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Abstract

It is well-known that for any graph G, χ(G) ≤ ∆(G) + 1; Brooks’ Theorem says that

all graphs meeting this upper bound must contain either K∆(G)+1 or be an odd cycle. The

Borodin-Kostochka Conjecture, from 1977, posits that all graphs with χ(G) = ∆(G) (with

∆(G) ≥ 9) must contain a K∆(G). This thesis has two main lines of work, both of which are

related to the Borodin-Kostochka Conjecture. In the first, we focus on vertex-critical graphs

with χ(G) = ∆(G) = 9 and prove that, given some forbidden subgraph conditions, we can get

close (in some sense) to containing a K∆(G) . In the second main topic of this thesis, we prove

that every graph G with χ(G) = ∆(G) (and ∆(G) ̸= 5, 6) contains either a “high” Kω(G) or a

“high” odd hole, where “high” means that the vertices have average degree at least ∆(G)− 1.

This theorem is a weakening of the Borodin-Kostochka Conjecture when ∆(G) ≥ 9; when

∆(G) ≤ 8 there are examples showing that both the high odd hole and the high Kω(G) are

needed in the statement of the theorem.
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Chapter 1

Introduction

In this dissertation all graphs are simple. This introductory chapter will include a number of

definitions which are fundamental to the content of this thesis; for terms not defined here, we

follow [23].

A k-coloring of a graph G is an assignment of the colors {1, 2, . . . , k} to the vertices of G

so that adjacent vertices receive different colors. The chromatic number of a graph G, denoted

χ(G), is the minimum k such that G has a k-coloring. Given any graph G, it is easy to show

that ω ≤ χ(G) ≤ ∆ + 1, where ∆ = ∆(G) is the maximum degree of G and ω = ω(G)

is the clique number of G, denoted ω = ω(G). A cornerstone of chromatic graph theory is

Brooks’ Theorem [2], which says that if χ = ∆+ 1 then G contains K∆+1 or is an odd cycle.

In this thesis we focus on graphs with chromatic number one less than this, that is, graphs with

χ(G) = ∆(G). Looming large in the study of such graphs is the following famous conjecture

from 1977.

Conjecture 1.1 (Borodin and Kostochka [1]). Let G be a graph with ∆ ≥ 9. Then χ = ∆

implies that G contains K∆ as a subgraph.

We will discuss what is currently known towards the Borodin-Kostochka Conjecture in

subsection 1.1. For now, let us just say that it is very much open, and that results presented in

this thesis can be seen as progress towards it.

In Chapter 3 of this thesis we prove several different results about graphs with χ = ∆ ≥ 9

which do not contain certain forbidden substructures; we will describe this in more detail in

subsection 1.2. It is worth noting that our work in Chapter 3 will require the technique of

Mozhan Partitions, which will be introduced in Chapter 2.
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Chapter 4 of this thesis is mainly focused on the proof of one theorem, which says that:

any graph with χ = ∆ ̸= 5, 6 either contains a Kω with average degree at least ∆− 1 or an odd

hole, that is a chordless odd cycle of length at least 5, with average degree at least ∆ − 1. We

will provide more context for this result in subsection 1.3.

1.1 The Borodin Kostochka Conjecture

The first comment to make about Conjecture 1.1 is that the ∆ ≥ 9 condition is necessary: the

graph C5(C3) obtained by blowing up C5 with triangles – that is, replacing each vertex in C5

with a triangle and replacing each edge with the complete bipartite graph K3,3 – has χ = ∆ = 8

but does not contain K8.

Conjecture 1.1 is known to be true when ∆ > 1014 (Reed [20]). It is also known to be

true when induced copies of certain small graphs are forbidden, in particular: the claw K1,3

(Cranston and Rabern [7]); P6 (Wu and Wu [24]), and P5 and C4 (Gupta and Pradhan [12],

with an improvement by Cranston, Lafayette and Rabern [6]). For our work in this thesis, the

following approximation results towards the Borodin-Kostochka Conjecture will turn out to be

very important; note that these build on prior work by Kostochka [15] and Mozhan [18].

Theorem 1.2 (Cranston and Rabern [9]). Let G be a graph with χ(G) = ∆(G).

(a) If ∆(G) ≥ 13 then G contains K∆(G)−3.

(b) If G contains no K∆(G), then it contains a K∆(G)−5 where every vertex in the clique has

degree ∆(G).

In order to make progress on Conjecture 1.1 many authors assume that ∆ is larger than

its minimum possible value of nine, for example Theorem 1.2(a) above, also Kostochha [15],

Mozhan [18], and Haxell and MacDonald [14]. One important one reason for this will become

apparent in Chapter 2. However Catlin [3] and Kostochka [15] both independently proved that

it suffices to prove Conjecture 1.1 for ∆ = 9 only. When G is a graph with χ = ∆ = 9 then

G is known to contain K5 (Borodin and Kostochka [1]); such a G is also known to contain a
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K4 in which all the vertices of the K4 have degree ∆ (Cranston and Rabern [9]). Cranston and

Rabern have shown that it is not necessary to find a full K9 in such graphs however, and in fact

the following conjecture is completely equivalent to Conjecture 1.1. Note that here and in what

follows, given graphs G1, G2, by G1∨G2 we mean the graph obtained by taking disjoint copies

of G1, G2 and then adding all possible edges between G1 and G2. By Et we mean the edgeless

graph on t vertices.

Conjecture 1.3 (Cranston and Rabern [8]). Any graph with χ = ∆ = 9 contains K3 ∨E6 as a

subgraph.

We have now seen that in order to prove Conjecture 1.1 we may restrict ourselves to graphs

with χ = ∆ = 9 and we need not find a full K9, but rather K3 ∨E6 suffices — and there is yet

one more significant restriction we can make. It is easy to show, using Brooks’ Theorem, that

it suffices to prove Conjecture 1.1 (and Conjecture 1.3) for vertex-critical graphs, that is, for

graphs G where χ(G− v) < χ(G) for all v ∈ V (G). Of course, thinking about Conjecture 1.1,

if G is vertex-critical with χ = ∆ = 9 and it contains K9 as a subgraph, then since χ(K9) = 9

we get G = K9, which is a contradiction since ∆(K9) = 8. So another completely equivalent

form of Conjecture 1.1 (and Conjecture 1.3) is that there are no vertex-critical graphs with

χ = ∆ = 9.

1.2 Forbidden Substructures

Here we outline in detail the results we will present in Chapter 3 of this thesis, all of which

will all have the following form: if G is a vertex-critical graph with χ = ∆ = 9 which does

not contain some special forbidden substructures, then G contains K3 ∨ E6 (or is close to

containing K3 ∨ E6).

The forbidden substructures we consider all have one of four basic forms – F,R,Q or S,

as depicted in Figure 1.1. In each of these figures, a path of length two with endpoints joined

by a dotted line indicates that the path is part of an odd hole in the larger graph G. The rest

of the structure need not be an induced subgraph in G, but we do specify the degree of certain
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vertices to be either ∆ or ∆ − 1 in G. These restrictions are given in Table 1.1; vertices not

listed in the table can have any degree in G. As an example, a graph G contains R2 if it contains

R as a subgraph, where: (v1, v6, v2) happens to be part of an odd hole in G; v1 and v2 can have

any degree in G; v6 has degree ∆ − 1 in G, and; all other vertices in R2 have degree ∆ in G.

It may be helpful to keep in mind that even vertices allowed to have any degree in G only have

two choices: it is easy to show that in any vertex-critical graph G with χ = ∆, all vertices must

have degrees ∆ or ∆− 1.

v3

v1

v2

v4

v6

v5

F

v1

v2

v3

v4 v5

v6

v7

v8

v1

v2

v3 v4

v5

v6

v7

v1

v2

v3

v4 v5

v6

v7

v8

v9

Q SR

Figure 1.1: The forbidden substructures F , R, Q, and S.

Graph ∆-Vertices (∆− 1)-Vertices
F v1, . . . , v6 ∅
R1 v1, . . . , v5, v7, v8, v9 v6
R2 v3, v4, v5, v7, v8, v9 v6
R3 v3, v4, v5, v7, v8, v9 v1, v6
R4 v3, v4, v5 v1, v6
R5 v3, v4, v5 v6, v7
R6 v3, v4, v5 v6
R7 v1, v2 v6, v7
R8 v3, v4 v1, v5, v6
R9 v3, v4 v5, v6, v7
R10 v1, . . . , v5 v6, v7
Q v1, . . . , v5 v6
S v3, v4 v5, v6

Table 1.1: Vertices in the F,R,Q, S forbidden substructures that are required to have degree ∆
or ∆− 1 in G. Vertices not listed can have any degree in G.

By forbidding certain groups of these structures, we can get that our target G contains all

of K3 ∨ E6; specially we can prove the following theorem.
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Theorem 1.4. Let G be a vertex-critical graph with χ = ∆ = 9 which does not contain any of

F,R1, R4, R5, R7, R8, R9. Then G contains K3 ∨ E6 as a subgraph.

The graphs R4, R5, R7 −R9 all contain S, since each contains three triangles intersecting

at a vertex of degree ∆−1 (with one of the triangles containing another vertex of degree ∆−1

and another of the triangles containing two vertices of degree ∆). So Theorem 1.4 also yields

the following corollary.

Corollary 1.5. Let G be a vertex-critical graph with χ = ∆ = 9 which does not contain any

of F,R1, S. Then G contains K3 ∨ E6 as a subgraph.

If we are okay with some edges of K3 ∨ E6 being missing, then we can get get more

relaxed forbidden subgraph conditions. In particular, we get the following, where by H−k we

mean a graph obtained from H by removing k edges.

Theorem 1.6. Let G be a vertex-critical graph with χ = ∆ = 9 which does not contain any of

F,R2, R5. Then G contains (K3 ∨ E6)
−4 as a subgraph.

Theorem 1.7. Let G be a vertex-critical graph with χ = ∆ = 9 which does not contain any of

F,R1, R3, R10. Then G contains (K3 ∨ E6)
−6 as a subgraph.

Theorems 1.6 and 1.7 also yield the following corollaries (since both R2 and R5 contain

R6, and since R1, R3, R10 all contain Q).

Corollary 1.8. Let G be a vertex-critical graph with χ = ∆ = 9 which does not contain any

of F,R6. Then G contains (K3 ∨ E6)
−4 as a subgraph.

Corollary 1.9. Let G be a vertex-critical graph with χ = ∆ = 9 which does not contain any

of F,Q. Then G contains (K3 ∨ E6)
−6 as a subgraph.

Observe that none of the forbidden substructures in our above theorems are necessarily

contained within either a K5, or a K4 having all vertices of degree ∆ – which is important,

since we know those structures must be present (in any graph with χ = ∆ = 9) by the above-

mentioned work of Borodin and Kostochka [1] and Cranston and Rabern [9], respectively. It
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is not obvious that a graph with χ = ∆ = 9 should be able to forbid all of the substructures

listed in our results above: but it can. In the final section of Chapter 3, we present an infinite

family of graphs with χ = ∆ = 9 which contain none of the substructures listed in Table 1 (or

listed in our above results). Of course, our infinite family of graphs are not vertex-critical: as

discussed above, finding a vertex-critical graph with χ = ∆ = 9 would amount to disproving

Conjecture 1.1. However, our forbidden substructure assumptions do not seem to get in the way

of vertex-criticality. In particular, Kostochka and Yancey [16] have established a lower bound

on the average degree for vertex-critical graphs; this bound implies that a vertex-critical graph

with χ = 9 must have average degree at least 8.75. All the members of our infinite family have

average degree higher than this, even while they forbid all our listed substructures.

1.3 High cliques and high odd holes

We say a subgraph H of a graph G is high if the vertices of H have average degree at least

∆(G)− 1 in G, where ∆(G) denotes the maximum degree of G. In particular, this means that

if K∆(G) is a subgraph of G, then it is a high subgraph. On the other hand, a copy of Kω(G) in

G, with ω(G) denoting the clique number of G, is not necessarily high when ω(G) < ∆(G).

In Chapter 4 of this thesis, we prove the following theorem.

Theorem 1.10. Let G be a graph with χ(G) = ∆(G) and ∆(G) ̸= 5, 6. Then G contains

either a high Kω(G) or a high odd hole.

In fact we conjecture that Theorem 1.10 holds for ∆(G) = 5 and ∆(G) = 6 as well; we

will see later why our current methods don’t extend to those cases.

When ∆(G) ≥ 9 our Theorem 1.10 is a (significant) weakening of the Borodin-Kostochka

Conjecture. When 3 ≤ ∆(G) ≤ 8 there are examples showing that G need not contain a K∆(G)

when χ(G) = ∆(G) (although it trivially does for ∆(G) ≤ 2). The afore-mentioned C5(K3) is

the only known example for ∆(G) = 8, but there are more for smaller values of ∆(G): Catlin

[3] defined seven examples for ∆(G) = 7 along with an infinite family for ∆(G) = 6, and it

is not hard to construct examples for 3 ≤ ∆(G) ≤ 5. The graph C5(K3) and the examples by

6



Figure 1.2: Two graphs with χ = ∆ = 4, one with a high odd hole but no high Kω (left), and
one with a high odd hole and no high Kω (right).

Catlin contain both a high Kω(G) and a high odd hole. However, the high odd hole is needed

in Theorem 1.10: the graph G on the left of Figure 1.2 was obtained from a construction of

Chvátal [5] by adding a pendant K3 and has χ(G) = ∆(G) = 4 but does not contain a high

K3 = Kω(G) (it does contain a high odd hole). The high Kω(G) is also needed in Theorem

1.10: plentiful examples can be made by taking a Kω(G) and attaching one or more pendant

structures, and the graph on the right in Figure 1.2 is another type of example by Xie [25].

Recall now the statement of Theorem 1.2, presented in subsection 1.1. The (b) part of this

theorem immediately implies the truth of Theorem 1.10 when ω(G) ≤ ∆(G) − 5 (in a very

strong way). Of course, such a (very) high K∆(G)−5 may not have many vertices in common

with any Kω(G)’s. In any case, we will use both parts (a) and (b) of Theorem 1.2 in our proof of

Theorem 1.10; they will allow us to assume that ω(G) ≥ ∆− 4 and that ω(G) ≥ ∆− 3 when

∆(G) ≥ 13.

We can prove that Theorem 1.10 holds for ∆(G) ≤ 4 using an elementary, self-contained

argument. But our proof that it holds for ∆(G) ≥ 7 requires both Theorem 1.2 and another

result concerning odd holes. Here and in what follows, a vertex v in a graph G is critical if

χ(G− v) < χ(G).

Theorem 1.11. Let G be a graph with χ(G) = ∆(G) ≥ 7, and suppose that G does not contain

K∆(G). Then the following are both true.

(a) (Xie [26]) Every critical vertex in G is contained in some odd hole.

(b) (Chen, Lan, Lin, and Zhou [4]) G contains an odd hole.

7



Theorem 1.11 (b) says that any counterexample to the Borodin-Kostochka Conjecture

contains an odd hole – but of course it gives us no indication of the vertex degrees in the odd

hole. In fact, we won’t find occasion to use Theorem 1.11(b) in our proof, but Theorem 1.11(a)

will be very important for us. It is worth noting that the required bound here of ∆(G) ≥ 7 is the

main reason why we need to exclude ∆(G) ∈ {5, 6} from our Theorem 1.10. There is some

hope to overcome this limitation in the future however: although the number 7 is present in

both Theorem 1.11(a) and (b), it is not certain to be required, at least not for Theorem 1.11(a)

[25]. The graph on the right in Figure 1.2 (due to Xie [25]) does show that neither part of

Theorem 1.11 holds for ∆(G) = 4.

Before proceeding to the main content of this thesis let us share one small result which

is similar in nature to Theorem 1.10 but which we have not otherwise seen in the literature.

Namely, we prove the following strengthening of a classic theorem on chromatic number (due

independently to Gallai [11], Hasse [13], Roy [21] and Vitaver[22]).

Theorem 1.12. If G is a graph with χ(G) = t for some positive integer t, then G contains a

path of length t whose vertices all have degree at least t− 1.

Proof. Consider the set of all vertices with degree at least t − 1 in G, and let H be the graph

they induce. If H does not contain a copy of Pt, then χ(H) ≤ t− 1 by the Gallai–Hasse–Roy–

Vitaver Theorem; let φ be a (t−1)-coloring of H . But then since every vertex outside of H has

degree at most t− 2, we can greedily extend φ to a (t− 1)-coloring of G, contradiction.

It is worth noting that Theorem 1.12 finds structures where all vertices have large degree,

while our Theorem 1.10 finds a structure with high average degree. Theorem 1.2(b) finds that

any graph G with χ(G) = ∆(G) contains a K∆(G)−5 where every vertex has degree ∆(G),

indeed every vertex is very high. Cranston and Rabern state in [8] that they suspect Theorem

1.2(b) could be improved to a K∆(G)−4. This has been confirmed for several cases: when

∆(G) ≡ 1(mod3) [8], when ∆(G) = 6 [19], and when ∆(G) = 7 [17]. While Theorem 1.2(b)

does find a clique where every vertex is very high, the size of said clique may be well below

the clique number.
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In contrast, when our Theorem 1.10 produces a clique with high average degree, we know

the clique is as large as possible. Our proof methods for Theorem 1.10 limit us to only finding

structures with high average degree, but we have not yet encountered an example which shows

that our structures do not have every vertex high. We have however found many examples with

χ(G) = ∆(G) where every Kω(G) and odd hole subgraph contains one or more vertices of

degree ∆(G) − 1, the simplest of which is any clique with an isolate appended. See also the

graph O5 in [8] and the aforementioned graphs defined by Catlin [3] with ∆ = 6, 7. Therefore

Theorem 1.10 cannot be strengthened to find a subgraph where every vertex has degree ∆(G),

but we do conjecture that the following may be true: G a graph with χ(G) = ∆(G). G contains

either a Kω(G) where every vertex is high or an odd hole where every vertex is high.

9



Chapter 2

Mozhan Partitions

We now introduce Mozhan Partitions, a technique which will be the main tool used to prove

our results in Chapter 3. This method was first developed by Mozhan [18], and we follow the

notation used by Kostochka, Rabern, and Stiebitz in [17], with a few minor simplifications.

Let G be a vertex-critical graph with χ = 1+ t1 + · · ·+ tp ≥ 4, for some positive integers

t1, . . . , tp, p. Then a (t1, . . . , tp)-partition of G is a sequence (v,X1, . . . , Xp) where v ∈ V (G)

is called the special vertex, X1, . . . , Xp is a partition of V (G) \ {v}, and χ(G[Xi]) = ti for i =

1, . . . , p. Such a partition is easily obtained from any χ-coloring of G where one color class has

size one (always possible since G is vertex-critical), by simply taking v to be this special color

class of size one, and then grouping ti of the color classes together to form Xi, for all i. This

way of making a (t1, . . . , tp)-partition of G means that the only edges in G[Xi] are between the

ti color classes of Xi. A (t1, . . . , tp)-partition of G is said to be optimal if |E[X1]|+· · ·+|E[Xp]|

is minimum over all (t1, . . . , tp)-partitions of G, where E[X] = E(G[X]).

Given any vertex-critical graph G with χ ≥ 1, an old result of Dirac [10] tells us that G is

(χ − 1)-edge-connected, and hence that the minimum degree in G is at least χ − 1. We call a

vertex in G high if its degree is ≥ χ in G, and low if its degree is < χ. Note that in the case

χ = ∆ we are interested in, our high vertices will all have degree ∆ and our low vertices will

all have degree ∆− 1. An optimal (t1, . . . , tp)-partition of G is said to be proper if the special

vertex v is low.

The following result is the cornerstone of the Mozhan partition method and is fundamental

to our work; a short proof, which uses Brooks’ Theorem, is written in [17]. Here and in what

follows, for a vertex a ∈ V (G) and a vertex set X ⊆ V (G), we let NX(a) = N(a)∩X and we
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let dX(a) = |NX(a)|. If (v,X1, . . . , Xp) is a (t1, . . . , tp)-partition of G, then by X∗
i we mean

the component of G[{v} ∪Xi] containing v, for any 1 ≤ i ≤ p.

Theorem 2.1 (Mozhan [18]). Let G be a vertex-critical graph and let (v,X1, . . . , Xp) be an

optimal (t1, . . . , tp)-partition of G. Then the following statements hold:

1. χ(X∗
i ) = ti + 1 and dXi

(v) ≥ ti for all i.

2. If v is a low vertex of G, then dXi
(v) = ti for all i.

3. If dXi
(v) = ti for some i, then either X∗

i = Kti+1 or ti = 2 and X∗
i is an odd cycle.

In terms of how to picture proper (t1, . . . , tp)-partitions, see Figure 2.1 for an example of

a proper (t1, . . . , tp)-partition where all ti = χ(Xi) ≥ 3 except for t3 = χ(X3) = 2; note that

each of the components X∗
i are cliques, except for X∗

3 , which is an odd cycle.

X1

X2

X3

Xp

ut1

v

u1
u2
u3

wt2
w1 w2

w3

ztp
z1 z2

z3

G

y1

y2
y2k
k ≥ 1

X∗
1

X∗
2

X∗
3

X∗
p

Figure 2.1: General Mozhan partition

If a vertex-critical graph G has χ ≥ 10, then we can always get a (t1, t2, t3)-partition of

G where ti ≥ 3 for all i (via our above discussion) and hence Theorem 2.1(3) always gives
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a clique instead of odd cycle. This is why it is convenient to assume χ ≥ 10 when using the

method of Mozhan partitions, but we will not have that luxury in this thesis.

In addition to Theorem 2.1, we will also use two other theorems from [17] concerning

these partitions.

Theorem 2.2 (Kostochka, Rabern, and Stiebitz [17]). Let G be a vertex-critical graph and let

(v,X1, . . . , Xp) be a proper (t1, . . . , tp)-partition of G. If y ∈ V (X∗
i ) \ v is a low vertex of G

for some i, and y has a neighbor in X∗
j \ {v} for some j ̸= i, then NXj

(v) = NXj
(y).

Let P = (v,X1, . . . , Xp) be an optimal (t1, . . . , tp)-partition of G and say vertex y ∈ Xj

for some j. Let Yi = Xi if i ̸= j and let Yj = (Xj∪{v})/{y}; we say that P ′ = (y, Y1, . . . , Yp)

is obtained by swapping v with y in P . We can see that P ′ is a (t1, . . . , tp)-partition of G if

and only if χ(G[Yj]) = tj . The following theorem (in fact a combination of two theorems from

[17]) provides conditions for when swapping maintains the property of being optimal, or even

being proper.

Theorem 2.3 (Kostochka, Rabern, and Stiebitz [17]). Let G be a vertex-critical graph, let

P = (v,X1, . . . , Xp) be a (t1, . . . , tp)-partition of G, and let y ∈ V (X∗
j ) \ v.

1. If P is optimal and dXj
(v) = tj , then swapping v for y in P yields an optimal (t1, . . . , tp)-

partition of G.

2. If P is proper and y is low, then swapping v for y in P yields a proper (t1, . . . , tp)-

partition of G.

12



Chapter 3

Chromatic number and maximum degree both equal to nine

Sections 3,1, 3.2, and 3.3 present the proofs of Theorems 1.4, 1.6, and 1.7, respectively. Section

3.4 provides a description of an infinite family of graphs as promised in the introduction.

3.1 Containing K3 ∨ E6

Theorem 1.4. Let G be a vertex-critical graph with χ = ∆ = 9 which does not contain any of

F,R1, R4, R5, R7, R8, R9. Then G contains K3 ∨ E6 as a subgraph.

Proof. Since G is vertex-critical with χ = 9, we may choose an optimal (2, 3, 3)-partition of

G, say P = (v,X, Y, Z).

Claim 1. We may assume that the special vertex v of P is low, and hence that P is proper.

Proof of Claim. By Theorem 2.1(1), v has at least two edges into X and at least three edges

into both Y and Z. Suppose, for a contradiction, that v is high – then it has degree 9, so it has

one additional edge to some part X, Y , or Z. Since x does not meet the hypothesis for Theorem

2.1(3) for some part, the corresponding graph may not be a clique or an odd cycle. However,

Theorem 2.1(3) does apply for the other two parts and hence the corresponding graphs there are

cliques or odd cycles. But then G contains the basic structure of F with v3 = v a high vertex.

Since G does not contain F , at least one of v1, v2, v4, v5, v6 must be a low vertex. But then by

Theorem 2.3(1), we can swap v with this low neighbor, obtaining an optimal (2,3,3)-partition

where the special vertex is low.

Consider now Algorithm 1. This algorithm performs a sequence of vertex swaps to grad-

ually change our proper (2,3,3)-partition P = (v,X, Y, Z), while maintaining that we indeed
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have a proper (2,3,3)-partition. Once a pair of vertices are swapped in the algorithm, we say that

both of them have moved, a designation they will carry for the remainder of the algorithm. Each

time a vertex moves, we create a new partition. We begin the algorithm with our original P and

denote the partition when a certain vertex vi is special by Pi = (vi, Xvi , Yvi , Zvi). Furthermore,

we use X∗
vi
, Y ∗

vi
, Z∗

vi
to denote the components of G[Xvi ∪ {vi}], G[Yvi ∪ {vi}], G[Zvi ∪ {vi}]

containing vi, respectively. Note that in our original partition P = (v,X, Y, Z) (which we

label as P = (v1, Xv1 , Yv1 , Zv1)), since v = v1 is low, Theorem 2.1(2) and Theorem 2.1(3)

implies that X∗
v1

is an odd cycle and that Y ∗
v1
, Z∗

v1
are cliques (each of size four). The algorithm

only ever swaps a pair of low vertices so by Theorem 2.3(2), (vi, Xvi , Yvi , Zvi) will be a proper

(2,3,3)-partition throughout the algorithm, and hence by Theorem 2.1(3) we know X∗
vi

will be

an odd cycle and Y ∗
vi
, Z∗

vi
will be cliques (each of size four) throughout the algorithm. Given

any Pi, we may refer to Xvi as the X-set or the cycle part, while we may refer to Yvi , Zvi as the

the Y -set or Z-set, respectively, or as the clique parts.

Algorithm 1 begins by swapping the special vertex v = v1 with any low neighbor of v1.

After that, the algorithm alternates between a swap involving the Y -set, and a swap involving

either the X-set or the Z-set (with a preference for the X-set). Note that the condition for

swapping with an X-set or Z-set is stricter than the condition for swapping with the Y -set. See

Figure 3.1 for an example of of a sequence of three swaps in Algorithm 1. Depicted in Figure

3.1 are the following swaps: iteration i we imagine that vi has just been swapped out of the

X-set in the previous step, so we swap vi with some wi ∈ Y ; in iteration i + 1 we swap the

new vi+1 with wi+1 ∈ Z (meaning vi+1 must have a low neighbor in the X-set that has already

moved), and; in iteration i+ 2 we swap the new vi+2 with wi+2 ∈ Y .

Algorithm 1 makes sense as written because we have forbidden R1, R5 and R7. First,

we need to ensure that in iteration 1, the vertex v1 has a low neighbor, and forbidding R1

accomplishes this. Secondly, in iteration i(2), we need to ensure that the condition on the low

vertices in the X-set or Z-set is not met vacuously, that is, we need to ensure that if one of these

conditions is met then there is at least one low neighbor in the X-set or Z-set, respectively, to

swap with. So if the special vertex vi has just swapped out of the Y -set, we want it to have at
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least one low neighbor in both the X-set and the Z-set. In this scenario, vi has a low neighbor

in the Y -set (the vertex it just swapped with), and forbidding R5 and R7 forces vi (v6) to have

a low neighbor in both the X-set and the Z-set.

X

Y

Z

vi

wi vi

wi=vi+1

wi+1

wi+2

wi+1=vi+2

Iteration i Iteration i+ 1 Iteration i+ 2

vi+1

X X

Y Y

Z Z

Figure 3.1: Example of three successive iterations of Algorithm 1

Algorithm 1.

• Initialize: P1 = P , v1 = v, and i = 1.

• Iteration 1: In P1, swap v1 with a low neighbor w1 in one of Xv1 , Yv1 , Zv1 , setting

j1 = 1, 2, or 3, respectively. Set v2 = w1 and let P2 be the resulting proper (2,3,3)-

partition (v2, Xv2 , Yv2 , Zv2).

• Iteration i, i ≥ 2:

(1) If ji−1 ∈ {1, 3}:

In Pi, if there exists a low vertex wi ∈ Y ∗
vi
\{vi} that has never moved, then swap vi

with wi, set ji = 2, set vi+1 = wi, let Pi+1 be the resulting proper (2,3,3)-partition,

and iterate. Otherwise, terminate the algorithm.

(2) If ji−1 = 2:

In Pi, if every low neighbor of vi in X∗
vi

has never moved, then swap vi with some

such low neighbor wi, set ji = 1, set vi+1 = wi, let Pi+1 be the resulting proper

(2,3,3)-partition, and iterate. Otherwise, if every low vertex in Z∗
vi
\{vi} has never

moved, then swap vi with some such low vertex wi, set ji = 3, set vi+1 = wi, let

Pi+1 be the resulting proper (2,3,3)-partition, and iterate. Otherwise, terminate the

algorithm.
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In Algorithm 1, each time we swap a pair of vertices, we are swapping the special ver-

tex with a vertex that has never moved before. Since the graph is finite, this means that the

algorithm must terminate eventually. We divide the remainder of our proof into two cases,

depending on whether our algorithm terminated due to the stopping condition in (1) or in (2)

above. In both cases we will show the existence of the desired subgraph K3 ∨ E6.

Case 1: At termination, ji−1 = 2.

In this case, at termination, we know that vi was swapped out of the Y -set in the previous

step (since ji−1 = 2). Moreover, we know that the special vertex vi has a low neighbor a ∈ Xvi

and a low neighbor b ∈ Zvi , both of which have already moved. Suppose that a moved before

b. (The argument of this case is almost exactly the same if b moved before a, so we omit those

details to avoid repetition.) Since a moved before b, we know that b cannot be the initial special

vertex v1. So given the algorithm’s alternating pattern, and the fact that b ∈ Zvi , we know that

b must have swapped out of the Y -set in a previous step. Let b′ be the vertex that was special

when this swap occurred; note that after this swap b′ remains in the Y -set until the algorithm

terminates.

Consider the point in the algorithm when a was special. Since a moves before both vi and

b, it must be that vi, b ∈ Ya. Furthermore, since a ∼ vi ∼ b, we have vi, b ∈ Y ∗
a . In addition, a

must have one more neighbor in the clique Y ∗
a , call it m. So V (Y ∗

a ) = {a, vi, b,m}.

Claim 2. The vertex m does not move after a moves.

Proof of Claim. Assume for contradiction that m did move at some point in the algorithm after

a moves. First, we assume that m moves after a but before b. Then consider the point in the

algorithm when m is special (so immediately after it swapped out of the Y -set). Since m ∼ a

and a moves into the X-set, a ∈ X∗
m. Since a is a neighbor of m that has already moved, m

must move into the Z-set. But then when b becomes the special vertex later in the algorithm,

we would have a ∈ X∗
b and m ∈ Z∗

b (since b ∼ a,m), and both a,m have moved. So the

algorithm should have terminated when b was the special vertex, contradiction. We may now

16



assume that m moves after both a and b. But then when m is special, we would already have

a ∈ X∗
m and b ∈ Z∗

m, and the algorithm should have terminated at this point, contradiction.

Claim 3. vi ∼ b′.

Proof of Claim. Consider the point in the algorithm when b was special. We know that vi has

not moved out of the Y -set yet (since it is special at termination). So since b ∼ vi, we get

vi ∈ Y ∗
b . In addition, b′ has just swapped into the Y -set (because b′ is the vertex that swaps

with b to make b special). So b′ ∈ Y ∗
b as well, meaning that vi ∼ b′.

Claim 4. m, b′ ∈ Y ∗
vi

.

Proof of Claim. Consider the final partition Pi at termination. Since m ∼ vi and m does not

move after a (by Claim 2), we get that m ∈ Y ∗
vi

. On the other hand, since vi ∼ b′ (by Claim 3)

and since b′ remains in the Y -set until termination, we also get that b′ ∈ Y ∗
vi

.

Let us now assemble everything we know about the partition Pi with special vertex vi. We

know by assumption that a ∈ X∗
vi

, b ∈ Z∗
vi

, and Claim 4 tells us that m, b′ ∈ Y ∗
vi

. Let us label

now the other vertices adjacent to vi in X∗
vi
, Y ∗

vi
and Z∗

vi
: let u1 be this other vertex in the X-set,

let u2 be this other vertex in the Y -set, and let u3, u4 be these other two vertices in the Z-set.

See the leftmost picture in Figure 3.2, where edges we currently know exist are indicated with

thin edges, and edges we are about to find (in Claim 5) are indicated with thick edges. The thin

edges in the picture come from X∗
vi
, Y ∗

vi
, Z∗

vi
as just described, plus the triangle (a, b,m) which

is a part of the clique Y ∗
a , and the edge b ∼ b′. Our final goal is the K3 ∨ E6 pictured on the

right of Figure 3.2. In particular, we have already established that {vi,m, b} induces a K3, and

we have already established that vi is adjacent to all of the vertices in our proposed E6 (namely

a, b′, u1, u2, u3, u4). We already know that m ∼ a, b′, u2 and that b ∼ a, u3, u4. So it remains

only for us to show that m ∼ u1, u3, u4 and that b ∼ u1, u2. That is, Claim 5 will complete this

case (of ji−1 = 2).

Claim 5. m ∼ u1, u3, u4 and b ∼ u1, u2.
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u3

u4
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vi

mm

Figure 3.2: On the left we see the partition Pi at the termination of Algorithm 3.1; the graph to
the right illustrates the final result: a K3 ∨ E6.

Proof of Claim. In order to show that b ∼ u2, we apply Theorem 2.2: since b is low and

b ∈ Z∗
vi
\ {vi}, and since b ∼ m with m ∈ Y ∗

vi
\ {vi}, we have that NYvi

(vi) = NYvi
(b), and

thus b ∼ u2 since vi ∼ u2 (see Figure 3.2).

In order to show m ∼ u3, u4, we again apply Theorem 2.2: m is low and m ∈ Y ∗
vi
\ {vi},

and since m ∼ b (by the last paragraph) and b ∈ Z∗
vi
\ {vi}, we have that NZvi

(vi) = NZvi
(m),

and thus m ∼ u3, u4 since vi ∼ u3, u4 (see Figure 3.2).

It remains now to show that u1 ∼ m, b, for which we again apply Theorem 2.2: m, b are

both low with m ∈ Y ∗
vi
\ {vi} and b ∈ Z∗

vi
\ {vi}, and since m, b ∼ a with a ∈ X∗

vi
\ {vi},

we have that NXvi
(vi) = NXvi

(m) = NXvi
(b), and thus m, b ∼ u1 since vi ∼ u1 (see Figure

3.2).

Case 2: At termination, ji−1 ∈ {1, 3}.

In this case, at termination, we know that vi was either swapped out of the X-set or the

Z-set in the previous step (since ji−1 ∈ {1, 3}). Moreover, every low neighbor of vi in Yvi has

already moved. Since vi either swapped out of the X-set or the Z-set, it certainly has a low

neighbor in whichever set it just swapped out of (the vertex that it swapped with to become

special). Since G does not contain R4, R5, we cannot have that all the neighbors of vi in

the Y -set are high. Since G does not contain R8, R9, we cannot have that exactly two of the

neighbors of vi in the Y -set are high. Thus, vi has two low neighbors in Yvi , call them a′, b′.
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By the assumption on this case, a′, b′ have already moved; let a, b be the vertices that a′, b′

swapped with, respectively, when they swapped into the Y -set. Note that a, b ̸= vi, since by the

assumption of this case, vi just swapped out of the X-set or the Z-set, not the Y -set. Without

loss, say that a′ swapped into the Y -set before b′. In fact, assume that a′ was the first of any of

the low vertices in Y ∗
vi

to swap into the Y -set, followed by b′ second. In particular, this means

that a′ was already in the Y -set when b′ moved in.

Claim 6. The vertices {a, a′, b, b′} induce a clique with the possible exception of the edge ab′.

(In fact we will find later that ab′ exists.)

Proof of Claim. Edges aa′ and bb′ exist by definition of a, b. As a′, b′ ∈ Y ∗
vi

, which is a clique,

they are adjacent. Consider the point at which b′ was special: at this point we must have had

a′, b in the Y -set, and since both are adjacent to b′, we get that a′, b ∈ Y ∗
b′ which is a clique, so

a′ ∼ b. Similarly, we consider the point where a′ was special: at this point we must have had

that a, b in the Y -set, and since both are adjacent to a′, we get that a, b ∈ Y ∗
a′ which is a clique,

so a ∼ b.

We know that a, b were swapped out of the Y -set by a′, b′, respectively. The following

claim gives more information about what happened immediately after each one of those swaps.

Claim 7. After a swaps out of the Y -set, it must swap into the X-set. After b swaps out of the

Y -set, it must swap into the Z-set.

Proof of Claim. When a is special, it has a low neighbor a′ in the Y -set. Since G does not

contain R7, it must be that a has some low neighbor in the X-set at this point. Since a just

swapped out of the Y -set (it swapped with a′), the algorithm will look to move a into the X-set

if possible. If it is not possible, it is because some low neighbor of a in the X-set has already

moved; assume for a contradiction that this is the case. Since we guaranteed that this condition

cannot be met vacuously, we may assume that when a was special, it had some low neighbor c

in X∗
a which had already moved, and so a swapped into the Z-set.

Consider the point in the algorithm when c was special. This must be before a, b swap out

of the Y -set. At this point, a ∈ Y ∗
c , and as a and b are adjacent, b ∈ Y ∗

c , so we have b ∼ c.
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Consider now the (later) point in the algorithm when b was special. This was after a, c had both

moved. At this point, c ∈ X∗
b and a ∈ Z∗

b . Then since a, c are low neighbors of b that have

already moved, the algorithm should have terminated here by the stopping condition in (2).

This is a contradiction since we assumed the algorithm terminated by the stopping condition in

(1). So the first sentence of our claim statement is true.

Consider now the point in the algorithm when b was special. We know that b just swapped

out of the Y -set (swapped with b′), so the algorithm will first look to swap b into the X-set if

possible. But this is not possible here, because we know that a is in the X-set at this point (by

the first sentence of our claim), and a ∼ b by the previous claim, and a has already moved.

So, the algorithm will next look to swap b into the Z-set if possible. But we know it must be

possible, since the algorithm doesn’t terminate at this point (it terminates when vi ̸= b is the

special vertex). So we also get that the second sentence of our claim statement is true.

Consider the point in the algorithm when b′ is special, just before it swaps b out of the

Y -set. We know that a′ must have swapped into the Y -set at some prior step (swapping a out).

Since b′ ∼ a′, b by Claim 6, we get that a′, b ∈ Y ∗
b′ . Then Y ∗

b′ is a K4 made of b′, a′, b, and some

other vertex m. We now analyze this vertex m.

Claim 8. The vertex m never moves, and m ∼ a.

Proof of Claim. Assume to the contrary that m did move at some step before termination. First

we assume m has already moved when b′ is special. Then since m ∈ Yb′ , it must remain in the

Y -set until the algorithm terminates. At termination, a′, b′ ∈ Y ∗
vi

and since a′, b′ ∼ m, we have

m ∈ Y ∗
vi

. But since m swapped into the Y -set before b′, we contradict our assumption that b′

was the second low neighbor of vi in Yvi to swap into the Y -set, after a′.

We next assume for contradiction that m moved after b′ was special. We consider the

partition when a′ was special; we know this is before b′ was special because we have assumed

that a leaves the Y -set before b. At this step, none of the vertices a, b,m have moved yet, so

they are all in the Y -set. Then a, b,m ∈ Y ∗
a′ , so in particular m ∼ a, b. Since we are assuming

that m moves after b′, it must move after a and b, so we consider the later point in the algorithm
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when m is special. By Claim 7, a would be in the X-set and b in the Z-set by this point. Since

m just moved out of the Y -set, the algorithm will look to swap m into either the X-set or Z-set.

But since m has a low neighbor in both of these sets that has already moved (a, b), the algorithm

would terminate by the stopping condition in (2), which is a contradiction since we assumed

the algorithm terminated by the stopping condition in (1).

Since we have established that m never moves, consider the point at which a′ is special.

Then a ∈ Y ∗
a′ , and since m ∼ a′ and m ∈ Ya′ , we get that m ∈ Y ∗

a′ , and hence m ∼ a.

We now return our focus to the final partition at termination. Here vi is special with

a′, b′ ∈ Y ∗
vi

and a, b, in the X-set and Z-set, respectively, by Claim 7. Since m never moves,

it remains in the Y -set, and since m ∼ a′, b′, we have m ∈ Y ∗
vi

. In order to achieve our final

structure, we propose making one additional swap. We swap vi with a′, making a′ the special

vertex. As a′ is low, this new partition is still proper by Theorem 2.3(2). Call this new partition

(a′, Xa′ , Ya′ , Za′).

Let us now assemble everything we know about this new partition with special vertex a′.

We know that vi,m, b′ ∈ Y ∗
a′ , and we know that a ∈ X∗

a′ since a ∼ a′ by definition and b ∈ Z∗
a′

since a′ ∼ b by Claim 6. Let us label now the other vertices adjacent to a′ in X∗
vi

and Z∗
vi

:

let u1 be this other vertex in the X-set and let u2, u3 be these other two vertices in the Z-set.

See the leftmost picture in Figure 3.3, where edges we currently know exist are indicated with

thin edges, and edges we are about to find (in Claim 9) are indicated with thick edges. The

thin edges in the picture come from X∗
vi
, Y ∗

vi
, Z∗

vi
as just described, plus m ∼ a (by Claim 8),

a ∼ b (by Claim 6), and b ∼ b′. Our final goal is the K3 ∨ E6 pictured on the right of Figure

3.3. In particular, we have already established that {a′, b′, b} induces a K3 by Claim 6, and we

have already established that a′ is adjacent to all of the vertices in our proposed E6 (namely

vi,m, a, u1, u2, u3). We already know that b′ ∼ vi,m, b and that b ∼ a, u2, u3, b
′. So it remains

only for us to show that b′ ∼ a, u1, u2, u3 and that b ∼ vi,m, u1. That is, Claim 9 will complete

this case (of ji−1 ∈ {1, 3}).

Claim 9. b′ ∼ a, u1, u2, u3 and b ∼ vi,m, u1.
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Figure 3.3: On the left we see the partition (a′, Xa′ , Ya′ , Za′); the thick edges are those found
in Claim 9; the graph to the right illustrates the final result: a K3 ∨ E6.

Proof of Claim. In order to show that b ∼ vi,m, we apply Theorem 2.2: since b is low and

b ∼ b′ with b′ ∈ Y ∗
a′ \ {a′}, we have that NYa′

(a′) = NYa′
(b), and thus b ∼ vi,m because

a′ ∼ vi,m. (See Figure 3.3).

In order to show that b′ ∼ u2, u3, we apply Theorem 2.2 again: since b′ is low and b′ ∼ b

with b ∈ Z∗
a′ \{a′}, we have that NZa′

(a′) = NZa′
(b′), and thus b′ ∼ u2, u3 because a′ ∼ u2, u3.

(See Figure 3.3).

To show that b′ ∼ a, we again apply Theorem 2.2: since a is low and a ∼ m with

m ∈ Y ∗
a′ \ {a′}, we have that NYa′

(a′) = NYa′
(a), and thus a ∼ b′ since a′ ∼ b′. (See Figure

3.3).

It remains to show that b, b′ ∼ u1, for which we again apply Theorem 2.2: since b, b′

are both low and b, b′ ∼ a (by our last line) with a ∈ X∗
a′ \ {a′}, we have that NXa′

(a′) =

NXa′
(b′) = NXa′

(b), and thus b, b′ ∼ u1 since a′ ∼ u1. (See Figure 3.3).

3.2 Containing (K3 ∨ E6)
−4

This section contains the proof of Theorem 1.6, which is restated below.
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Theorem 1.6. Let G be a vertex-critical graph with χ = ∆ = 9 which does not contain any of

F,R2, R5. Then G contains (K3 ∨ E6)
−4 as a subgraph.

Proof. Since G is vertex-critical with χ = 9, we may choose an optimal (2,3,3)-partition of G,

say P = (v,X, Y, Z). We use the same argument as in Claim 1 of Theorem 1.4 to assume that

the special vertex v is low and hence that P is a proper (2, 3, 3)-partition of G.

Consider now Algorithm 2, which we will discuss using the same notation and terminol-

ogy as Algorithm 1. In fact, the two algorithms are very similar, with two key differences. The

first difference is that switches into the X-set (i.e. the cycle part) are not allowed in Algorithm

2. In particular, this affects iteration 1, where we look to swap into either the Y -set or the Z-set,

and also iteration i(2), where we look only to swap into the Z-set. The second key difference

between Algorithm 1 and Algorithm 2 is that in iteration i(1), we raise the bar for the swapping

condition into the Y -set – we now need every low vertex in Yv∗i
\vi to have never moved, rather

than just having one that has never moved. Note that this means we have symmetric swapping

conditions in i(1) and i(2), which is different from Algorithm 1.

Algorithm 2 makes sense as written because we have forbidden R2 and R5. First, we need

to ensure that in iteration 1, the vertex v1 has a low neighbor in one of the clique parts, and

forbidding R2 accomplishes this. Secondly, in iteration i, we need to ensure that the condition

on the low vertices in the Y -set or the Z-set is not met vacuously, that is, we need to ensure

that if the condition in (1) or (2) is met, then there is at least one low vertex in the Y -set or the

Z-set, respectively, to swap with. So if the special vertex vi has just swapped out of the Y -set,

we want it to have at least one low neighbor in the Z-set. In this scenario, vi has a low neighbor

in the Y -set (the vertex it just swapped with), and forbidding R5 forces vi (v6) to have a low

neighbor in the Z-set. Similarly, a special vertex vi which has just swapped out of the Z-set

will be forced to have a low neighbor in the Y -set.

In Algorithm 2, just as in Algorithm 1, we get termination because swaps must always

involve a vertex that has never moved before. In the proof of Theorem 1.4, we needed two

different cases to find our target structure, depending on whether Algorithm 1 stopped due to
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condition (1) or condition (2). However now in Algorithm 2, these two conditions are symmet-

ric, and indeed the sets Y, Z can be relabelled without loss of generality if we wish. Hence, we

may assume without loss that Algorithm 2 terminates by the stopping condition in (1), that is,

when ji−1 = 2.

Algorithm 2.

• Initialize: P1 = P , v1 = v, and i = 1.

• Iteration 1: In P1, swap v1 with a low neighbor w1 in Yv1 or Zv1 , setting j1 = 1

or 2, respectively. Set v2 = w1 and let P2 be the resulting proper (2, 3, 3)-partition

(v2, Xv2 , Yv2 , Zv2).

• Iteration i, i ≥ 2:

(1) If ji−1 = 2:

In Pi, if every low vertex in Y ∗
vi
\ vi has never moved, then swap vi with some such

low vertex wi, set ji = 1, set vi+1 = wi, let Pi+1 be the resulting proper partition

(2, 3, 3)-partition, and iterate. Otherwise, terminate the algorithm.

(2) If ji−1 = 1:

In Pi, if every low vertex in Z∗
vi
\vi has never moved, then swap vi with some such

low vertex wi, set ji = 2, set vi+1 = wi, let Pi+1 be the resulting proper partition

(2, 3, 3)-partition, and iterate. Otherwise, terminate the algorithm.

Consider the special vertex vi at termination. Since ji−1 = 2, vi has just swapped out of the

Z-set and has a low neighbor a′ ∈ Y ∗
vi

which has already moved. Let one of the other vertices in

Y ∗
vi
\{a′} be called m. Then, in particular, m ∼ a′. When a′ moved into the Y -set in some prior

step, it must have swapped a vertex out, call it a. Then because of our algorithm’s alternating

pattern, we know a must have swapped into the Z-set, where it remains at termination.

Claim 10. The vertex m never moves, and a ∼ m.
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Proof of Claim. Assume to the contrary that m moves at some step in the algorithm. We know

that m is in the Y -set at termination, so it must swap into the Y -set either before or after a′

does.

First assume for a contradiction that m swapped into the Y -set before a′ did. We consider

the step in the algorithm when a′ was special, just before it swapped into the Y -set. Since

m ∼ a′, we have that m ∈ Y ∗
a′ , but then the algorithm should have terminated at this step by

the stopping condition in (1) since m has already moved. Since a′ ̸= vi, this is a contradiction.

Now assume for a contradiction that m swapped into the Y -set after a′ did. We consider

the step in the algorithm when m was special, just before it swapped into the Y -set. We find the

same contradiction as in the first case: m ∼ a′ implies that a′ ∈ Y ∗
m. Then since a′ has already

moved, the algorithm should have terminated at this point, but m ̸= vi, contradiction. Thus m

never moves.

Since m never moves, it resides in the Y -set for every step of the algorithm. Thus, it is

in the Y -set with a before a moves. In particular, since a ∼ a′ ∼ m, we get a,m ∈ Y ∗
a′ , so

a ∼ m.

We consider again the final partition at termination. Here vi is special, m, a′ ∈ Y ∗
vi

, and

a is in the Z-set. In order to achieve our final structure, we perform one additional swap. We

swap a′ with vi so that a′ is special and vi is in the Y -set, and a,m remain where they are.

Since a′ is low, this new partition is still proper by Theorem 2.3(2). Call this new partition

(a′, Xa′ , Ya′ , Za′).

We now assemble everything we know about this new partition with special vertex a′. We

know that vi,m ∈ Y ∗
a′ and a ∈ Z∗

a′ . Let us label now the other vertices adjacent to a′ in X∗
a′ , Y

∗
a′

and Z∗
a′: let u1, u2 be these other vertices in the X-set, let u3 be this other vertex in the Y -set,

and let u4, u5 be these other two vertices in the Z-set. As Y ∗
a′ and Z∗

a′ are cliques, we have that

{m, vi, u3} and {a, u4, u5} induce cliques, and we also know that a ∼ m by Claim 10. Our

final goal is a (K3 ∨ E6)
−4. In particular, we will show that {a′, a, vi} can play the role of K3

for this structure, and that {m,u1, . . . , u5} can play the role of E6, with the four potentially

missing edges being those between {u1, u2} and {vi, a}. We have already established that a′
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is adjacent to all of the vertices in our proposed E6 (namely m,u1, . . . , u5). We also already

know that vi ∼ m,u3 and that a ∼ m,u4, u5. So it remains only for us to show that a ∼ vi, u3

and vi ∼ u4, u5. That is, Claim 11 will complete the proof of Theorem 1.6.

Claim 11. a ∼ vi, u3 and vi ∼ u4, u5.

Proof of Claim. In order to show that a ∼ vi, u3, we apply Theorem 2.2: since a is low and

a ∼ m with m ∈ Y ∗
a′ \ {a′}, we have that NYa′

(a′) = NYa′
(a), and thus a ∼ vi, u3 since

a′ ∼ vi, u3. To show that vi ∼ u4, u5, we apply Theorem 2.2 a second time: since vi is low and

vi ∼ a (by our previous line) with a ∈ Z∗
a′ \ {a′}, we have that NZa′

(a′) = NZa′
(vi), and so

vi ∼ u4, u5 because a′ ∼ u4, u5.

3.3 Containing (K3 ∨ E6)
−6

We now prove Theorem 1.7, which is restated below.

Theorem 1.7. Let G be a vertex-critical graph with χ = ∆ = 9 which does not contain any of

F,R1, R3, R10. Then G contains (K3 ∨ E6)
−6 as a subgraph.

Proof. Since G is vertex-critical with χ = 9, we may choose an optimal (2,3,3)-partition of G,

say P = (v,X, Y, Z). We use the same argument as in Claim 1 of Theorem 1.4 to assume that

the special vertex v is low and hence that P is a proper (2, 3, 3)-partition of G.

Consider now Algorithm 3, which we will discuss using the same notation and terminol-

ogy as Algorithms 1 and 2. Algorithm 1 allows the special vertex to swap with any of the three

parts (X-set, Y -set, Z-set) in the first iteration, and then alternates between swaps with the Y -

set and swaps with the X-set or Z-set. Algorithm 2 maintains the same pattern, except it allows

no swaps at all with the X-set. Algorithm 3 again allows swaps with any of the three parts, but

it strictly prioritizes swaps with the clique sets (Y -set and Z-set), preferring to alternate swaps

between these two sets only, and if forced to swap with the X-set, looking to terminate the
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algorithm immediately unless an “ideal next swap” presents itself. Let us now say more about

how this all works.

Algorithm 3.

• Initialize: P1 = P , v1 = v, and i = 1.

• Iteration 1: In P1, swap v1 with a low neighbor w1 in one of Xv1 , Yv1 , Zv1 , prioritizing

a w1 in a clique part. Moreover, if w1 is from a clique part, prioritizing w1 which has a

low neighbor in the other clique part. Set j1 = 1, 2, or 3, respectively, set v2 = w1 and

let P2 be the resulting proper (2,3,3)-partition (v2, Xv2 , Yv2 , Zv2).

• Iteration i, i ≥ 2:

(1) If ji−1 = 2 [ji−1 = 3]:

(a) In Pi, if there is a low vertex in Z∗
vi
\ vi [Y ∗

vi
\ vi]:

If every low vertex in Z∗
vi
\ vi [Y ∗

vi
\ vi] has never moved, then swap vi with

such a low wi, prioritizing a wi which has a low neighbor in Yvi [Zvi ]. Set

ji = 3(2), set vi+1 = wi, let Pi+1 be the resulting proper (2,3,3)-partition,

and iterate. Otherwise, terminate the algorithm.

(b) In Pi, if there is no low vertex in Z∗
vi
\ vi [Y ∗

vi
\ vi]:

If every low neighbor of vi in X∗
vi

has never moved, then swap vi with such

a low wi, set ji = 1, vi+1 = wi, let Pi+1 be the resulting proper (2,3,3)-

partition, and iterate. Otherwise, terminate the algorithm.

(2) If ji−1 = 1:

In Pi, if every low vertex in (Y ∗
vi
∪Z∗

vi
)\vi has never moved, then swap vi with such

a low wi, prioritizing a wi which has a low neighbor in the opposite clique part.

Set ji = 2 or 3 if wi is in Yvi or Zvi , respectively. Set vi+1 = wi, let Pi+1 be the

resulting proper (2,3,3)-partition, and iterate. Otherwise, terminate the algorithm.

In iteration 1 of Algorithm 3, v1 swaps into the X-set only if it has no low neighbors in

either the Y -set or Z-set (where Algorithm 1 expressed no preference between the three sets).
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Moreover, even if Algorithm 3 is able to swap into the Y-set or Z-set, it prioritizes specially

picking a vertex to swap with that will allow the next iteration to go smoothly as well: namely,

if possible it chooses a vertex in the Y -set or Z-set that has a low neighbor in the other clique

part. Note that this means in iteration 2, the special vertex will be able to swap with this

neighbor in the other clique part, beginning this desired alternating pattern of swaps with the

Y -set and Z-set.

Suppose we are at a point in Algorithm 3 where we have just been forced to swap into the

X-set (i.e. ji−1 = 1), then we set the bar very high for continuing the algorithm: we only swap

(as opposed to terminate) if every low vertex in all of (Y ∗
vi
∪ Z∗

vi
) \ vi has never moved. If this

bar is met, then just as in iteration 1, we choose (if possible) a vertex in the Y -set or Z-set that

has a low neighbor in the other clique part.

In any iteration i ≥ 2 where ji−1 ̸= 1 (i.e. we have not just swapped with the X-set), we

have the same condition for swapping into a set. In particular, whether a vertex is going to swap

into the X-set, Y -set, or Z-set, it must satisfy the following condition: no low neighbor of vi in

X∗
vi

, Y ∗
vi

, or Z∗
vi

, respectively can have already moved. This is actually the condition for swaps

that Algorithm 2 has; in Algorithm 1 there was a lower bar to meet for swapping into the Y -set.

Also, similarly to iteration 1, if vi is going to swap into the Y -set or Z-set, then Algorithm 3

prioritizes specially picking a vertex to swap with that has a low neighbor in the other clique

part.

Algorithm 3 makes sense as written because we have forbidden R1, R3, R10. First, we need

to ensure that in iteration 1, the vertex v1 has a low neighbor, and forbidding R1 accomplishes

this. Secondly, in iteration i(1)(b), we need to ensure that the condition on the low vertices in

the X-set is not met vacuously, i.e. that there is some low vertex in the X-set to swap with. The

situation here is that vi has just swapped out of either the Y -set or the Z-set (so it has one low

neighbor there) but has no low neighbors in the other clique part. So forbidding R10 forces vi

(v6) to have a low neighbor in the X-set. Finally, for iteration i(2), we’ll ensure that a special

vertex vi which has just swapped out of the X-set has at least one low neighbor in the Y -set or
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the Z-set. In this scenario, vi has a low neighbor in the X-set (the vertex it just swapped with),

and forbidding R3 forces vi (v6) to have a low neighbor in either the Y -set or the Z-set.

In Algorithm 3, as in Algorithms 1 and 2, we get termination because swaps must always

involve a vertex that has never moved before. We divide the remainder of our proof into two

cases. If the algorithm terminates due to the stopping condition in (1b), we will find a con-

tradiction. If it terminates due to the stopping condition in either (1a) or (2), we show that G

contains (K3 ∨ E6)
−6 as desired.

Case 1: Algorithm 3 terminates due to the stopping condition in (1b).

In this case, at termination, we know that vi was either just swapped out of the Y -set or

the Z-set (since ji−1 ∈ {2, 3}), and that vi has a low neighbor a ∈ Xvi that has already moved.

Given the pattern of Algorithm 3, we know that a either swapped out of one of the clique parts

in a previous step, or that a was the initial special vertex v1. We will consider both possibilities,

and in fact show that neither is possible.

We first assume, for a contradiction, that a was in one of the clique parts before swapping

into the X-set. We may assume, without loss of generality, that a was in the Y -set previously.

We claim that this means vi was not in the Y -set previously. If it was, then a, vi were both in

the Y -set before a moved. Let a′ be the vertex that swapped into the Y -set and swapped a out.

Consider the point in the algorithm when a′ was special. At this point, a ∈ Y ∗
a′ and a ∼ vi, so

vi ∈ Y ∗
a′ , and thus vi ∼ a′. Then after a′ swapped into the Y -set (swapped with a), we know

that a′ remained in the Y -set until termination. Now we look to a later iteration. We consider

the vertex that swapped into the Y -set and swapped vi out, call this vertex v′i. At the step when

v′i was special, vi ∈ Y ∗
v′i

, and since vi ∼ a′, we also have a′ ∈ Y ∗
v′i

, so v′i ∼ a′. But since a′

is a low vertex that has already moved, the algorithm should have terminated at this point by

the stopping condition in either (1a) or (2), contradicting our assumption that it stopped by the

condition in (1b). So we establish our claim, and hence we know that vi was in the Z-set prior

to becoming the special vertex (not the Y -set). But then consider the step in the algorithm when

a was special, just after a swapped out of the Y -set. At this point, vi ∈ Z∗
a since vi ∼ a and a
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moves before vi. Since a has a low neighbor (vi) in the Z-set, the algorithm should have either

swapped a with a low neighbor in the Z-set or terminated, as described in (1a). Since we know

that a actually swapped into the X-set, we have a contradiction.

We now assume, for a contradiction, that a was the initial special vertex v1. Since ji−1 ∈

{2, 3}, we know that vi was in one of the clique parts before becoming special; in particular,

vi was in one of the clique parts in the initial partition P1 = (a = v1, Xv1 , Yv1 , Zv1). So then

when a was special, it had a low neighbor vi in one of the clique parts. Thus, iteration 1 dictates

that a should have swapped into either the Y -set or the Z-set. But we know that a ∈ X∗
vi

at

termination, so a swapped into the X-set, contradiction.

Case 2: Algorithm 3 terminates due to the stopping condition in (1a) or (2).

In this case, at termination, vi has just swapped out of either the X-set, Y -set, or the Z-

set (since ji−1 ∈ {1, 2, 3}). Regardless, by either of these stopping conditions, vi has a low

neighbor a′ in either the Y -set or the Z-set that has already moved. Without loss of generality

suppose that a′ ∈ Y ∗
vi

. Then since the algorithm stops with vi looking into the Y -set at a′, we

know that vi cannot have swapped out of the Y -set, so ji−1 ∈ {1, 3} and vi either swapped out

of the X-set or the Z-set. Let one of the other neighbors of vi in Y ∗
vi
\ {a′} be called m. Let the

vertex that a′ swapped with when it moved into the Y -set be called a. Note that a moves before

vi in the course of the algorithm.

Claim 12. The vertices {m, a′, vi} induce a clique. Also, a ∼ m, a ∼ a′, and m never moves.

Proof of Claim. We know that these three vertices induce a clique because m, a′, vi ∈ Y ∗
vi

. Also

a′ ∼ a by definition. Applying the same argument as in Claim 10 of the proof of Theorem 1.6

shows that a ∼ m and that m never moves.

Since a′ swapped into the Y -set and swapped a out, we know that a either swapped into

the X-set or the Z-set and remained there until termination. The argument is easier in the latter

case, where we in fact find a slightly stronger subgraph.

Claim 13. If a is in the Z-set at termination, then G contains (K3 ∨ E6)
−4.
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Proof of Claim. We consider the partition (vi, Xvi , Yvi , Zvi) at termination. Here we know

a′,m ∈ Y ∗
vi

(by definition) and a ∈ Zvi by assumption. To achieve our final structure, we

propose making one additional swap: we swap vi with a′, making a′ special and swapping

vi into the Y -set. Note that after this swap, m and a are still in the Y -set and Z-set respec-

tively. Since a′ is low, this new partition is proper by Theorem 2.3 (2). Call the new partition

(a′, Xa′ , Ya′ , Za′).

We now assemble everything that we know about the partition (a′, Xa′ , Ya′ , Za′). By Claim

12, m, vi ∈ Y ∗
a′ and a ∈ Z∗

a′ . We now label the other vertices adjacent to a′ in X∗
a′ , Y

∗
a′ , and Z∗

a′:

let u1, u2 be these other vertices in the X-set, let u3 be this other vertex in the Y -set, and let

u4, u5 be these other vertices in the Z-set. As Y ∗
a′ and Z∗

a′ are cliques, we have that {vi,m, u3}

and {a, u4, u5} induce cliques. We also have a ∼ m by Claim 12.

We will show that {a, a′, vi} induce a K3 and that {m,u1, . . . u5} can play the role of

E6, with the four potentially missing edges being those between {vi, a} and {u1, u2}. We

have already established that a′ is adjacent to all of the vertices in our proposed E6 (namely

m,u1, . . . u5). We already know that vi ∼ m,u3 and a ∼ u4, u5,m. It remains for us to show

that a ∼ vi, u3 and vi ∼ u4, u5.

In order to show that a ∼ vi, u3, we apply Theorem 2.2: since a is low and a ∼ m with

m ∈ Y ∗
a′ \ {a′}, we have that NYa′

(a′) = NYa′
(a), and thus a ∼ vi, u3 since a′ ∼ vi, u3. To

show that vi ∼ u4, u5, we apply Theorem 2.2 again: since vi is low and vi ∼ a (by our previous

line) with a ∈ Z∗
a′ \ {a′}, we have that NZa′

(a′) = NZa′
(vi), and so vi ∼ u4, u5 because

a′ ∼ u4, u5.

We may now assume that a is in the X-set at termination. We will show that G contains

(K3 ∨ E6)
−6 via a series of claims.

Claim 14. a ∼ vi.

Proof of Claim. In (vi, Xvi , Yvi , Zvi), we propose swapping vi with a′ so that a′ is special and

vi is in the Y -set. This swap creates a new proper (2,3,3)-partition because a′ is low (Theorem

2.3(2)). Note that after this swap, we still have a in the X-set and m in the Y -set. Call this new
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partition (a′, Xa′ , Ya′ , Za′). Since a′ ∼ a,m, vi by Claim 12, we have a ∈ X∗
a′ and m, vi ∈ Y ∗

a′ .

Applying Theorem 2.2, since a is low and a ∼ m (by Claim 12) with m ∈ Y ∗
a′ , we have that

NYa′
(a′) = NYa′

(a), and so a ∼ vi because a′ ∼ vi.

Claim 15. Before vi moved, it was in the X-set.

Proof of Claim. We already know that ji−1 ∈ {1, 3}; assume for contradiction that vi was in

the Z-set before moving. We consider the point in the algorithm when a was special, just after

it swapped out of the Y -set. At this point, vi ∈ Z∗
a (since a ∼ vi by our prior claim and a

moves before vi). Thus, the partition (a,Xa, Ya, Za) meets the condition in 1(a): ji−1 = 2 and

there is a low vertex vi ∈ Z∗
a \ {a}. So this iteration of the algorithm should have either ended

with termination or with a swapping into the Z-set, contradiction.

Now consider again the step where a was the special vertex. We know that vi is in the

X-set before it moves (Claim 15) and that a moves before vi, so vi is in Xa, and since a ∼ vi

by Claim 14, we get that vi is a neighbor of a in X∗
a . Let u1 be the other neighbor of a in the

X-set.

Claim 16. When a swapped into the X-set, it swapped with vi.

Proof of Claim. Assume, for a contradiction, that when a moved into the X-set it swapped

with u1. See Figure 3.4 for a depiction of both before and after this swap. Consider the X-set

when u1 is special (the right picture in Figure 3.4); recall that X∗
u1

is an odd hole. Let p be the

other neighbor of u1 in X (besides a), and let P be the induced path between a and p in the

X-set. Note that P contains vi.

As the algorithm progresses, P will remain unchanged in the X-set until some vertex s

becomes special and wants to switch with one of the vertices in P . But since X∗
s must be

an induced cycle, this means that the two neighbors of s in the X-set must be a, p. At this

point however, the algorithm would have stopped according to 1(b), since a has already moved.

Hence P remains unchanged in the X-set at termination. This is a contradiction, since vi is a

member of P , and we know that vi is the special vertex at termination.
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Figure 3.4: Two points in the algorithm as described in Claim 16.

Claim 17. vi ∼ u1.

Proof of Claim. After a swaps with vi (Claim 16), vi becomes special, and the resulting parti-

tion is actually the partition at termination: Pi = (vi, Xvi , Yvi , Zvi). Here we know that a, u1

are in the X-set and a′ ∈ Y ∗
vi

(by definition of u1, a
′). We know that a ∼ u1; to show that vi is

adjacent to u1, we suggest a sequence of swaps between low vertices, each of which creates a

new proper (2,3,3)-partition by Theorem 2.3 (2).

First we swap vi into the Y -set and swap a′ out. Then since a′ ∼ a by definition, we can

swap a′ into the X-set and swap a out. Call this new partition (a, X̃a, Ỹa, Z̃a); note we are using

the tilde notation here so as not to confuse this new partition (which is created after termination)

with the partition (a,Xa, Ya, Za) (the partition when a was special during Algorithm 3).

Then a′, u1 ∈ X̃∗
a (since a ∼ a′, u1 by definition) and vi ∈ Y ∗

a by Claim 14. Since vi is low

and vi ∼ a′ ∈ X∗
a \ {a} by definition, we apply Theorem 2.2 to find that NXa(a) = NXa(vi),

and thus vi ∼ u1 since a ∼ u1.

We now assemble everything we know about the partition (a,Xa, Ya, Za) when a was

special during Algorithm 3 (just after a′ swapped a out of the Y -set). At this point, we know

that two neighbors of a in X∗
a are vi, u1 (see discussion above Claim 16). We also know that

a′ ∈ Y ∗
a since a′ has just swapped into the Y -set and swapped a out. Moreover, we know that

m ∈ Y ∗
a since a ∼ m and m never moves (Claim 12). We now label the other vertices adjacent

to a in Y ∗
a and Z∗

a : let u2 be this other vertex in the Y -set and let u3, u4, u5 be these other

vertices in the Z-set.
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As Y ∗
a is a clique, we have that {a′,m, u2} induce a clique. We also have that a′ ∼ vi by

definition and vi ∼ m,u1 by Claims 12 and 17. Our final goal is a (K3 ∨ E6)
−6. In particular,

we have already established that {a, a′, vi} induce a K3, and we will show that {m,u1, . . . u5}

can play the role of E6, with the six potentially missing edges being those between {vi, a′} and

{u3, u4, u5}. We have already established that a is adjacent to all of the vertices in our proposed

E6 (namely m,u1, . . . u5). We already know that vi ∼ m,u1 and a′ ∼ m,u2. So it remains

only for us to show that vi ∼ u2 and a′ ∼ u1.

In order to show that vi ∼ u2, we apply Theorem 2.2: since vi is low and vi ∼ a′ with

a′ ∈ Y ∗
a \ {a}, we have that NYa(a) = NYa(vi), and thus vi ∼ u2 since a ∼ u2. To show that

a′ ∼ u1, we apply Theorem 2.2 once more: since a′ is low and a′ ∼ vi with vi ∈ X∗
a \ {a}, we

have that NXa(a) = NXa(a
′), and so a′ ∼ u1 because a ∼ u1.

3.4 An Infinite family

In this section we present an infinite family of graphs that is as we promised in the introduction:

each member of the family will have χ = ∆ = 9 with average degree above 8.75, but will

contain none of the substructures listed in Table 1.

Our infinite family of graphs will be called H. Each member of H will be made using a

basic building block H∗, which is the graph depicted in Figure 3.5. In these figures, a solid

jagged line between two sets of vertices indicates a complete bipartite graph between those

sets; a dashed jagged line indicates that the two sets are joined by a complete bipartite graph

less one perfect matching. Note that the labelled vertices b, h1, a1, ah and the bolded segment

they lie on in Figure 3.5 will be used much later.

To see how we can use copies of H∗ to make members of our family H, consider the four

pairs of K4’s occurring along the outside boundary of H∗ in Figure 3.5; we will consider each

such pair of K4’s as “free for connection”. Take any such free pair of K4’s (say with vertex

sets named N1, N2) and delete the 4 edges joining them. Then take another copy of H∗ and

similarly delete the edges from one of its free K4 pairs (say with vertex sets named N ′
1, N

′
2).

Then we connect these two H∗ building blocks by joining N1, N
′
1 as a pair (with four matching
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N1

N2A

D

B
h1

a1

ah

b

Figure 3.5: An H∗ building block.

edges, as used to connect N1 to N2), and joining N2, N
′
2 as a pair (with four matching edges,

as used to connect N ′
1 to N ′

2). See Figure 3.6; the two blocks are connected by edges between

N1 and N ′
1 and between N2 and N ′

2. The open circles on either side represent the rest of the H∗

blocks which are not pictured in detail.

Note that after this procedure, we no longer consider the vertex sets N1, N
′
1, N2, N

′
2 as

corresponding free K4 pairs, but the resulting graph has exactly 6 pairs of K4’s on the boundary

of its structure, and we consider those pairs free for connections. Our family H consists of H∗

plus any number of copies of H∗ that have been iteratively joined via the above procedure.

N2 N ′
2

N1 N ′
1

B′
B

Figure 3.6: A connection point between two H∗ building blocks.
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Consider any H ∈ H. Note that χ(H) = 9 since it contains a K9 (on the vertex set D of

H∗, indicated in Figure 3.5). All the vertices in H∗ have either degree 9 or 8, with the only low

vertices being: the vertices of A (with the exception of its topmost vertex in Figure 3.5), and;

the vertices of D (with the exception of its topmost vertex in Figure 3.5). Hence the average

degree of H∗ is just above 8.845 (H∗ contains 15 low vertices and 82 high). The degrees of

all vertices remain the same after our combination procedure above, so this average degree is

the same for H . (If one desired an average degree that was even higher, it is possible to use

a second type of building block in order to make this happen, but we have not included those

details here for the sake of brevity.)

Note that H∗ is certainly not vertex-critical, since one of the vertices in D ⊆ H∗ is a cut-

vertex, and deleting this vertex from H∗ creates two components, both of which have chromatic

number 8 (note both contain K8). On the other hand, if we perform this same deletion in any

H ∈ H \H∗, then at least one of the two components created does contain a K9 and hence the

resulting graph still has chromatic number 9.

It remains to show that if H ∈ H, then H contains none of our forbidden substructures.

It is worth noting how close this is to failing: if we instead had two edges coming out of the

K9 in H∗, then the existence of the two high vertices in D would mean we could find any of

R7, R8, R9 or S within D.

Lemma 3.4. If H ∈ H, then H does not contain any of R1, . . . , R10, Q, or S.

Proof. The structures R1, . . . , R10, Q, S all contain an odd hole where one of the vertices in the

cycle is low, and its two neighbors on the cycle are high, so it suffices to show that H contains

no such structure.

The only low vertices in H come from the cliques A and D (in some copy of H∗). In D,

the low vertices each have exactly one high neighbor (the top vertex of D in Figure 3.5), so it

is not possible for any of these to be part of an odd hole where their two neighbors on the cycle

are high.
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Let a1 be a low vertex from A. Note that a1 has exactly two high neighbors: the high

vertex in A, which we’ll call ah, and; a neighbor outside of A, which we’ll call b. Note that we

may assume that b ∈ B (see Figure 3.5), since if b ∈ D, then a1, b are joined along a cut edge,

which is certainly not part of any cycle in H .

Assume, for a contradiction, that there is an odd hole C in H containing ah, a1, b consec-

utively in C. Note that since A is a cut-set in the graph H , the other vertex of C adjacent to ah

(i.e besides a1) must also be in B, say h1. If not, then C would have to include another vertex

from A (a clique) at some point, and this would contradict C being an induced cycle. This

means, without loss of generality, that our four consecutive vertices on C (h1, ah, a1, b) must

be as labelled in Figure 3.5. But then since h1, b are both members of B, they are adjacent, and

hence we get a copy of C4 induced by these four vertices. But since C is supposed to be an odd

hole, this is a contradiction.

It remains now to show that no H ∈ H contains the structure F (a K4 and an odd hole

meeting at a vertex, with all vertices high). There are a number of K ′
4s in H∗ (and in any given

H ∈ H) but the all-high requirement rules out K4’s from either A or D (see Figure 3.5), and

the attached odd hole rules out a K4 from B (see Figure 3.5). Therefore, if H ∈ H contains

F , then the K4-part of this F comes from one of the K4 pairs that was originally “free for

connection” in some copy of H∗. If the K4 in question was never used for a connection, then it

does not have an attached odd hole (see Figure 3.5). But this is also true if the K4 was used for

a connection: see Figure 3.5, where we can see that N1 has no odd hole attached to it.
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Chapter 4

High cliques and high odd holes in graphs with chromatic

number equal to maximum degree

This chapter now proceeds as follows: in Section 4.1 we prove that Theorem 1.10 holds for

∆(G) ≤ 4, and in Section 4.2 we prove that it holds for ∆(G) ≥ 7.

4.1 Small Maximum Degree

We say a vertex v in a graph G is high if dG(v) ≥ ∆(G) − 1. The following lemma has two

very basic facts about high vertices and high cliques.

Lemma 4.1. Let G be a graph with χ(G) = ∆(G).

(a) If G contains K∆(G), then this is a high Kω(G) in G.

(b) If v ∈ V (G) is critical, then v is high.

Proof. (a) Every vertex in the K∆(G) has degree at least ∆− 1. We know that ω(G) ≤ χ(G) =

∆(G), and the existence of the clique tells us that ω(G) = ∆(G).

(b) If v ∈ V (G), then χ(G − v) = ∆(G) − 1 since v is critical. But then v must have

degree at least ∆(G)− 1, otherwise the coloring can be extended to G.

Let us now prove another lemma about minimum counterexamples to Theorem 1.10.

Lemma 4.2. Let ∆ ≥ 4. Let G be a graph with the fewest vertices subject to χ(G) = ∆(G) =

∆, G contains no high Kω(G), and G contains no high odd hole.

(i) If v ∈ V (G) and ω(G− v) = ω(G), then v is critical.
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(ii) If A,B are two different copies of Kω(G) in G, then |V (A) \ V (B)| < ∆(G)− ω(G).

(iii) If ω(G) = ∆(G)− 1 then G contains no odd holes.

Proof. (i) Let v ∈ V (G) and let G0 = G − v. Suppose, for a contradiction, that ω(G0) =

ω(G) = ω but χ(G0) = χ(G). Note that ∆(G0) ∈ {∆,∆− 1}.

Suppose first that ∆(G0) = ∆. By minimality, G0 contains either a high Kω or a high odd

hole. The former case is not possible, since G contains no high Kω. So G0 must contain a high

odd hole that is not an odd hole in G – but again this is impossible, since the only edges we

removed were incident to v.

We may now assume that ∆(G0) = ∆ − 1. Then ∆(G0) = ∆ − 1 = χ(G0) − 1 ≥ 3, so

Brooks’ Theorem says that G0 contains a K∆(G0)+1 = K∆. But then this is also a high Kω by

Lemma 4.1(a).

(ii) Let A,B be two different copies of Kω(G) with |V (A) \ V (B)| = s. The s vertices

in A \ B are critical and high by part (i) of this Lemma and by Lemma 4.1(b). Any v ∈

V (A) ∩ V (B) then v has ω(G) − 1 neighbors in B and an additional s neighbors in A \ B.

Since A cannot be a high Kω(G), we must have ω(G)−1+s < ∆(G)−1, i.e., s < ∆(G)−ω(G).

(iii) Since ω(G) = ∆(G) − 1, by part (ii) of this Lemma we know that G contains a

unique copy K of Kω(G). We also know that every vertex outside of K is critical and high

(by part (i) of this Lemma and by Lemma 4.1(b)). Suppose G also contains an odd hole H ,

with |V (H) ∩ V (K)| = t. We cannot have t = 0, because then H would be a high odd

hole. Since H is a hole, we cannot have t ≥ 3. So t ∈ 1, 2. Each of these t vertices has

ω(G)− 1 = ∆ − 2 neighbors in K, and at least one additional neighbor on H . So H must be

high, contradiction.

We are now ready to prove our result for small maximum degrees.

Theorem 4.3. Let G be a graph with χ(G) = ∆(G) ≤ 4. Then G contains either a high Kω(G)

or a high odd hole.
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Proof. Let ∆ = ∆(G), ω = ω(G), χ = χ(G). If ∆ = 0 then χ = 1 and G is a collection of

isolates, each of which is a high Kω. We cannot have ∆ = 1, since then G contains a K2, so

χ ≥ 2. If ∆ = 2 then G contains a K2 = K∆, so it has a high Kω by Lemma 4.1(a).

Suppose now that ∆ = 3. We may assume that G has no K∆ (by Lemma 4.1(a)), but G

does contain a K2, so we get ω(G) = 2. Since G contains a vertex of degree 3, it contains a K2

where one vertex has degree 3 and the other has degree at least 1, so the average degree of this

K2 is at least 2, meaning it is a high Kω.

We may now assume that ∆ = 4. Let G be a counterexample to the result with the fewest

vertices. If K is a copy of Kω in G then by Lemma 4.2(i), every vertex v ∈ V (G) \ V (K) is

critical. We will apply this repeatedly below.

Note that ω ≥ 2, since ∆ ≥ 4. We may assume that ω(G) ≤ 3 since if G contains a

K4 = K∆ it is a high Kω by Lemma 4.1(a).

Suppose first that ω = 2, and consider a vertex v of degree 4. If any of v’s neighbors have

degree at least two in G, then we get a high K2 (one vertex of degree 4 and one of degree at

least two). So we may assume that every neighbor of v is a leaf, and hence not critical (by

Lemma 4.1(b)). But then by choosing K as one of the edges incident to v, we should have that

every other neighbor of v is critical, contradiction.

We may now assume that ω = 3. By Lemma 4.2(ii) we know that there is a unique copy

K of K3 in G. We may assume that some vertex v ∈ V (K) has no neighbor outside of K,

since otherwise each vertex in K has degree at least 3, and it is a high Kω. So v has degree

two, and it is not a critical vertex (by Lemma 4.1(b)). Let G′ := G− v. Then χ(G′) = χ = 4.

Since K is the only triangle in G, G′ is triangle-free. G′ is also odd hole-free, since any such

odd hole would also be present in G, and Lemma 4.2(iii) says G has no odd holes in this case.

Since χ(G′) = 4, G′ is not bipartite, and contains a shortest odd cycle C. But a shortest odd

cycle is necessarily an odd hole or a triangle, contradiction.
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4.2 Large Maximum Degree

In this section we prove Theorem 1.10 for graphs with ∆ ≥ 7. We start by proving the following

simple coloring lemmas, each of which will be used multiple times in our main result.

Lemma 4.4. Let G be a graph with χ(G) = ∆(G) and let u be a critical vertex in G with

dG(u) = ∆(G) − 1. Then there does not exist a path P in G from u to some vertex v where

dG(v) ≤ ∆(G)− 2 and dG(w) = ∆(G)− 1 for all w ∈ V (P ) \ {u, v}.

Proof. Suppose for a contradiction that such a path exists, say P = (u1, u2, . . . , up) where

u1 = u and up = v, so p ≥ 2. Let φ1 be a (∆(G) − 1)-coloring of G − u; apply φ1 to G,

leaving u1 uncolored. Since dG(u1) = ∆(G) − 1, we may assume that each neighbor of u in

G has different color under φ1 (otherwise φ1 can be extended to G). In particular, this means

we can modify φ1 to φ2 by assigning φ(u2) to u1, leaving u2 uncolored. Then again we may

assume that each of the ∆(G)− 1 neighbors of u2 in G has a different color, so we can assign

φ(u3) to u2 to get φ3, then φ(u4) to u3 to get φ4, and so on, shifting the colors along P until

we arrive at φp which leaves only up uncolored. Since dG(up) ≤ ∆− 2, φp can be extended to

G, so we get a (∆− 1)-coloring of G.

Lemma 4.5. Let G be a graph with χ(G) = ∆(G), let v be a critical vertex in G with dG(v) =

∆(G), and let φ be a (∆(G)− 1)-coloring of G− v. Then:

(a) We may assume the the neighbors of v in G are v0, v1, . . . , v∆(G)−1 with φ(v0) = φ(v1) =

1, and φ(vi) = i, dG(vi) ≥ ∆− 1 for all 2 ≤ i ≤ ∆(G)− 1.

(b) If vi, vj are not adjacent for some 2 ≤ i < j, then there exists an odd hole Hij in G

which includes the vertices vi, vj, v and which is (i, j)-alternating (with the exception of

the one uncolored vertex v). Moreover, we also get this conclusion when i = 1 provided

d(v0) ≤ ∆(G)− 2.

Proof. (a) Each of the ∆(G) − 1 colors of φ must appear on the neighbors of v, otherwise

we can color v and extend φ to all of G. So we may assume the the neighbors of v in G are

v0, v1, . . . , v∆(G)−1 with φ(v0) = φ(v1) = 1, and φ(vi) = i for all 2 ≤ i ≤ ∆(G)− 1.
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Suppose that dG(vi) ≤ ∆ − 2 for some 2 ≤ i ≤ ∆(G) − 1. Then modify φ to φ′ by

removing the color i from vi and giving it to v. Since dG(vi) ≤ ∆(G)− 2, we can extend φ′ to

a (∆(G)− 1)-coloring to G, contradiction.

(b) Let S be the maximal (i, j)-alternating subgraph containing vj . Suppose first that S

contains vi. Then choose a shortest (i, j)-alternating path from vi to vj , which necessarily has

odd length. As vi, vj are not adjacent, this path, when combined with the edges viv, vvj , must

induce an odd hole – v has no other neighbors colored i or j, and since the path is shortest it

prevents any other chords.

We may now assume that S does not contain vi. If i ≥ 2, then: swap the colors i and j

on all of S, then assign j to v to get complete a (∆(G)− 1)-coloring of G, contradiction. So it

must be the case that i = 1, and that S contains v0 but not v1. In this case, swap the colors on

all of S. Now v1, vj are both color 1, and v0 is the unique neighbor of v colored j. But then if

d(v0) ≤ ∆(G)− 2 this contradicts part (a).

It is worth noting that in order to prove this section’s main result, which appears below,

we’ll need Lemmas 4.1, 4.2, 4.4, 4.5(a)(b), Theorems 1.2(a)(b), 1.11(a), and we’ll also need an

instance of Mantel’s Theorem.

Theorem 4.6. Let G be a graph with χ(G) = ∆(G) ≥ 7. Then G contains either a high Kω(G)

or a high odd hole.

Proof. Fix ∆ ≥ 7. Let G be a graph with the fewest vertices subject to χ(G) = ∆(G) = ∆, G

contains no high Kω(G), and G contains no high odd hole. Let ω = ω(G) and χ = χ(G).

Claim 18. If K is a copy of Kω in G, then every vertex v ∈ V (G) \V (K) is critical, high, and

contained in some odd hole. Moreover, any odd hole in G must contain at least one vertex from

K (and no more than 2).

Proof of Claim. The critical and high parts of the statement follow from Lemma 4.2(i) and

Lemma 4.1(b), respectively. If such a critical vertex is not in an odd hole, then G contains
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Kχ = K∆ by Theorem 1.11(a), which is a high Kω by Lemma 4.1(a). If H is an odd hole in

G, and V (K)∩V (H) = ∅, then H is a high odd hole. On the other hand, |V (K)∩V (H)| ≤ 2

since H is a hole.

In general ω ≤ ∆ + 1, but we know that G does not contain a K∆ by Lemma 4.1(a). If

ω = ∆ − 1 then G has no odd holes by Lemma 4.2(iii). But then Claim 18 says that G = K,

which is impossible when ω = ∆ − 1. So ω ≤ ∆ − 2. By Theorem 1.2(b) we may assume

that ω ≥ ∆− 4, since we know that G does not contain a K∆ by Lemma 4.1(a). So in fact ω is

equal to ∆− 2,∆− 3, or ∆− 4. Let ℓ be the number of different copies of Kω in G. We split

the remainder of our proof into two cases according to whether ℓ ≥ 2 or ℓ = 1.

Case 1: ℓ ≥ 2

Let A,B be two different copies of Kω in G.

Consider some vertex a ∈ V (A) \ V (B). Then a is critical, high, and contained in some

odd hole H by Claim 18. If H contains no vertices from A ∩ B, then H is high since every

vertex outside some copy of Kω is high by Claim 18. We also know that H contains at most

two vertices from A by Claim 18, and hence at most one vertex from A ∩ B. Thus H contains

exactly one vertex x from A ∩B.

Since H is not high and every vertex outside of A ∩ B is high, dG(x) ≤ ∆ − 2. On the

other hand, x is adjacent to all other vertices in A, plus any additional vertices in B, so

∆− 2 ≥ dG(x) ≥ ω − 1 + |V (B) \ V (A)| ≥ ω ≥ ∆− 4.

As a is high, it has degree ∆ or ∆ − 1. If dG(a) = ∆ − 1, then since a is critical and

dG(x) ≤ ∆− 2, the path P = (a, x) contradicts Lemma 4.4. So dG(a) = ∆.

We now apply Lemma 4.5(a) to the critical vertex a. We get that the neighbors of a in G

are x and some vertices v1, . . . , v∆−1, and we get that there exits a (∆− 1)-coloring of G− a,

φ, with φ(x) = φ(v1) = 1 and φ(vi) = i for all 2 ≤ i ≤ ∆ − 1. Moreover, we get that

dG(vi) ≥ ∆− 1 for all 2 ≤ i ≤ ∆− 1.
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Suppose that ω ≥ 4. Then the clique A contains at least two other vertices besides a, x,

which must be from among v2, . . . , v∆−1, since φ(x) = φ(v1) means that v1 is not in A. Since

dG(x) ≥ ∆ − 4, dG(a) = ∆ it is not possible that all the vertices in A \ a, x have degree ∆,

since then A would be high. So we may assume that v2 ∈ V (A) with d(v2) = ∆− 1. We know

that v2 is the only vertex adjacent to a having color 2. Obtain φ′ from φ by removing the color

2 from v2 and giving it to a. The existence of φ′ shows that v2 is a critical vertex of G. But then

the existence of the path P = (v2, x) contradicts Lemma 4.4.

We may now assume that ω ≤ 3. In fact, since ω ≥ ∆ − 4 and ∆ ≥ 7, we must have

ω = 3 and ∆ = 7. We know that x ∈ V (A) and v1 ̸∈ V (A) (since φ(x) = φ(v1)), but since

a has only one other neighbor in A and ∆ = 7, we may assume that v2, v3 ̸∈ V (A). Then

dG(v2) = dG(v3) = ∆ − 1 since every vertex outside A is high, by Claim 18. If v2, v3 are

adjacent then a, v2, v3 forms a high K3 = Kω, contradiction. So v2, v3 are not adjacent, and

by Lemma 4.5(b) there exists an odd hole H ′ which includes the vertices v2, v3, a. Since H ′

is not high, it cannot be composed of exclusively high vertices, and therefore must contain at

least one vertex of A ∩ B (by Claim 18). But then since any such vertex must be adjacent to

a, we get that a has three neighbors in H ′, meaning H ′ cannot be a hole. This contradiction

completes our proof of case 1.

Case 2: ℓ = 1

Let K be the unique Kω in G.

Claim 19. Every odd hole in G contains exactly two vertices in K.

Proof of Claim. Suppose, for a contradiction, that there exists and odd hole H in G with exactly

one vertex x ∈ V (K) ∩ V (H). Then dG(x) ≤ ∆ − 2 since H is not high, and every vertex

outside of K is high by Claim 18. On the other hand, x has ω − 1 neighbors in K and an

additional two neighbors in H . Since ω ≥ ∆ − 4 this means that x has degree at least ∆ − 3.

Both of the neighbors v, v′ of x on H cannot have degree ∆, as this would mean H0 is high. So

we can assume without loss that dG(v) = ∆− 1. We know v is critical (by Claim 18), but then

the existence of the path P = (v, x) contradicts Lemma 4.4.
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We will use the following claim to set up our main argument; we will also need to apply

the various pieces both within the proof of the claim and at later points in our argument.

Claim 20. Let H be an odd hole in G containing exactly two vertices x, y ∈ V (K), with

dG(x) ≤ dG(y). Let x′, y′ be the neighbors of x, y in V (H) \ V (K), respectively. Then:

(a) We get that dG(x) ≤ ∆ − 2 and dG(x
′) = ∆. When ω ∈ {∆ − 2,∆ − 3} we get

dG(y
′) = ∆; when ω = ∆− 4 we get the same conclusion provided dG(y) ≤ ∆− 2.

(b) We may assume that the neighbors of x′ in G are x, v1, . . . , v∆−1 and that there exists φ a

(∆− 1)-coloring of G− x′ with φ(x) = φ(v1) = 1 and φ(vi) = i for all 2 ≤ i ≤ ∆− 1.

(c) If c is a color in φ that does not appear on any vertices of K, then vc is adjacent to

every other vertex in v1, . . . , v∆−1. Moreover, v1 is also adjacent to every vertex in

v2, . . . , v∆−1.

Suppose that vi, vj are non-adjacent for some 1 ≤ i < j ≤ ∆− 1. Then:

(d) There exists an odd hole Hij of G containing vi, vj, x
′, containing vertices wi, wj ∈

V (K) with φ(wi) = i, φ(wj) = j, and which is (i, j)-alternating (other than the one

uncolored vertex x′).

(e) The vertices vi, vj are not in K (so in particular vi ̸= wi and vj ̸= wj in part (d)).

(f) There is no (∆− 1)-coloring φ′ of G− x′ where φ′(x) = φ′(vi) or φ′(x) = φ′(vj).

Proof of Claim. (a) Every vertex in V (H) \ {x, y} is high (and critical) by Claim 18. So since

H is not high and dG(x) ≤ dG(y) we know that dG(x) ≤ ∆ − 2. But then dG(x
′) = ∆, as

otherwise dG(x
′) = ∆− 1 and the existence of the path P = (x′, x) contradicts Lemma 4.4. If

dG(y) ≤ ∆ − 2 then we can apply the same argument to get that dG(y′) = ∆; we will show

this is the case when ω ∈ {∆− 2,∆− 3}.

Note that dG(x) ≥ ω, since it is adjacent to all the vertices in K and also to x′. When

ω = ∆ − 2 this immediately gives our desired result for y, since otherwise H is high. So
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we may assume that ω = ∆ − 3 and dG(x) = ∆ − 3. Suppose for a contradiction that

dG(y) ≥ ∆− 1. Since H is not high we must in fact have dG(y) = ∆− 1 since dG(x) = ∆− 3

and dG(x
′) = ∆. But now since y′ is critical we can apply Lemma 4.4 to P = (y′, y, x) to get

that G is (∆− 1)-colorable, contradiction.

(b) Since x′ is a critical vertex (by Claim 18), dG(x′) = ∆ (by part (a)), and dG(x) ≤ ∆−2

(by part (a)), this follows immediately by Lemma 4.5(a).

We proceed to prove the remaining parts of the claim in the order (d), (c), (f), (e).

(d) Since dG(v0) ≤ ∆ − 2 by (a) we can apply Lemma 4.5(b) to get an odd hole Hij that

contains vi, vj, x′, and which is (i, j)-alternating (other than the one uncolored vertex x′). We

know that Hij must intersect K at two vertices (by Claim 19), one with color i and the other

with color j.

(c) Let c be a color in φ that does not appear on K, and note that c ̸= 1 since x ∈ V (K).

Suppose, for a contradiction, that vc, vj are distinct non-adjacent vertices for some j ≥ 2. Part

(d) gives the odd hole Hcj (or Hjc). But the existence of wc is a contradiction since color c is

missing from K.

Suppose now that v1, vj are non-adjacent for some j ≥ 2. We apply part (d) to get H1j .

Then w1 = x since there can only be one vertex of color 1 in K. But then v1, vj, x are three

different neighbors of x′, all of which are in in H1j , which contradicts the fact that H1j is a

hole.

(f) Suppose, on the contrary, that such a φ′ exists, say with φ′(x) = φ′(vi) = i. Since G is

not (∆ − 1)-colorable, we may assume that φ′(vt) = t for all other t. Since vi is not adjacent

to vj , part (d) gives us the odd hole Hij . Since there can only be one vertex in K with color i

we get that wi = x. But then wi, vi, vj are three different neighbors of x′, all of which are in

Hij , which contradicts the fact that Hij is a hole.

(e) We obviously cannot have two non-adjacent vertices in K, but suppose for a contradic-

tion that vi ∈ V (K). Part (d) gives us the odd hole Hij . Since vi ∈ V (K) and there can only

be one vertex of color i in K, it must be that wi = vi. We know that vi has degree at least ω
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because it is adjacent to x′ and its neighbors in K. By part (c), vi is also adjacent to v1 (which is

not in K because x is and φ(x) = 1), and has an additional neighbor vc for each color c which

does not appear on the vertices of K. There are ∆− 1− ω such colors. Thus, dG(vi) = ∆.

Note that Hij contains vi, wj ∈ V (K), and every other vertex in Hij must be outside K

and must be high (by Claim 18). Since dG(vi) = dG(x
′) = ∆, it must be that dG(wj) ≤ ∆− 4

(otherwise Hij is high). We know that wj ̸= vj since wj is adjacent to wi = vi and vi, vj are non-

adjacent. In particular, wj has a neighbor w′
j /∈ {vi, x′} in Hij \K. So dG(wj) ≥ ω ≥ ∆− 4,

and hence dG(wj) = ∆− 4. But then applying (a) to Hij gives that dG(w′
j) = ∆. Then Hij is

high since dG(wj) = ∆− 4 and x′, vi, w
′
j each have degree ∆, contradiction.

We are now ready to start our main argument. Since G ̸= K (as ω ≤ ∆− 2), we know by

Claim 18 that G contains some odd hole H . By Claim 19 H must contain exactly two vertices

x, y in K, say with dG(x) ≤ dG(y), and let x′, y′ be the neighbors of x, y in V (H) \ V (K),

respectively. Label the neighbors of x′ as in Claim 20(b) and let φ be the coloring guaranteed

there.

Suppose first that ω = ∆− 2. Then as x, y each have a neighbor outside of K, they have

degree at least ω = ∆ − 2. Claim 20(a) gives dG(x
′), dG(y

′) = ∆, and every other vertex

of H is high by Claim 18, so H is a high odd hole, contradiction. So we may assume that

ω ∈ {∆− 4,∆− 3}. The rest of our argument is split into these two cases.

Case I: ω = ∆− 3

Vertices x, y each have ∆− 4 neighbors in K, and are also adjacent to x′, y′, respectively.

Thus dG(y) ≥ dG(x) ≥ ∆ − 3. Since H is not high and dG(x
′) = dG(y

′) = ∆ (by Claim

20(a)), we know that dG(x) = ∆− 3 and dG(y) ∈ {∆− 3,∆− 2}.

If the vertices v2, . . . v∆−1 induce a clique, then we have a copy of K∆−2 in G, contradict-

ing ω = ∆− 3. Thus, we may assume without loss that v2, v3 are not adjacent in G. By Claim

20(d) we get the odd hole H23. As w2, w3 are in K with at least one neighbor each outside

K (in H23), we know that dG(w2), dG(w3) ≥ ∆ − 3. We also know that the two vertices on

H23 adjacent to w2, w3 both have degree ∆ by applying Claim 20(a) to H23. By Claim 20(e),
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w2 ̸= v2 and w3 ̸= v3, so x′ is a third vertex on H23 of degree ∆. Since H23 is not high this

means that dG(w2) = dG(w3) = ∆− 3.

Let T be the maximal (1, 2)-alternating subgraph in φ containing v1. We claim that v2 ∈

V (T ). If not, then first swap the colors 1 and 2 on all of T . If the color of x is no longer 1

(i.e. if x is in T ) then we can now assign 1 to x′ to get complete a (∆ − 1)-coloring of G,

contradiction. So it must be the x still has color 1 after our switch on T . But now we can pass

color 1 from x to x′ and then extend the (∆− 1)-coloring to x (since dG(x) = ∆− 3). So we

indeed get that v2 ∈ V (T ).

We now claim that x ∈ V (T ). If not, then again first swap the colors 1 and 2 on all of

T . Since x ̸∈ V (T ), the color of x is still 1, but also color 1 is on v2 (since v2 ∈ V (T )),

contradicting Claim 20(f). So we indeed get that x ∈ V (T ).

We claim finally that x has a neighbor in T outside of K; suppose not. We know that x

is adjacent to w2 ∈ K ∩ T , so this must be x’s only neighbor in T . But then w2 must have

at least two neighbors outsides of K: one in H23, which has color 3 since w2 ̸= v2 (by Claim

20(e)), and one in T of color 1. Therefore dG(w2) ≥ ω − 1 + 2 = ∆ − 2, which contradicts

dG(w2) = ∆− 3. So we indeed get that x has a neighbor in T outside of K.

The vertex x is adjacent to every other vertex in K, plus the one additional neighbor

found in the last paragraph, plus the vertex x′ which is not in T since it is uncolored. So

dG(x) ≥ ω − 1 + 2 = ∆ − 2. Since we already established that dG(x) = ∆ − 3, this is a

contradiction which completes Case I.

Case II: ω = ∆− 4

Theorem 1.2(a) gives that ω ≥ ∆− 3 when ∆ ≥ 13, so we may assume that 7 ≤ ∆ ≤ 12.

As K has ∆ − 4 vertices, there are exactly three colors from φ which do not appear on

V (K). Without loss, suppose these three colors are ∆− 1,∆− 2,∆− 3 (note color 1 appears

on K since x ∈ V (K)).

By Claim 20(c), the vertices v1, v∆−1, v∆−2, v∆−3 induce a copy of K4. In fact Claim 20(c)

says that we can extend this clique to a K5 by also including one other vertex, say v∆−4 without
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loss of generality. Since x′ is adjacent to all the vertices of this K5 by definition, in fact we can

include x′ to get a K6. So ω ≥ 6. But in fact, since K is the unique Kω in G and x′ ̸∈ V (K), we

must have have that ω ≥ 7. Since ω = ∆ − 4 this means that ∆ ∈ {11, 12} (and ω ∈ {7, 8}).

We will be able to get quick contradictions in both cases once we establish the following claim.

For here and in what follows, we let U = {v2, . . . , v∆−4}, noting that the colors on U are all

used on K (in addition to color 1). By dU(v) we mean the number of neighbors a vertex v has

in U \ {v}.

Claim 21. If vi ∈ U then dU(vi) ≥ ∆ − 9. Moreover, for any distinct vi, vj ∈ U with

dU(vi) = dU(vj) = ∆− 9, the vertices vi, vj must be adjacent.

Proof of Claim. Suppose some vi ∈ U has dU(vi) ≤ ∆−10. As |U | = ∆−5, this means there

are at least four vertices in U to which vi is not adjacent. Without loss, say these four vertices

are v2, v3, v4, v5. We apply Claim 20(d) to get four different odd holes Hci, with c ∈ {2, 3, 4, 5}.

Consider the vertex wi, which must be common to all four holes since it is the only vertex

in K with color i. The vertex wi therefore has ∆ − 5 neighbors in K, as well as four more

neighbors outside of K, one from each Hci. Thus dG(wi) ≥ ∆− 1.

Consider the odd hole H2i, which includes the five distinct vertices v2, vi, x
′, w2, wi (by

Claim 20(e)). Both w2, wi have a neighbor in H2i \K, say w′
2, w

′
i, respectively, which makes

dG(w2) ≥ ∆− 4 (we already have a better bound for wi). By applying Claim 20(a) to H2i, we

get that dG(w′
2) = ∆.

We know that every vertex in H2i other than w2, wi is high (by Claim 18), and in fact we

have seen that wi is high as well. We also know that w′
2, x

′ are distinct vertices in H2i which

both have degree ∆. So since H2i is not high, we must have dG(w2) = ∆ − 4 and every

other vertex on H2i other than w′
2, x

′ has degree exactly ∆ − 1, including w′
i, wi. But then the

existence of the path P = (w′
i, wi, w2) contradicts Lemma 4.4.

We have now established the first sentence of the claim. To establish the second, suppose

for a contradiction that there exist two non-adjacent vertices vi, vj ∈ U with dU(vi) = dU(vj) =

∆− 9. Since |U | = ∆− 5, we know that each of vi, vj has two non-neighbors in U , in addition
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to each other, say va, vb and vc, vd, respectively. We apply Claim 20(d) to vi and each of va, vb

to get the two odd holes Hia, Hib (it could be that i > a, b but we are not concerned about this

here); we get the holes Hjc, Hjd analogously. We also apply Claim 20(d) to vi, vj to get the

odd hole Hij ,

Note that Hia, Hib both include the vertex wi ∈ V (K), Hjc, Hjd both include the vertex

wj ∈ V (K), and Hij includes both wi, wj . Given the different colors on vertices in each of

these holes, this means that both wi, wj have at least three neighbors outside of K. Since wi, wj

also have ∆− 5 neighbors in K, dG(wi), dG(wj) ≥ ∆− 2.

By Claim 18, every vertex in Hij besides wi, wj is high. By applying Claim 20(a) to Hij

we get that the neighbor of wi in Hij also has degree ∆. Claim 20(e) gives that wi ̸= vi,

so x′ is not this neighbor, and hence is a second vertex in Hij of degree ∆. But then since

dG(wi), dG(wj) ≥ ∆− 2 this means that Hij is high, contradiction.

Suppose now that ∆ = 11. Consider v2 ∈ U . Claim 21 gives that dU(v2) ≥ 2; suppose

without loss that v3 is a neighbor of v2. We previously had that v1, v∆−1, v∆−2, v∆−3, x
′ induces

a K5 in G. By Claim 20(c) these vertices are all adjacent to v2, v3, so in fact we may add these

to the K5 to get a K7 = Kω in G. This contradicts K as the unique Kω in G since x′ /∈ V (K).

We may now assume that ∆ = 12. We will show that U contains a K3. If we succeed at

this, then we will get copy of K8 = Kω in G which contains x′, as in the previous paragraph,

leading to our final desired contradiction.

By Claim 21, dU(vi) ≥ 3 for all vi in U . Consider the graph GU induced on U , which

has 7 vertices. If there are three vertices in U which meet this lower bound with equality, then

these three vertices form a K3, by Claim 21. So GU has at most two vertices of degree 3, and

the rest have degree at least four, hence |E(GU)| ≥ 1
2
(5(4) + 2(3)) = 13. Mantel’s theorem

says that any 7-vertex graph with more than 4(3) = 12 edges contains a K3, so we have just

enough edges to guarantee our desired clique.
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Chapter 5

Conclusion

In this dissertation we proved several results related to the Borodin Kostochka Conjecture.

Chapter 3 proved that vertex-critical graphs with χ = ∆ = 9 which don’t contain certain

forbidden substructures either contain K3 ∨ E6, or are close to containing it. Chapter 4 proved

that all graphs with χ = ∆ ̸= 5, 6 contain either a high Kω or a high odd hole.

The work we accomplished in Chapter 3 allows much possibility for extension. Each

theorem (Theorems 1.4, 1.6, and 1.7) relies on the development of an algorithm which moves

the vertices between the parts of a Mozhan partition in a certain pattern. The subgraphs we

find are a direct result of the output of these algorithms. Furthermore, most of the structures

which we forbid in our results are forbidden to allow the algorithms to run without encountering

errors. Hence, a more effectively designed algorithm, or likely an improvement to one of these

existing algorithms, could allow us to discover more adjacencies between vertices, resulting in

a stronger subgraph containment, and perhaps less restrictive forbidden subgraph conditions.

Concerning the result in Chapter 4, our future work is clear. We conjecture that Theorem

1.10 does in fact hold for graphs with ∆ = 5 and ∆ = 6, yet our current methods rely on

Theorem 1.11(a) which applies for graphs with ∆ ≥ 7. However, it is not clear that Theorem

1.11(a) does not hold for graphs with ∆ < 7. If it could be shown to be true for graphs with

these small ∆, then we suspect our Theorem 1.10 could also be extended to ∆ = 5, 6 using the

arguments we have already developed. On the other hand, there may be a method to prove our

remaining cases without relying on Theorem 1.11(a). We also conjecture that Theorem 1.10

could be strengthened to the following: Graphs with χ = ∆ either contain a Kω where every

vertex is high or an odd hole where every vertex is high.
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