and electron binding energies on isomers of OH3
� and O2H5

� DRAs in comparison

to NH4
� and N2H7

� . No studies on H� (H2O)n (n � 3) isomers have been performed. A

careful search of the literature reveals no experimental evidence of the OH3
� DRA or any of

its higher clusters.

However, the H� (H2O) isomer of the OH3
� DRA has been observed experimentally with

a VEDE of 1.53 eV.[132] The H� (H2O) isomer can be considered to be an H� anion solvated

by one water molecule. Considerable experimental e�orts have been made to produce the

OH3
� DRA with no success, perhaps because this species is much higher in energy than the

H� (H2O) isomer.

At the same time, the metastable Rydberg radicals, OH3 and OD3, have been identi�ed

using neutralized ion beam spectroscopy experiments. Despite all this progress, a thorough
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search of the chemical literature reveals no studies on the O2H5 Rydberg radical and cor-

responding higher H(H2O)n clusters. In the case of DRAs, I found studies only on the

OH3
� and O2H5

� species, prompting the need for theoretical studies on larger clusters to

o�er correlative guidance for future experiments. Techniques of EPT provide reliable pre-

dictions for the discovery and identi�cation of novel DRAs, and related solvated� electron

precursors. To extend the scope of double Rydberg concepts to oxygen� based systems, sta-

bilization of the pyramidal H3O� DRA by hydrogen bonding and electrostatic interactions

ought to be considered.

I employed high� accuracy, ab initio EPT and CC methods with large, di�use basis

sets to study the hydronium OnH2n+1 Rydberg molecules, OnH2n+1
� DRAs and related sol-

vated species. In completing the �rst solvation shell, both the Eigen� like H3O� (H2O)n

structures and Zundel's H5O2
� (H2O)n-1 models are considered. Predictions of structures,

vibrational frequencies, relative total energies, vertical electron binding energies and Dyson

orbitals associated with Rydberg neutrals and DRAs are investigated. Isomers that arise

from electrostatic intermolecular interactions and hydrogen bonding to form hydride� and

DRA� molecule complexes are all considered. Calculations on isomers of OnH2n+1
� com-

plexes with only their �rst solvation shells provide Aufbau rules for electrons that occupy

the periphery of these complexes.

6.2 O n H 2n+1
� Double Rydberg Anions

Geometry optimizations performed at the CCSD(T)/aug� cc� pVTZ level (for n = 1,

2) and MP2/aug� cc� pVTZ level (for n = 3{6), using default convergence criteria, led

to minima for all isomers. A change in convergence criteria to 300 maximum cycles was

necessary for thetrans� H2O� O2H5
� (H2O) and for the Z1 O6H13

� isomer.

To judge the reliability of EPT methods for calculating VEDEs, a preliminary com-

parison with �CCSD(T) results was conducted for the OH3
� DRA. The results shown in

Table 6.1 were obtained with various basis sets to evaluate the e�ectiveness of each method
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Table 6.1: Comparison of VEDEs (eV) of the OH3� DRA calculated at di�erent levels of
theory. Pole strengths are in parentheses.

OH 3
� VEDE

KT a 0.362
D2a 0.633 (0.830)
D3a 0.620 (0.874)
P3+a 0.622 (0.870)
OVGFa 0.481 (0.772)
BD-T1a 0.539 (0.862)
�CCSD(T)/aug � cc� pVTZ 0.536
BD� T1/aug� cc� pVTZ 0.431 (0.894)
BD� T1/d � aug� cc� pVTZ 0.537 (0.864)
BD� T1/t � aug� cc� pVTZ 0.539 (0.862)
BD� T1/q � aug� cc� pVTZ 0.539 (0.862)
BD� T1/aug� cc� pVQZ 0.458 (0.889)
BD� T1/aug� cc� pV5Z 0.486 (0.884)

aCalculation performed with the aug� cc� pVTZ basis augmented with an additional set of
di�use functions: 4s4p4d on all H atoms and 4s4p4d4f on all O atoms.

in describing electron correlation and orbital relaxation corrections to the KT results. Only

the lowest VEDE was considered.

Compared to �CCSD(T), KT results are too small, whereas D2, D3, P3+, and OVGF

self� energy approximations are too large. D2 and OVGF have lower pole strengths. The

BD� T1 result is the closest to �CCSD(T). A comparison of BD� T1 results obtained with

various basis sets shows that BD� T1/d � aug� cc� pVTZ is the optimal level in terms of

computational accuracy and cost.

Data from Table 6.1 suggest that for DRAs, BD� T1 is the best EPT method. Of

the remaining EPT methods, P3+ generally performs better than OVGF with respect to

VEDEs and pole strengths. The data also indicate that improvements corresponding to the

t � aug� cc� pVTZ, q� aug� cc� pVTZ, aug� cc� pVQZ, and aug� cc� pV5Z basis sets are not

needed. Hence, unless stated otherwise, BD� T1/d � aug� cc� pVTZ results are discussed

throughout the text.

OH 3
� isomers: Figure 6.1 displays the optimized geometries and Dyson orbitals for

the lowest vertical electron detachment energies (VEDEs) for the hydride� water complex
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H� (OH2) and the OH3
� DRA. Numerical results for relative energies and electron binding

energies are shown in Table 6.2. The hydride� molecule complex is more stable than the

OH3
� DRA. In the former anion, the VEDE of the free hydride (0.75 eV) increases by

0.9 due chie
y to electrostatic interactions with the water molecule. The H2O molecule

approaches the free hydride with one of its protons in a Cs geometry. There is a minor

increase in the length of the O� H bond that approaches H� . A structure in which the hydride

anion forms a symmetric bonding arrangement with the molecule's protons is a transition

state. The Dyson orbital is composed chie
y of di�uses functions which display no bonding

relationship with valence functions on the closest O� H bonds. A totally symmetric Dyson

orbital whose amplitudes are beyond the hydrogen nuclei is observed for the lowest VEDE

of the OH3
� DRA. This Dyson orbital correlates smoothly to the 3s orbital of Na� in the

united atom limit, for it has two radial nodes. The lowest VEDE of 0.537 eV nearly equals

that of Na� (0.55 eV). The Dyson orbital for the lowest VEDE closely resembles that of

the �rst electron attachment energy of the cationic core OH3+ , for both electron binding

energies correspond to the same �nal uncharged doublet OH3 state. The O� H bond lengths

are almost the same in the cation, neutral and anion, and imply the insigni�cance of the

antibonding features in the Dyson orbital. The present results can be considered as an upper

bound to previous calculations.
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Table 6.2: On H2n+1
� isomerization and vertical electron detachment energies (VEDEs). Pole strengths are in parentheses. All

energies are in eV. Calculations were executed with the d� aug� cc� pVTZ basis set. [88]

n Isomer KT D2 D3 OVGF P3 P3+ BD � T1
1 H� (OH2) 0.000 2.009 1.522 (0.881) 1.695 (0.901) 1.732 (0.899) 1.505 (0.906) 1.506 (0.904) 1.659 (0.864)

OH3
� 1.540 0.338 0.658(0.867) 0.494 (0.833) 0.409 (0.750) 0.585 (0.831) 0.591 (0.834) 0.537 (0.864)

2 H� (H2O)2 0.000 8.159 5.446 (0.858) 7.501 (0.923) 6.925 (0.900) 6.656 (0.901) 2.401 (0.911) 2.570 (0.819)
OH3

� (H2O) 2.238 0.500 0.873 (0.863) 0.726 (0.851) 0.700 (0.844) 0.837 (0.847) 0.840 (0.849) 0.803 (0.881)
O2H5

� 1.323 0.244 0.603 (0.865) 0.435 (0.825) 0.336 (0.696) 0.529 (0.822) 0.536 (0.826) 0.519 (0.860)
3 H� (OH2)3 0.000 3.715 3.131 (0.908) 3.392 (0.912) 3.394 (0.909) 3.159 (0.911) 3.156 (0.911) 3.352 (0.899)

OH3
� [OH2]2 2.454 0.685 1.105 (0.871) 0.974 (0.866) 0.961 (0.867) 1.089 (0.864) 1.090 (0.865) 1.066 (0.924)

O2H5
� (H2O) 2.607 0.371 0.781 (0.851) 0.607 (0.833) 0.572 (0.818) 0.736 (0.826) 0.740 (0.828) 0.731 (0.879)

O3H7
� 2.491 0.209 0.609 (0.863) 0.432 (0.823) 0.341 (0.700) 0.540 (0.817) 0.547 (0.821) 0.537 (0.865)

4 H� (H2O)4 0.000 4.303 3.669 (0.909) 3.947 (0.911) 3.936 (0.910) 3.711 (0.911) 3.707 (0.911) 3.899 (0.900)
[OH2]2OH3

� H2O 2.704 0.198 0.597 (0.844) 0.407 (0.809) 0.327 (0.706) 0.528 (0.798) 0.535 (0.803) 0.535 (0.867)
Eigen O4H9

� 2.629 0.200 0.605 (0.857) 0.430 (0.820) 0.360 (0.736) 0.540 (0.812) 0.549 (0.817) 0.574 (0.874)
Ring O4H9

� 2.780 0.157 0.610 (0.871) 0.437 (0.830) 0.342 (0.684) 0.551 (0.822) 0.557 (0.828) 0.521 (0.882)
Cis (H2O)O2H5

� (H2O) 2.789 0.151 0.541 (0.856) 0.364 (0.809) 0.244 (0.491) 0.465 (0.800) 0.472 (0.806) 0.450 (0.840)
Trans (H2O)O2H5

� (H2O) 2.638 0.151 0.541 (0.856) 0.364 (0.809) 0.244 (0.491) 0.465 (0.800) 0.599 (0.809) 0.596 (0.879)
5 H� (H2O)5 0.000 4.655 3.984 (0.910) 4.270 (0.912) 4.250 (0.912) 4.042 (0.912) 4.036 (0.910) 4.218 (0.901)

B1 O5H11
� 2.802 0.194 0.574 (0.833) 0.389 (0.801) 0.314 (0.708) 0.506 (0.788) 0.513 (0.793) 0.527 (0.905)

B2 O5H11
� 2.745 0.179 0.544 (0.835) 0.358 (0.802) 0.281 (0.698) 0.475 (0.788) 0.482 (0.794) 0.484 (0.905)

C O5H11
� 2.860 0.160 0.502 (0.823) 0.308 (0.788) 0.208 (0.599) 0.424 (0.773) 0.432 (0.779) 0.424 (0.848)

PR O5H11
� 2.946 0.165 0.595 (0.838) 0.383 (0.793) 0.269 (0.521) 0.515 (0.777) 0.523 (0.785) 0.499 (0.845)

R O5H11
� 2.884 0.146 0.576 (0.854) 0.397 (0.810) 0.296 (0.617) 0.508 (0.800) 0.515 (0.806) 0.506 (0.853)

6 H� (H2O)6 0.000 5.233 4.514 (0.910) 4.774 (0.909) 4.755 (0.908) 4.558 (0.908) 4.553 (0.908)
C1 O6H13

� 3.025 0.101 0.522 (0.868) 0.379 (0.816) 0.275 (0.566) 0.379 (0.816) 0.469 (0.818)
E1 O6H13

� 2.878 0.154 0.490 (0.15) 0.292 (0.782) 0.208 (0.639) 0.414 (0.764) 0.422 (0.770)
E2 O6H13

� 2.868 0.160 0.548 (0.833) 0.361 (0.795) 0.267 (0.623) 0.477 (0.780) 0.484 (0.780)
P1 O6H13

� 2.906 0.154 0.549 (0.821) 0.339 (0.77) 0.225 (0.430) 0.464 (0.759) 0.472 (0.765)
T1 O6H13

� 3.174 0.161 0.567 (0.814) 0.337 (0.765) 0.224 (0.311) 0.473 (0.744) 0.482 (0.751)
T2 O6H13

� 3.026 0.165 0.620 (0.848) 0.445 (0.814) 0.376 (0.734) 0.565 (0.801) 0.570 (0.807)
T3 O6H13

� 2.997 0.118 0.490 (0.842) 0.322 (0.799) 0.210 (0.493) 0.421 (0.785) 0.428 (0.792)
T4 O6H13

� 2.898 0.159 0.573 (0.845) 0.397 (0.810) 0.313 (0.685) 0.512 (0.796) 0.518 (0.802)
Z1 O6H13

� 3.028 0.123 0.500 (0.826) 0.295 (0.776) 0.181 (0.284) 0.411 (0.759) 0.421 (0.767)
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Figure 6.1: n = 1: Optimized geometries and Dyson orbitals of electron detachment from
anions

O2H 5
� isomers: There are three O2H5

� isomers and their optimized structures and

Dyson orbitals are illustrated in Figure 6.2. The most stable isomer is the hydride anion

complex which has two water molecules that weakly coordinate to the H� via attractions to

their protons. A peak around 2.5 eV is expected to dominate the photoelectron spectrum

of O2H5
� considering its high stability. The new water molecule increases the VEDE of the

H� (OH2) by 0.911 eV and the Dyson orbital is localized on the hydride's nucleus.

The asymmetric hydrogen� bridged isomer has discernible OH3� and H2O molecular

fragments. The binding of the same two fragments by electrostatic interactions results in

the least stable isomer. In the latter isomer, the Dyson orbital's amplitudes are largest out-

side the three H nuclei of the OH3� fragment. Minor delocalization onto the coordinated

water molecule can be seen. The VEDE of the asymmetric hydrogen� bridged isomer of

O2H5
� di�ers by approximately 0.3 eV from OH3

� (H2O). The Dyson orbital is a nearly sym-

metric s function with its largest lobes occurring on the protons. Plots of lower iso� values
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give credence to a Dyson orbital which accumulates predominantly on the OH3
� fragment

with minor delocalization to regions near the water molecule's H nuclei as observed in a

preceding study and in isomers of the N2H7
� DRAs.

Figure 6.2: n = 2: Optimized geometries and Dyson orbitals of electron detachment from
anions.

O3H 7
� isomers: Interaction of a water molecule with the O2H5

� isomers gives rise

to four di�erent anionic O 3H7
� clusters. The optimized structures and associated Dyson

orbitals are displayed in Figure 6.3. The hydride� molecule complex is the most energetically

stable. This complex has a C3 axis and a perpendicular plane through the hydride's nucleus.
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Two water molecules coordinate to H� (OH2) with their protons. The coordination of an

H2O molecule increases the VEDE by 0.782 eV compared to H� (H2O)2. The Dyson orbital

is dominated by delocalizeds functions on the hydride, whereas an antibonding relationship

with the neighboring O� H bonds is seen. Given the high stability of this isomer, a peak

near 3.4 eV is expected to dominate the photoelectron spectrum of O3H7
� . Other isomers

containing the OH3
� and the O2H5

� DRA are energetically unstable and have VEDEs that

are higher than the O3H7
� DRA. The OH3

� [OH2]2 isomer arises from addition of a water

molecule to OH3
� (H2O). The new water molecule forms a hydrogen� bonded water dimer,

denoted as [OH2]2 with the H2O fragment in OH3
� (H2O). The newly coordinated water

increases the VEDE by 0.263 eV compared with OH3� (H2O). The Dyson orbital is retained

on the OH3
� kernel with negligible red contours on the surrounding water dimer.

Addition of a water molecule to the O2H5
� DRA through weak electrostatic interactions

leads to the O2H5
� (H2O) isomer. The water molecule interacts with the hydrogen nuclei.

The Dyson orbital closely resembles that of O2H5
� , with its largest amplitudes at the pe-

ripherical hydrogens on the O2H5
� fragment. Negligible antibonding relationships between

the Dyson orbitals and valence functions on the water molecule are seen. This isomer is

the least energetically stable among all the O3H7
� isomers. The VEDE of O2H5

� (H2O) is

0.212 eV above that of O2H5
� . In the O3H7

� DRA, two water molecules interact with two

of the OH3
� protons through hydrogen bonding. This structure can be considered as an

O2H5
� DRA in which one of the non� bonding hydrogens in OH3� forms a hydrogen bond

with the water molecule. The VEDE of the O3H7
� isomer is 0.018 eV larger than that of

the O2H5
� DRA. The Dyson orbital accumulates on the peripheral non� bonding hydrogens,

with its largest amplitudes on the non� bonding H's in the OH3
� core and water fragments.

The O3H7
� DRA has almost the same VEDE as OH3� .
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Figure 6.3: n = 3: Optimized geometries and Dyson orbitals of electron detachment from
anions.
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O4H 9
� isomers: For n=4, six isomers were found on the PES. The graphical results

are displayed in Figure 6.4. The hydride� molecule complex is the global minimum. In

this H� (H2O)4 structure, each of the three coordinating water molecules interacts through

one of its H nuclei with the hydride anion in H� (H2O)3, increasing the VEDE of the lat-

ter anion� complex by 0.547 eV. Delocalization ofs functions on H� is the most important

feature of the Dyson orbital, with minor green and red contours on three of the neigh-

boring water molecules. Addition of a water molecule to the O3H7
� DRA leads to the

[OH2]2OH3
� (H2O) isomer. The new water molecule forms a hydrogen bonded water dimer

with one of the H2O molecules in O3H7
� . This isomer is relatively unstable energetically

and has a VEDE of 0.535 eV.

In the Eigen O4H9
� isomer, three water molecules are hydrogen bonded with the

OH3
� protons. It is the most energetically stable isomer after the hydride ion complex. The

OH3
� fragment imposes a rigid three� fold geometry on this cluster. The relative stability of

this isomer suggests that a micro� solvated OH3
� cluster with a complete solvation shell is

more stable than other isomers. The Dyson orbital is a localized function represented by red

contours that spread over all the exterior non� bonding H nuclei in the water network. The

next isomer is the Ring form of O4H9
� , in which the O3H7

� kernel is connected to a bridging

water molecule that forms a four� member ring. The dominance of green contours on the

acceptor water molecule is the characteristic feature of the Dyson orbital. Delocalization of

the Dyson orbital over the remaining unshared H's can also be seen.

The last two structural isomers originate from the typical Zundel cationic structures

where the proton is shared by two water molecules. For these isomers, each of the water

molecules in the O2H5
� fragment forms a hydrogen bond with one water molecule in the

cis and trans orientations. In the cis isomer, the new water molecule forms a water dimer.

At the initial cationic geometry, the trans anionic isomer converges to a structure that

closely resembles thecis isomer except for the orientation of H nuclei in the periphery. The

structural distortion arises from the rotation of one [H2O]2 about the bridging H nuclei. The
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trans isomer is more energetically stable than thecis by 0.151 eV. Also, the VEDE of the

trans isomer is more than that of thecis isomer by 0.146 eV. The Dyson orbitals of both

anions correspond to di�use, red contours whose largest amplitudes occur on the exterior H

nuclei. Minor antibonding relationships with the neighboring valence functions can also be

seen.

Figure 6.4: n = 4: Optimized geometries and Dyson orbitals of electron detachment from
O4H9

� anions.

O5H 11
� isomers: The coordination of a water molecule to the O4H9

� isomers through

hydrogen bonding or electrostatic interactions leads to six O5H11
� isomers. Graphical re-

sults for the O5H11
� isomers are displayed in Figure 6.5. The H� (H2O)5 is at least 2.7

eV more energetically stable than the DRAs. The VEDE of H� (H2O)4 increases by 0.329

eV upon the addition of an H2O through electrostatic interactions. The Dyson orbital

remains localized on the hydride's nucleus with slight delocalization onto the water H's.

Addition of a hydrogen� bonded water dimer denoted by [H2O]2 to the O3H7
� DRA re-

sults in B1 O5H11
� isomer whose VEDE has decreased by 0.01 eV. In other words, the B1
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O5H11
� isomer is an Eigen O4H9

� ion in which one of the H's in the OH3
� fragment engages

in further hydrogen bonding. The Dyson orbital accumulates on the external hydrogens.

The B2 O5H11
� structure consists of an Eigen� like anionic fragment in which two of the

H's in the OH3
� fragment engage in further hydrogen bonding with a water molecule. The

three water molecules that form hydrogen bonds with the H nuclei of OH3� DRA do so at

1.55 �A, suggesting typical hydrogen bonds. The water in the second solvation shell forms a

hydrogen bond at 1.84�A, suggesting a relatively weak hydrogen bond compared with those

in the �rst solvation shell. There is a decrease in the VEDE by 0.09 eV compared to the

Eigen O4H9
� DRA.

The C O5H11
� isomer has the smallest VEDE among the O5H11

� structures. The

parent cationic core forms a linear chain of water molecules with two H nuclei in the OH3
+

unit. After optimization, the cationic Chain O 5H11
+ rearranges to form a book� like anionic

isomer. Three water molecules form hydrogen bonds with the OH3
� framework to complete

the primary solvation shell while the remaining water enters the secondary solvation shell.

The Dyson orbital is di�used over the non� bonding H nuclei with its largest amplitudes on

the exterior water H nuclei. The PR O5H11
� isomer also undergoes structural rearrangement

upon optimization at the cationic geometry to form another book� like isomer. In this isomer,

an O3H7
� DRA fragment can be seen. Each of the two water molecules forms hydrogen bonds

with the H2O molecules originally bonded to H nuclei in the OH3� fragment. This isomer

has the lowest VEDE of 0.499 eV. The positive red contour of the Dyson orbital densely

populates the regions between the non� bonded H nuclei in the OH3
� fragment and those

from the two acceptor water molecules. Small, delocalized, green contours are seen on the

remaining non� bonding H nuclei. In the remaining Ring O5H11
� isomer, the parent cationic

core forms a tetramer ring through hydrogen bonding with one acceptor H2O. The optimized

anionic geometry looks structurally like the parent cationic core. It has the lowest VEDE of

0.506 eV. The Dyson orbital spreads over the H nuclei of the acceptor water molecule with

some negligible delocalization on neighboring non� bonding protons.
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Figure 6.5: n = 5: Optimized geometries and Dyson orbitals of electron detachment from
O5H11

� anions.

O6H 13
� isomers: There are ten geometric isomers of the anionic hydronium water

hexamer clusters. The optimized geometries and Dyson orbitals of the lowest VEDE are

illustrated in Figure 6.6. Only P3+ electron propagator calculations were carried out for

these isomers, for data in Table 6.2 show that P3+ generally gives good VEDEs compared

to BD� T1, albeit with lower pole strengths. Hereafter, only P3+ results are discussed.

The hydride anion� molecule complex is the most energetically stable with the lowest

VEDE of 4.553 eV. All the water molecules have their protons oriented towards the H� anion.

The Dyson orbital accumulates on the hydride anion and has antibonding relationships

with valence functions on the neighboring O� H bonds. The remaining nine O6H13
� isomers

were obtained from their corresponding parent cationic cores. The cage C1 O6H13
� isomer

strongly retains its cationic geometry orientation with a VEDE of 0.469 eV. The di�use

Dyson orbital is spread chie
y over the H's in the water network. Two structures pertain

to the Eigen� like con�gurations E1 O6H13
� and E2 O6H13

� , for their corresponding cationic
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cores contain the O4H9
+ Eigen fragment. The two new water molecules enter the second

solvation shell through hydrogen bonding. The optimized anionic structures are distorted

when compared with their cationic counterparts, for the two water molecules originally in

the second solvation shell of the cationic core form a water dimer acceptor molecule in the

molecular anion. The E1 O6H13
� isomer has a smaller VEDE than the E2 O6H13

� . In both

E1 O6H13
� and E2 O6H13

� , the nearly symmetric di�use Dyson orbitals are localized on the

H's of the water network.

The P1 O6H13
� isomer arises from the parent cationic core in which the new water

molecule enters the secondary solvation shell from the Ring O5H11
+ isomer. A water dimer is

formed in the second coordination shell of the anionic P1 O6H13
� isomer. A near symmetric

s� like Dyson orbital whose largest amplitudes occur over the peripheral water network

can be seen. Four isomers arise from parent cationic cores that contain water tetramer

rings. In the T1 O6H13
� isomer, an Eigen� like O4H9

� can been seen with a water molecule

forming a bridging hydrogen bond with two of the water molecules in O4H9
� . The bridging

water molecule forms an additional hydrogen bond with one of its protons to form a water

dimer. A di�use Dyson orbital spreads over the H nuclei of the water network. In the T2

O6H13
� isomer, the bridging water molecule does not interact with the water in the second

solvation shell as it forms a hydrogen bond with one of the water molecules directly bonded

to the OH3
� fragment. The Dyson orbital is di�used over the peripheral hydrogens with its

largest amplitudes on the bridging water molecule and the one in the secondary shell. There

are low amplitudes near the lone pairs on the oxygens.

The T3 and T4 O6H13
� isomers have book� like structures. The Dyson orbital in both

instances spreads over the regions of the water network with its highest amplitudes on the

acceptor water molecules. The last isomer is the Z1 O6H13
� isomer, which arises from the

Zundel� like solvated cationic core. The anionic geometry contains the O2H5
� fragment

with a non� symmetric proton. Each of the exterior hydrogens in the O2H5
� fragment was

anticipated to form a hydrogen bond with a water molecule to complete the �rst solvation
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shell of the Zundel� like anionic isomer. However, the optimized geometry shows that one

of the water molecules leaves the second solvation shell to form a water dimer with one

of the exterior water molecules. This observation indicates that anionic hydronium water

clusters prefer the Eigen O4H9
� geometry over the Zundel O6H13

� structure. Sobolewski

and Domcke[133] observed the same trend in H3O(H2O)n clusters composed of a hydronium

radical and water molecules. The Dyson orbital of electron attachment is di�used over the

O6H13
+ core.

Figure 6.6: n = 6: Optimized geometries and Dyson orbitals of electron detachment from
O6H13

� anions.

6.3 Concluding Remarks on O n H 2n+1
� Double Rydberg Anions

Micro� solvated H3O+ can exist in both Eigen� like H9O4
+ (H2O)n and Zundel� like

H5O2
+ (H2O)n structures. The VEAEs of these cations decrease with increasing cluster size.

The corresponding Dyson orbitals show that with increasing cluster size, the di�use electron

migrates from the closed shell H3O+ core to form a cloud in the network of water molecules.
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Solvation of the OH3
� and O2H5

� DRAs through electrostatic interactions or hydrogen

bonding with their solvation shells results in remarkable changes in geometry with respect

to cationic antecedents. Interaction of water molecules with the OH3� DRA leads to several

cluster isomers in which the Dyson orbital is held at the periphery of the hydrogens in the wa-

ter network. It is seen that the stable H3O� unit imposes a rigid structure on these complexes,

especially for isomers with closed solvation shells such as the Eigen H3O� (H2O)3 structure.

The O2H5
� fragment ion also imposes a rigid geometry on the Zundel O2H5

� (H2O)4 isomer.

For all these clusters, the Rydberg electrons are held by the exterior protons from the water

network.

Several isomers of oxygen� based OH3
� DRAs may occur through hydrogen bonding,

as OH3
� (H2O)n structures or as electrostatic H� (H2O)n complexes. For all values ofn, the

anion� water complex H� (H2O)n is always the most stable, with large VEDEs which increase

with cluster size. Generally, the OH3� (H2O)nDRA isomers have well separated VEDEs and

therefore should be visible in anion photoelectron spectra.
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Chapter 7

Prediction of New Molecules and Anions: Double Rydberg Anions, Rydberg

Radicals and Micro � solvated Cations with Ammonium � Water Kernels

In this chapter, I present the major �ndings from my work on NH4
� (H2O)n double

Rydberg anions published elsewhere.[89]

7.1 Electron Binding Energies and Dyson Orbitals of NH 4
� (H 2O) n Clusters

In double Rydberg anions (DRAs), a closed� shell, cationic core binds a pair of elec-

trons held in di�use orbitals. For example, in the NH4
� or OH3

� DRAs, an ammonium

or hydronium cation is surrounded by a pair of peripheral electrons. The �rst DRA, tetra-

hedral NH4
� , was discovered during a pioneering photoelectron spectroscopic study on an

anion� molecule complex, H� (NH3).[134] Since NH4
� and H� (NH3) have identical mass,

their electron detachment energies appeared as separate peaks in the same spectrum. The

persistence of the spectral peak at a low vertical electron detachment energy (VEDE) under

a variety of ion� source conditions, the absence of an energetic shift after full deuterium

substitution for the hydrogens, and previous investigations on the NH4 radical led to the

identi�cation of tetrahedral NH 4
� as a DRA. The measured VEDE of NH4� was 0.472 eV,

an amount resembling that of the sodium atomic anion (0.548 eV).

High� level theoretical calculations have provided strong complementary support for the

identi�cation of DRAs. Prior to the discovery of the NH4
� DRA, some theoretical studies

had considered the existence of a tetrahedral isomer of NH4
� . Ortiz[135] applied techniques

of ab initio electron propagator theory (EPT) to study the geometric isomers and vertical

ionization energies of NH4� and proposed the tetrahedral structure to be a viable DRA. The

two stable isomers were assigned to a hydride{molecule complex H� (NH3) and a tetrahedral
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counterpart, NH4
� , with VEDEs of 1.20 eV and 0.42 eV, respectively, in precise agreement

with the experimental results. Evidence of the di�use, Rydberg� state distribution of the

two di�use electrons which surround the NH4
+ cationic core was provided. Subsequent

theoretical studies on the NH4
� DRA also reported the VEDE to be near 0.45 eV.

Photoelectron spectroscopy has enabled the identi�cation of several DRA clusters among

the Nn H3n+1
� (n = 1{5) isomers. Isomers of DRAs belong to three categories: (1) hydrides

coordinated to n solvent molecules, (2) electrostatically bound intermolecular complexes

with solvent molecules, and (3) hydrogen� bonded DRA� molecule complexes.Ab initio

EPT studies15,16 have revealed identical isomeric patterns and electron binding energies in

close agreement with experimental data. More recent EPT investigations have found three

new classes of DRAs: methylated, annulated, and paramagnetic. Prior to this investigation,

the existence of NH3R� and OH2R� (R = F, OH, NH 2, and CH3) sets of DRAs that are

stable minima in their potential energy surfaces and have positive VEDEs had been reported.

A tetrahedral PH4
� DRA has been identi�ed in a study that also predicted a C2v isomer

with a lone pair of electrons occupying an equatorial position in a trigonal bipyramidal

arrangement.

Ortiz performed computational studies on OH3� isomers and identi�ed a pyramidal,

C3v DRA with a VEDE of 0.43 eV. However, several experimental e�orts to characterize the

OH3
� DRA have not been successful. Melin and Ortiz therefore conductedab initio EPT

studies on the reaction barrier between the OH3� DRA and a hydride{water complex. The

barrier between the NH4
� DRA and a hydride{ammonia complex also was examined. The

low reaction barrier between the OH3� DRA and the hydride{water complex indicates that

the former species may be di�cult to isolate. Evidence of the existence of O2H5
� DRAs in

analogy with N2H7
� was also reported. Several DRAs based on elements other than N are

also known from computational studies.

DRAs, Rydberg radicals, their electronic structure and reactivity have been reviewed

elsewhere. The lowest di�use orbitals in DRAs and Rydberg radicals are spheroidal and
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mimic valence s orbitals of alkali atoms. In their excited states, orbitals with major con-

tributions from di�use s � , p� , d� , f� , or g� functions may be occupied. Large molecular

systems (such as clusters) may feature di�erent types of Rydberg states and orbitals. Previ-

ous and recent studies have established that these unique molecular systems also participate

in Rydberg{type chemical bonding in analogy with alkali{metal diatomic molecules and

larger clusters. Rydberg patterns of chemical bonding also manifest in protein fragments.

Discovery and identi�cation of novel DRAs and solvated{electron precursors (which

include metal{ammonia complexes with di�use electrons) have relied heavily on techniques

of ab initio EPT. In a recent publication on this subject, we extended the scope of the DRA

concept to oxygen� based systems with the general formula On H2n+1
� . Isomers that feature

hydride{water interactions were compared with species in which the pyramidal H3O� DRA

is stabilized by ion{dipole or hydrogen{bonding interactions with water molecules. For all

values ofn studied, the anion{water complex H� (H2O)n+1 is always the most stable and has

relatively large VEDEs. DRA{molecule complexes (i.e., OH3� (H2O)n isomers) have much

lower VEDEs and may be detectable in anion photoelectron spectra. For all On H2n+1
�

DRAs, Dyson orbitals occupy regions beyond the peripheral O{H bonds. We also calculated

the vertical electron attachment energies (VEAEs) of OH3+ (H2O)n clusters and excitation

energies of the OH3+ (H2O)n Rydberg radicals. The VEAEs decrease with increasingn and

the corresponding Dyson orbitals are di�used over exterior, non-hydrogen bonded protons.

Can the concepts of DRAs and their ion-molecule clusters be extended to systems in

which the cationic kernel is not a protonated micro-solvent molecule? Are the same ex-

tensions applicable to Rydberg radicals and their micro-solvated clusters? These questions

prompted a thorough search of the chemical literature and evidence of ammonium{water

cationic clusters NH4
+ (H2O)n was found. Structural and energetic properties of NH4+ (H2O)n

clusters were probed by free jet expansion experiments andab initio calculations decades

ago. Later computational studies also found several other low{lying isomers. At the MP2

level of theory, in conjunction with correlated basis sets, the NH4+ (H2O)n (n =1{10) isomers
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have been studied with a view to their atmospheric abundance as a function of temperature.

An extensive study on NH4
+ (H2O)n (n =1{10) isomers and the e�ects of temperature and

humidity on cluster growth patterns has also appeared in the literature.

NH4
+ (H2O)n clusters are reportedly abundant in the biosphere and an understanding of

them is essential for modeling atmospheric and interstellar processes. Studies on electronic

structure and properties of molecular ions in aqueous media provide theoretical guidance in

many chemical and biological processes. Concepts of acid-base chemistry, redox reactions,

electrochemistry, and a multitude of organic and inorganic reactions are often de�ned in

terms of proton and electron transfer. Understanding the behavior of protons and electrons

in aqueous media is a perennial concern in physical chemistry.

Structure and bonding in micro-solvated NH4+,0, � (H2O)n (n = 1{4) clusters therefore

deserve further study. All cationic NH4
+ (H2O)n isomers reported in the literature so far

are reconsidered. Addition of an electron produces uncharged clusters in which an NH4

Rydberg radical is coordinated to water molecules. Excitation energies of several low-lying

states of NH4(H2O)n Rydberg radicals are also calculated. Three kinds of anionic structures

emerge from geometry optimizations. Micro-solvated hydride anions are denoted henceforth

by H� (NH3)(H2O)n . The NH4
� DRA with coordinated water molecules is represented by

[NH4
� ](H2O)n . The formula NH4

� (H2O)n stands for structures with two di�use electrons

and a cationic kernel in which ammonium forms hydrogen bonds with water molecules.

I have employed correlatedab initio electron-propagator and coupled-cluster methods

with large, di�use basis sets to study NH4
+ (H2O)n clusters, NH4(H2O)n Rydberg molecules,

H� (NH3)(H2O)n , [NH4
� ](H2O)n , NH4

� (H2O)n DRAs, and related micro-solvated species.

The primary focus of this work is prediction of structures, relative total energies, vertical

electron binding energies, and Dyson orbitals of NH4+,0, � (H2O)n (n = 1{4) clusters. Cal-

culations on micro-solvated NH4+,0, � (H2O)n (n = 1{4) clusters provide Aufbau rules for

electrons that occupy the periphery of these complexes.
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Table 7.1: NH4
� (H2O)n isomers and their vertical electron detachment energies (VEDEs).

Pole strengths are in parentheses. All energies are in eV.a

n Isomer KT D2 P3+ BD � T1 � CCSD(T)
1 H� (NH3)H2O 0.000 2.512 1.969 (0.893) 1.985 (0.908) 2.172 (0.882) 2.085

[NH4
� ]H2O 1.148 0.368 0.770 (0.877) 0.723 (0.854) 0.684 (0.881) 0.675

1a NH4
-(H2O) 1.194 0.211 0.575 (0.872) 0.517 (0.835) 0.495 (0.862) 0.491

2 H� (NH3)(H2O)2 0.000 3.135 2.574 (0.903) 2.576 (0.908) 2.771 (0.831) 2.693
[NH4

� ](H2O)2 1.667 0.490 0.954 (0.881) 0.920 (0.866) 0.886 (0.894) 0.886
2a NH4

� (H2O)2 1.641 0.186 0.607 (0.873) 0.558 (0.835) 0.539 (0.870) 0.553
2b NH4

� (H2O)2 1.557 0.238 0.621 (0.862) 0.568 (0.829) 0.552 (0.864) 0.556
3 H� (NH3)(H2O)3 0.000 3.980 3.352 (0.908) 3.364 (0.908) 3.567 (0.900) 3.470

[NH4
� ](H2O)3 1.923 0.632 1.138 (0.886) 1.112 (0.874) 1.075 (0.899) 1.081

3a NH4
� (H2O)3 1.925 0.143 0.534 (0.860) 0.471 (0.812) 0.459 (0.856) 0.481

3b NH4
� (H2O)3 1.971 0.169 0.575 (0.857) 0.513 (0.809) 0.498 (0.856) 0.517

3c NH4
� (H2O)3 1.809 0.186 0.574 (0.863) 0.525 (0.827) 0.537 (0.868) 0.551

4 H� (NH3)(H2O)4 0.000 4.192 3.543 (0.908) 3.551 (0.903) 3.756 (0.896) 3.659
[NH4

� ](H2O)4 2.061 0.730 1.240 (0.889) 1.213 (0.877) 1.177 (0.900) 1.183
4a NH4

� (H2O)4 2.126 0.141 0.523 (0.861) 0.470 (0.817) 0.473 (0.860) 0.481
4b NH4

� (H2O)4 2.195 0.148 0.522 (0.838) 0.452 (0.785) 0.432 (0.853) 0.439
4c NH4

� (H2O)4 2.178 0.162 0.521 (0.840) 0.457 (0.795) 0.455 (0.858) 0.474
4d NH4

� (H2O)4 2.264 0.173 0.586 (0.848) 0.529 (0.803) 0.515 (0.859) 0.530
4e NH4

� (H2O)4 2.318 0.183 0.566 (0.839) 0.509 (0.799) 0.534 (0.863) 0.564
aIsomerization energies in third column are obtained at the CCSD(T) with MP2 zero-point
energy corrections.

7.2 Vertical Electron Detachment Energies and Dyson Orbitals of NH 4
� (H 2O) n

Double Rydberg Anions

Table 7.1 presents various isomers and their relative energies that pertain to NH4
� (H2O)n

(n=1{4) DRAs. It is evident that for all values of n, the hydride{molecule complex is the

most stable isomer. Similar conclusions were reached for DRAs based on nitrogen [87] and

oxygen.[88] Isomerization energies obtained with lower levels of theory do not di�er signif-

icantly from those obtained at the CCSD(T) plus MP2 zero� point corrections shown in

Table IV. Only results from the latter method are discussed in the text.

Results for the lowest VEDEs obtained at the uncorrelated (KT) level and with various

diagonal self� energy approximations (D2, D3, OVGF, P3, and P3+) are reported in the

published article[89] and Appendix L. In most cases, VEDEs calculated with EPT methods
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that retain only the diagonal self� energy matrix elements have pole strengths below 0.85.

OVGF results are unencouraging and therefore not recommended for studies on DRAs, as

earlier noted in studies on OnH2n+1
� DRAs.[88] When pole strengths are below 0.85, elec-

tron binding energies and associated Dyson orbitals of diagonal self� energy approximations

should be treated with caution. Thus, approximations that retain the full self� energy matrix

are convenient for such instances.

To facilitate reliable prediction of VEDEs, pole strengths and corresponding Dyson or-

bitals, we made use of the non� diagonal BD� T1 approximation, and the resulting data are

included in Table 7.1. In BD� T1, all matrix blocks of the superoperator Hamiltonian that oc-

cur in the hole (h), particle (p), two� hole� one� particle (2hp) and two� particle� one� hole

(2ph) operator manifolds are explicitly evaluated except the second� order couplings between

2ph and 2hp operators. The BD� T1 approximation employs the Brueckner doubles (BD)

reference determinant and its doubly excited amplitudes instead of the Hartree� Fock refer-

ence state. In addition to predicting high� accuracy VEDEs, Dyson orbitals from BD� T1

have better qualitative features than canonical molecular orbitals. Hence, only VEDEs ob-

tained with the BD� T1 method are discussed in the text.

To judge the reliability of the VEDEs predicted with EPT methods, we performed

�CCSD(T) estimations of VEDEs with the d � aug� cc� pVTZ basis set, and the results

are also presented in Table 7.1. Optimized geometries and Dyson orbitals of the DRAs are

displayed in Figures 7.1{7.4. Note that all the reported Dyson orbitals are based on the highly

accurate BD� T1 approximation. VEDEs obtained at the BD� T1 level agree closely with

those from indirect �CCSD(T) calculations. Note that throughout this section on anions,

H-(NH3)n denotes hydride-molecule complexes, [NH4
� ](H2O)n designates NH4� DRA� water

complexes without NH� O bridges, and NH4
� (H2O)n corresponds to micro-solvated DRAs

that form H bridges with water molecules.

NH 4
� (H 2O) isomers: For n = 1, three isomers are obtained as displayed in Figure

7.1. In the H� (NH3)H2O complex, the hydride anion is weakly coordinated by the ammonia
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and water molecules, but this structure is the most stable. The predicted VEDE is near

2 eV. Given the high stability of this complex, a dominant peak near this range is antici-

pated in anion photoelectron spectra. The Dyson orbital of this complex is chie
y a totally

symmetric s-function on the hydride's nucleus that displays anti� bonding relationships with

N{H and O{H bond functions. The optimized geometry suggests that H� has a stronger

attraction towards the water molecule than the ammonia molecule. Thus, the VEDE of the

free H� (0.75 eV) has been increased by electrostatic and other interactions with the solvent

molecules.

In the next most stable isomer, an NH4� DRA� molecule complex is formed and denoted

by [NH4
� ]H2O. This complex has C2v symmetry with a VEDE of 0.684 eV. The di�use

Dyson orbital is held at the periphery of the NH4
� DRA with minor delocalization. The two

radial nodes anticipate the 3s united-atom limit for the Dyson orbital. Alternative DRA-

molecule structures composed of OH3� and NH3 fragments rearrange without a barrier under

optimization to the [NH4
� ]H2O minimum.

In the least stable1a NH4
� (H2O) isomer, a Cs cluster complex is obtained. The existing

hydrogen bond between the N and O nuclei occurs at 1.8371�A. The predicted VEDE of 0.495

eV is slightly above that of NH4
� and N2H7

� as well as slightly below those of OH3� and

O2H5
� DRAs. The Dyson orbital is an approximately spherical function whose highest

amplitudes occur beyond the non-bridging protons.
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Figure 7.1: n = 1 Optimized geometries and Dyson orbitals of electron detachment from
NH4

� (H2O) isomers.

NH 4
� (H 2O) 2 isomers:

The hydride{molecule complex retains its high stability upon addition of H2O to form

H� (NH3)(H2O)2. The VEDE increases by 0.599 eV from the H� (NH3)H2O complex. Thus,

addition of a water molecule increases the VEDE. This may be attributed to the stronger

attraction of the H � towards the water molecules than the ammonia. The totally symmetric

di�use Dyson orbital localizes near the H� with slight anti-bonding relationships involving

nearby solvent molecules.

In the [NH4
� ](H2O)2 DRA-molecule complex from Figure 7.2, the NH4� DRA weakly

interacts with the protons of the water molecules through electrostatic interactions in a C2v

91



arrangement. The VEDE is 0.886 eV. The Dyson orbital is a di�uses-like function with two

radial nodes and minor delocalization to neighboring solvent molecules.

The remaining two isomers,2a NH4
� (H2O)2 and 2b NH4

� (H2O)2, are hydrogen-bonded

DRA clusters. 2b NH4
� (H2O)2 is more stable than2a NH4

� (H2O)2. In 2a NH4
� (H2O)2,

two of the protons of NH4
� engage in hydrogen bonding with water molecules in a C2v

arrangement. 2b NH4
� (H2O)2 has a discernable NH4� (H2O) fragment interacting with an

additional water molecule engaging in hydrogen bonding to form a water dimer. VEDEs

of 0.539 and 0.552 eV, respectively, are obtained for the2a and 2b isomers. Both isomers

have Dyson orbitals whose maximum amplitudes lie beyond the non-bridging protons on the

periphery of the complex, especially those associated with the NH4
� fragment.
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Figure 7.2: n = 2 Optimized geometries and Dyson orbitals of electron detachment from
NH4

� (H2O)2 isomers.

NH 4
� (H 2O) 3 isomers:

For n = 3, �ve isomers are obtained: a hydride-molecule complex, a DRA-molecule

complex, and three hydrogen-bonded DRA clusters as displayed in Figure 7.3. The hydride-

molecule complex H� (NH3)(H2O)3, emerges as the most stable isomer with a VEDE of

3.567 eV. Again, the new water molecule contributes to an increase in the VEDE. The

Dyson orbital is a totally symmetric function centered chie
y on the hydride's nucleus that

forms anti-bonding relationships with neighboring N-H and O-H bond functions.
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In the next isomer, the NH4
� DRA weakly interacts with the protons of the three water

molecules to form the DRA-molecule [NH4� ](H2O)3 complex in which two H2O molecules

form a dimer. The VEDE is 1.075 eV, which is 0.189 eV higher than that of the [NH4� ](H2O)2

DRA-molecule complex. The Dyson orbital is a symmetrics-like function spread over the

NH4
� kernel with minimal delocalization.

The remaining three isomers are micro-solvated DRA clusters:3a NH4
� (H2O)3, 3b

NH4
� (H2O)3, and 3c NH4

� (H2O)3. Of this set, 3c is the most stable. 3a and 3c are ring

structures that di�er in relative orientations of their protons. 3b retains its C3 symmetry

upon addition of two electrons to the3b NH4
+ (H2O)3 cation. VEDEs near 0.5 eV are

obtained for the three micro-solvated DRAs. The Dyson orbitals of3a and 3c are di�used

over the non-bridging protons. For3b, the pyramidal C3 symmetry of its cation and anion

yields a symmetric di�use Dyson orbital that extends beyond the outer protons.
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Figure 7.3: n = 3 Optimized geometries and Dyson orbitals of electron detachment from
NH4

� (H2O)3 isomers.
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NH 4
� (H 2O) 4 isomers:

Coordination of a water molecule through hydrogen bonding or electrostatic interactions

to the �ve latter structures accounts for all seven isomers in Figure 7.4 whenn = 4. The

hydride cluster, H� (NH3)(H2O)4, is the most stable with a large VEDE of 3.756 eV. The

spherical Dyson orbital occupying the H- ion also has some antibonding relationships with

nearby N-H and O-H bond functions. The H� ion is closer to the water molecules than to

the ammonia molecule.

In the DRA-molecule complex, [NH4
� ](H2O)4, the NH4

� DRA is stabilized by a linear

chain of four water molecules. With a VEDE of 1.177 eV, its Dyson orbital spreads over the

NH4
� fragment. Minor delocalization from the nearest H2O is discernable, and the green

contours arise from orthogonalization to the valence nitrogen functions with three radial

nodes. The data of Table IV indicate that the DRA-molecule complex, [NH4� ](H2O)4, is

the second most stable isomer.

The �ve remaining isomers,4a-4e NH4
� (H2O)4, are micro-solvated DRAs arising from

the reduction of their respective cationic congeners.4a has a three-dimensional cage struc-

ture with C s symmetry. 4e has a tetracoordinate NH4
� fragment joined to a water molecule

that forms hydrogen bonds with another water molecule and the anionic center. Note that a

tetracoordinate NH4
� was identi�ed in NnH3n+1

� DRAs with similar geometric features.[87]

All the micro-solvated DRAs have VEDEs near 0.5 eV. The di�uses-like Dyson orbitals

spread over the exterior nonbonding protons with orthogonalizations to the valence func-

tions on the nitrogen and the oxygen nuclei. For4e, a symmetric Dyson orbital whose

amplitudes in green surround the peripheral protons displays nodes that result in reds-like

contours on the N and O centers.[87]
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Figure 7.4: n = 4 Optimized geometries and Dyson orbitals of electron detachment from
NH4

� (H2O)4 isomers.

7.3 Concluding Remarks on NH 4
� (H 2O) n Double Rydberg Anions

A new family of DRAs that is based on micro-solvation of tetrahedral NH4� by one to

four water molecules has been identi�ed and its VEDEs and corresponding Dyson orbitals

have been predicted.Ab initio electron-propagator (i.e., direct) and coupled-cluster (i.e.,

indirect) methods have been employed to predict electron binding energies of cationic, radical

and anionic species. Several approximate electron propagator methods predict VEDEs that

are in close agreement with those obtained with �CCSD(T). The BD-T1 method predicts

the most reliable VEDEs. Vertical electron attachment energies (VEAEs) of NH4+ (H2O)n (n

=1{4) cationic clusters were calculated with the direct and indirect methods. The VEAEs
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decrease with increasingn and the corresponding Dyson orbitals are di�used over peripheral,

non-hydrogen bonded protons.

Clusters formed from NH4
� DRAs and stabilized by hydrogen bonding or electrostatic

interactions are less stable than H� (NH3)(H2O)n isomers. For all values ofn, the hydride-

molecule complex H� (NH3)(H2O)n is always the most stable and has the largest VEDEs.

DRAs formed from electrostatic interactions between NH4� and water molecules, denoted by

[NH4
� ](H2O)n, are more stable than the NH4� (H2O)n DRAs that exhibit NH-O hydrogen

bridges. The latter species have VEDEs near 0.5 eV and therefore resemble the original

DRAs. Variations in these VEDEs are consequences of distinct coordination environments

that include proton donations by the tetrahedral anion to water molecules. Whereas total

energies of NnH3n+1
� [87] and OnH2n+1

� [88] DRAs favor formation of H bonds, the opposite

trend emerges for the present systems. An increasing sequence of larger, well-separated

VEDEs for the [NH4
� ](H2O)n DRAs, wherein the tetrahedral NH4

� fragment interacts with

water molecules without formation of H bridges, has been established. Dyson orbitals of

electron attachment to NH4
+ (H2O)n cations and of detachment from NH4� (H2O)n DRAs

occupy regions beyond the exterior non-bridging O� H and N� H bonds. Thus, the Rydberg

electrons in the uncharged Rydberg radicals and DRAs are held near the outer protons of the

water and ammonia molecules. The low-lying excited states of the doublet Rydberg radicals

have a single electron occupying extendeds� like, p� like, d� like, or f � like Dyson orbitals

with the following Aufbau principle: 1s, 1p, 1d, 2s, 2p, 1f. As NH4� (H2O)n DRAs isomers

have well separated VEDEs and experimentally accessible total energies, they are expected to

appear in mass-selected, anion photoelectron spectra that typically detect low-lying isomers.
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Chapter 8

General Conclusions and Outlook

The theoretical foundations underlying new-generation one-particle Green's function

(electron propagator) methods for calculating electron detachment and attachment ener-

gies and their associated Dyson orbitals have been presented. The theoretical connections

between new-generation and older methods have been established. The cubically scaling

diagonal second order method (D2) has been demonstrated to systematically underestimate

ionization energies. To ameliorate this de�ciency, same-spin correlation is neglected in the

os-D2 and os-nD-D2 self-energies that signi�cantly improve accuracy and e�ciency. Optimal

ring and ladder renormalizations in the diagonal2ph-TDA self-energy led to the DR and

DL methodologies that have shown improved e�ciency and accuracy. Modi�cation of the

OVGF method because of the new choice of superoperator metric leads to the derivation of

L3+ and its simpli�cation to Q3+ and P3+. When approximate estimation of post third

order terms is abandoned in favor of explicit evaluation of all terms arising from the expan-

sion of inverted matrices, the RL3, RQ3 and RP3 self-energies are obtained. Restoration of

o�-diagonal metric elements leads to the NRL3, NRQ3 and NRP3 methods.

New and old self-energy approximations have been systematically evaluated for VIEs,

VEDEs, and VEAs. The benchmark studies highlight the performance of both diagonal and

non-diagonal methods, providing key insights into their accuracy, e�ciency and applicability.

For VIEs[91{97] and VEDEs[63, 64], the non-diagonal NRL3 method demonstrated the

highest accuracy, achieving an MAE of� 0.06 eV or below, making it the most reliable

method. Other promising non-diagonal alternatives include NR2, NRQ3, NRP3, and BD-

T1, whereas ND2,2ph-TDA, 3+, and ADC(3) were found to be obsolete on grounds of

e�ciency and accuracy. Among the diagonal approaches, nD-RL3 and nD-L3+ emerged

99



as the most accurate with an MAE mostly� 0.07 eV, while Q3+ also exhibited strong

performance with an MAE of near 0.15 eV. The os-nD-D2 method remains useful for larger

molecules but is less suitable for VEAs. The accuracy of OVGF and D3 is outperformed by

their new-generation L3+, nD-L3+ and L3 competitors.

For VEAs[66, 95], NRL3 was the most accurate non-diagonal approach, yielding an

MAE of � 0.06 eV or below. Among diagonal methods, nD-L3+ provided high accuracy

with an MAE mostly below 0.1 eV, whereas D2, with an MAE of� 0.18 eV remains a viable

option. Also, for open-shell molecules and atoms, a systematic increase in MAE by� 0.05

eV was observed compared to closed-shell species due to spin contaminations.[98]

For heavy-element-containing molecules, RL3 and nD-RL3 are the best methods with an

MAE of 0.14 eV. NRL3 has identical accuracy as RL3 but is preferred when Dyson orbitals

in their more generalized form are needed. nD-L3+B is the next ranking method which

also produces MAE� 0.17 eV. Q3+ follows with non-iterative O2V3 scaling and an MAE

� 0.23 eV. The os-nD-D2 with non-iterative cubic scaling has an MAE of 0.24 eV and it is

practically free following HF self-consistent-�eld calculations.

For core 1s ionization, BD-T1 exhibits the highest accuracy with an MAE of 0.39 eV. It

shows excellent agreement with experimental data and minimal systematic bias. D2 and ND2

predictions with MAEs near 1.0 eV are very promising, giving their lower cubic arithmetic

scaling. When a shifting near 1.0 eV is applied to D2 or ND2, their MAEs are likely to go

below 0.1 eV.

Composite procedures for estimating basis-set e�ects produce excellent predictions and

clear interpretations of the photoelectron spectra of several important biological anions and

photovoltaic molecules.

A composite model predicts that the lowest VEDE corresponds to a base� Dyson orbital

in three of four nucleotides, with cytidine being the exception (phosphate orbital). Guanosine

exhibits a clear separation between the lowest VEDE and subsequent transitions, while other

nucleotides show near-degeneracy between base� and phosphate orbitals. Agreement with
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experimental spectra underscores the composite model's reliability for characterizing electron

detachment in nucleotides.[64]

Composite schemes have also allowed calculations on VEAs and VIEs of organic pho-

tovoltaic molecules relevant for the optimization of solar energy devices with exceptional

accuracy and e�ciency. MAEs versus standards VEAs and VIEs are� 0.05 eV or below.[95]

Composite schemes based on the new EP methods produce accurate predictions and

clear interpretations based on DOs for the photoelectron spectra of green 
uorescent protein

(GFP) model chromophore anions.[63]

The new-generation EP methods developed in this dissertation require no adjustable or

empirical parameters and achieve accuracy close to chemical precision. As a result, they are

suitable for reliably predicting novel molecules, ions, and clusters. Based on these methods,

the existence, stability, and VEDEs of new types of DRAs have been predicted.

Solvation of the OH3
� and O2H5

� DRAs through electrostatic interactions or hydrogen

bonding with their solvation shells results in remarkable changes in geometry with respect

to cationic antecedents. Interaction of water molecules with the OH3� DRA leads to several

cluster isomers in which the Dyson orbital is held at the periphery of the hydrogens in the wa-

ter network. It is seen that the stable H3O� unit imposes a rigid structure on these complexes,

especially for isomers with closed solvation shells such as the Eigen H3O� (H2O)3 structure.

The O2H5
� fragment ion also imposes a rigid geometry on the Zundel O2H5

� (H2O)4 isomer.

For all these clusters, the Rydberg electrons are held by the exterior protons from the water

network. Several isomers of oxygen-based OH3
� DRAs may occur through hydrogen bond-

ing, as OH3
� (H2O)n structures or as electrostatic H� (H2O)n complexes. For all values of

n, the anion-water complex H� (H2O)n is always the most stable, with large VEDEs which

increase with cluster size. Generally, the OH3� (H2O)n DRA isomers have well separated

VEDEs and therefore should be visible in anion photoelectron spectra.
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I have also predicted the existence, stability and VEDEs of NH4� (H2O)n DRAs.[89]

Clusters formed from NH4
� DRAs and stabilized by hydrogen bonding or electrostatic in-

teractions are predicted to be less stable than H� (NH3)(H2O)n isomers. For all values ofn,

the hydride-molecule complex H� (NH3)(H2O)n is always the most stable and has the largest

VEDEs. DRAs formed from electrostatic interactions between NH4� and water molecules,

denoted by [NH4
� ](H2O)n, are more stable than the NH4� (H2O)n DRAs that exhibit NH � O

hydrogen bridges. The latter species have VEDEs near 0.5 eV and therefore resemble the

original DRAs. Variations in these VEDEs are consequences of distinct coordination environ-

ments that include proton donations by the tetrahedral anion to water molecules. Whereas

total energies of NnH3n+1
� [87] and OnH2n+1

� [88] DRAs favor formation of H bonds, the op-

posite trend emerges for the present systems. An increasing sequence of larger, well-separated

VEDEs for the [NH4
� ](H2O)n DRAs, wherein the tetrahedral NH4

� fragment interacts with

water molecules without formation of H bridges, has been established. Dyson orbitals of

electron attachment to NH4
+ (H2O)n cations and of detachment from NH4� (H2O)n DRAs

occupy regions beyond the exterior non-bridging O� H and N� H bonds. Thus, the Rydberg

electrons in the uncharged Rydberg radicals and DRAs are held near the outer protons of the

water and ammonia molecules. The low-lying excited states of the doublet Rydberg radicals

have a single electron occupying extendeds� like, p� like, d� like, or f � like Dyson orbitals

with the following Aufbau principle: 1s, 1p, 1d, 2s, 2p, 1f. As NH4� (H2O)n DRAs isomers

have well separated VEDEs and experimentally accessible total energies, they are expected

to appear in mass� selected, anion photoelectron spectra that typically detect low� lying

isomers.

Looking into the future, the new generation of EP methods will bene�t signi�cantly

from computational techniques that enhance e�ciency, such as Monte Carlo implementa-

tions. Furthermore, density �tting algorithms and Cholesky decomposition present promis-

ing strategies to further optimize the performance. Given the accuracy of the new non� diagonal

methods (especially NRL3), it is imperative to implement gradients of ground and excited
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state potential energy surfaces as has been done previously for the NR2 method[136] and

second� order self� energies.[137] Such an implementation will facilitate the use of the new

methods to calculate adiabatic ionization energies and electron a�nities. Future research

would also prioritize extending the capabilities of the new highly accurate and e�cient elec-

tron propagator methods to the condensed� phase and explore their utility on quantum

computers.

To this end, the �ndings from a collaborative project pave the way for further ex-

plorations.[138] The study demonstrates that the non� diagonal second� order self� energy

achieves remarkably accurate valence energy band predictions for experimentally well� characterized

polymers such as polyethylene, polytetra
uoroethylene, and polyacetylene. The spin� component� scaled

variant also emerges as a promising alternative due to its compatibility with a quartic� scaling

algorithm, o�ering substantial computational e�ciency without signi�cant loss of accuracy.

This method holds promise for solid� state applications, aligning well with the success of

methods such asG0W0 that similarly emphasize the opposite� spin correlation contribution.

These �ndings suggest that cost� e�ective, scalable methods can support reliable band struc-

ture calculations in extended systems. This study also demonstrates that spin� component

scaling, while mostly bene�cial for molecules, does not universally translate to solids.
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