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Abstract

Restricted secant varieties of Grassmannians are constructed from sums of points corre-
sponding to k-planes with the restriction that their intersection has a prescribed dimension.
This thesis calculates dimensions of restricted, cyclic, and path geometric secants of Grass-
mannians and relate them to the analogous question for secants of Grassmannians via an
incidence variety construction. Next, it defines a notion of expected dimension and gives a
formula, which holds if the BDAG conjecture 7, Conjecture 4.1] on non-defectivity of Grass-
mannians is true, for the dimension of all restricted secant varieties of Grassmannians. It
also demonstrates example calculations in Macaulay 2 and points out ways to make these

calculations more efficient. The thesis also shows a potential application to coding theory.

i



Acknowledgments

I would like to begin by thanking my mama, Billie Jo Monroe Bidleman. She inspired
my love for reading and learning and for that I am grateful. Next, I would like to thank
my dad, Floyd, for loving math and always asking me questions that helped clarify my
understanding. To my brother Galen, thank you for always keeping me focused and helping
me whenever [ had any problems. My brother, Nolan, who lived with me the last year,
was a sense of calm in a difficult process and someone that could speak the language of
mathematics with me when most can not.

My advisor Dr. Luke Oeding took a chance on me and for that I am ever grateful.
He pushed me and was always a model for what a mathematician should be. There are so
many graduate students who I could thank, but I would specifically like to mention Matthew
Speck. He and I share an advisor and many times he was the one person who gave me an
idea or someone to talk to when I got stuck. Finally, Stacie Baumann and Josey Graves
were my office mates and the two who would always talk through my problems and help me

in any way they could.

1l



Table of Contents

(1 [ntroduction| . . . . . . . .. L 1
2 Restricted Secant Varieties of Grassmannians . . . . . . .. ... ... ... .. 5
2.1 Preliminaries and Notationl . . . . . . . . . . . .. .. ..o 5
[2.1.1 Inheritance and orbit stability| . . . . . . . .. .. ... ... ... .. 7

[2.2  Computing Dimensions Using Macaulay2| . . . . .. ... ... ... ... .. 12
[2.2.1 Computing dimensions of of Gr(k,n) . . . . ... ... .. ... ... 13

[2.2.2  Computing the dimension of secants imn M2 . . . . . . ... . ... .. 15

[2.2.3  Computational efficiency| . . . . . . ... .. .. ... 16

(2.3 Dimensions of 1-Restricted Chordal Varieties|. . . . . . ... ... ... ... 19
[2.3.1 The case of 2-planes| . . . . . . .. ... ... oL 19

[2.3.2  The case of 3-planes| . . . . . . . ... ... ... L. 20

2.4 Dimensions for r-restricted secant varieties| . . . . . . .. ... ... 22
2.5 Coding Theory| . . . . . . . . . .. . 33

(3 Graph Theoretic Intersection Structures and Related Problems|. . . . . . . . .. 37
B.1 Tensors and Related Problems . . . . . . ... ... ... ... ... ... 37
[3.2  Description of Detective Secants of Grassmannians|. . . . . . .. . ... ... 38
321 o3(Gr(3,7)). . - - 38

[3.2.2 Other defective cases| . . . . . . .. ... ..o 40

[3.3 Schouten Diagrams| . . . . . . . ... 40
[3.3.1  Cyclic Schouten Diagrams| . . . . . . . .. ... ... ... ... ... 41

[3.3.2  Schouten Diagrams that Form Paths . . . . . .. ... ... ... .. 43

4 Future Worksl . . . . . . . . o 46

v



[>.1 Naive Implementation for the cone over secant of Grassmannians|. . . . . . . 49

[5.1.1  Improved Computation for cone over restricted secant ot Grassmannians| 49

[5.1.2  The dimension of the cone over cyclical secant of Grassmannians/. . . 50
I5.1.3 Classifying the orbits of A'FS under the SLg(FFy)-action| . . . . . . . . 51
[>.1.4  Finding the Normal Forms of Defective Secants of Grassmannians| . . 56
Bibliography| . . . . . . . . 63



Chapter 1

Introduction

Secant varieties are fundamental objects in algebraic geometry. Given a projective
variety X C IP", the k-secant variety is the closure of all points that have X-rank < k, i.e.
those of the form [v] = [z1+- - -+ ;] with [z;] € X for all i. Such decompositions have many
applications since one can view an X-rank decomposition as recovering the information stored
in the [z;] from [v] [6,23]. However, it is often not possible to choose the z; independently
and this could lead to defectivity of the secant variety.

For X C PV invariant under the action of a subgroup G C GL(V') secant varieties of
X inherit this G-invariance. Hence secant varieties can be part of a classification of orbits
[1,5,29,36]. One seeks easy ways to compute invariants that permit the separation of orbits,
perhaps the first of which is dimension.

Terracini’s lemma [37] reduces the dimension of the secant variety of a variety X to a
dimension count for a sum of linear spaces. This count is usually correct (as long as the
spaces don’t intersect), so when it fails for the k-secant variety one says that X is k-defective.

The problem of finding defectivity of varieties dates back to the 19th century with
the proof of the defectivity of the Veronese surface and was studied by classical algebraic
geometers; for example see the works of F. Palatini, A. Terracini and G.Scorza [30}32-35|.
While work in this area continued, the 1990s saw two major breakthroughs that reinvigorated
the study of defectivity of varieties. First, Zak’s 1993 work [37] studied tangential and secant
varieties and classified Severi varieties via a connection to defectivity of 5(X). From there,

Alexander and Hirschowitz [3|4] completely classified the dimensions of the Veronese variety,



proving that apart from the quadratic Veronese varieties and four specific cases, all higher
secant varieties of Veronese varieties have expected dimension.

Though the Veronese case is completely resolved, the non-symmetric (Segre) and skew-
symmetric (Grassmann) analogues are still open. In this thesis we focus on the Grassmann
case. In 2002, Geramita and Gimigiliano proved that o3(Gr(3,7)) and o4(Gr(3,9)) are
defective [13]. Using a combination of theory and computation, Baur, Draisma and de Graaf

in [7] conjectured that the list of known counterexamples was complete:

Conjecture 1.0.1. Baur-Draisma-de Graaf 7] The only cases where the secant variety of

the Grassmannian o5(Gr(k,n)) is defective are the following:

1. 0x(Gr(2,n)) (skew sym- 2. o3(Gr(3,7)), 4. 03(Gr(4,8)),

metric matrices),
3. 04(Gr(3,9)), 5. 04(Gr(4,8)).

In 2013, Boralevi improved the list of known cases and gave the following theorem which

is the current state of known non-defective cases of secants of Grassmannians [11].
Theorem 1.0.2. If k > 3,k < 5 then 0,(Gr(k,n) has the expected dimension.:
1. forn > 15, all k and s, except (k,n;s) = (3,7;3),(4,8;3), (4,8;4),(3,9;4),
2. form >15, k>7, s < max{111, "‘T"”*?’},
3. form > 15, 3 < k <6, as follows:

(a) k=3, s < max{12,§

(b) k=4, s <mar{30, 1}

(c) k=5, s <max{59, "‘2}
}

(d) k=6, s <mar{90, 2}



A unifying feature of the defective cases and some of the larger cases that have not
been classified is a complex intersection structure that affects the dimension. Fulton and
Harris in their textbook on representation theory offer, as exercise [17, Ex. 15.44], an initial
direction to follow in studying this more complicated intersection structure. A collection of
k-planes that are all forced to share an r-dimensional overlap is called a restricted secant
of Grassmannians. These restricted secants as well as secants of Grassmannians whose
intersection structures resemble a path or cycle graphically, can be entirely described in
terms of secants of Grassmannians. The techniques and constructions used within are a
part of a larger program attempting to show that computing the dimension of secants of
Grassmannians with more complex intersection structures can be reduced to computing
dimensions of secants of Grassmannians.

In Chapter II basic definitions and concepts used to study Grassmannians, secants, and
tensors are established. Notation is defined and the description of the necessary background
information and proof of basic lemmas occurs. The focus is on inheritance, and this results
in a proof of a version of the orbit-stabilizer theorem for subspaces to show how after a
certain value of n, families of k-planes have the expected dimension and can be expressed in
terms of the specific dimension at step n and a correction term.

The next section provides the algorithmic approach used to compute the dimension of
a parameterized variety with a computer algebra software, in this case Macaulay2 [18]. Tt
also highlights the drawbacks of the built in functions of M2 for the problem and provides
the code to get around those. Next, is the classification of restricted secants of varieties.
For a specific case of the restricted chordal variety, o3(Gr(3,n)), a version of Terracini’s
lemma is used to calculate the dimension which mimics the known approach. After this is
a classification of the other restricted chordal varieties. Shifting to higher order restricted
secants of Grassmannians, the main theorem of the work is provided. This is then used, along

with the BDdG conjecture, to define the dimension of restricted secants of Grassmannians



problem as a secant of Grassmannian problem. The section ends with an application to
coding theory. Given the relevant definitions, creating a linear code using a restricted secant
of Grassmannians is defined. For a specific code over a binary field, the code is shown to
be identifiable, its orbits are classified, and it validates the construction utilized in the main
theorem.

Chapter III is a study of two different intersection structures originating in graph theory.
These Grassmannians have a Schouten diagram represented by a cycle or a path. Dimension
of both cyclic and path secants of Grassmannians are classified again entirely in terms of
secant of Grassmannians. The proof techniques in this chapter give a second description of
the restricted chordal varieties.

Chapter VI is a collection of unsolved problems that will be the focus of future work.

Within the appendix, there is a collection of Macaulay2 code used to generate examples.



Chapter 2

Restricted Secant Varieties of Grassmannians

Chapter 2 is taken from joint work completed with Dr. Luke Oeding [10].

2.1 Preliminaries and Notation

Let V,W denote complex finite-dimensional vector spaces. Given a projective vari-
ety X C PV let X denote the cone in V. The Grassmann variety is the collection of
k-dimensional subspaces of V' denoted Gr(k, V'), or Gr(k,n) if the ambient space V' is n-
dimensional. The Pliicker embedding maps Gr(k, V) into PAV as follows. Given a k-plane
E, select a basis eq, ..., e, of E and send it to the class of the wedge product [e; A - -+ A eg].
We will write £ = e1 A\ --- A e for a representative on that line. One checks that this map
is well-defined independent of the choice of basis of E, and that it is an embedding.

Since we work in projective space and have a skew-symmetric product we often insist
that i; < 79 < -+ < 1. The general linear group acts transitively on the set of k-planes,

hence the Grassmannian is also the GL(V')-orbit

Gr(k,V) = GL(V).[egr A -+ Aeg].

Any nonzero element § € A"V induces an isomorphism /\kV — /\"%V given by contrac-
tion on simple elements and extending through linearity. For instance, if § = e; A- - -Ae,, then

d(er) = sgn(/l, I*)es~, where x denotes complement on multi-indices, and sgn(/, I*) denotes



the sign of the corresponding permutation of [n]. This induces a duality on Grassmannians
Gr(k,V) = Gr(dim(V) — k,V), or Gr(k,n) = Gr(n — k,n). (2.1)

For parametrized varieties the differential-geometric view of the tangent space is useful:

Definition 2.1.1. Let x € X be a smooth point on an algebraic variety X C PW. The cone

over the tangent space to X at x is
T.X = {7(0) | 7: C'—X,7(0) = x}.
It is a standard exercise in |24 Ch. 6] for instance to verify the following expression:
TpGr(k,V)=E+ E*®V/E,

where E* is the dual vector space, and V/E is the quotient. One finds other useful charac-
terizations of this tangent space in [14]. We prefer the following description. The tangent
space to the Grassmannian at F is spanned by e; A - -+ A e, and all square-free monomials of
the form ep oy, where I = {1,...,k}, i€ [ and j € {k+1,...,n}. This description has
an interpretation using simplices. Recall that the set of multi-indices of length %k, denoted
Sk ={J C [n] | |J| = k}, parametrizes the space of k-simplices. There is a discrete distance
function called the Hamming distance dy on Sy, which is defined as dy (1, J) the size of the
symmetric difference of I and J.

The indices that occur in the monomials in J/E Gr(k, V') correspond to all simplices in a
Hamming ball of radius 1 centered at the standard k-simplex, which one can show contains

k(n — k) + 1 simplices.



Given a variety X C PV, the X-rank of a point [p] € PV is the minimal number s of
points [z1],...,[z] such that p lies in the span of the z;. One notion of tensor rank (the
CP rank) is defined when X is the variety of rank-1 tensors (indecomposable tensors). The
s-secant variety of X, denoted o4(X), is the Zariski closure of the points of PV with X-rank
s. Points in 04(X) are said to have X-border rank s. While X-rank is not semi-continuous,
X-border rank is semi-continuous by construction.

Restricted secant varieties of Grassmannians generalize |17, Ex. 15.44] as follows:

Definition 2.1.2. The r-restricted s-secant variety of Gr(k, V) in PNV, is

oL (Gr(k, V) = { By + -+ + ABJ] | By € Gr(k, V), \] € P, dim([_, Bi) > 7.

Note that it is necessary to define the dimension of the intersection as being > r rather
than = r to ensure the variety is non-empty. When more than 2 k-planes are involved the
intersection structure is more complicated and is not in general characterized by a single

number. We find it already interesting to study this case.

2.1.1 Inheritance and orbit stability

Given a family F of algebraic varieties one can ask what properties a variety inherits
from its subvarieties coming from the same family. For example, we define an orbit family
F = F(W,,G,, X,) by the data: a chain of vector subspaces Wy =Wy C --- C W; C --- C
W,, a family of groups G, with G; C GL(W;) and a family of varieties X, with X; C PW;
and we require the property that G;.X; C X, whenever ¢« < j. We say that orbit stability
occurs at step p if G;.X; = X; whenever p < i < j [13]. When orbit stability occurs, we
can use this structure to compute the dimensions of the X; for ¢ > p precisely. Specifically,
when the varieties X; are defined by the closure of a single orbit, orbit stability at step p

implies that all X; for ¢ > p have the same normal form (representative of an orbit on a



full-dimensional open set) n € X;. Hence, we can describe the tangent spaces to the X; at

n as follows for all ¢ > p:
T\nXi = anp + a correction term.

To determine this correction term, we recall the following version of an orbit-stabilizer
theorem for subspaces (see |24, 6.9.4] for the case when V is a line, and G.V = G/P is a

homogeneous variety).

Proposition 2.1.3. Let G be a connected compact complex semisimple Lie group contained

in GL(W). Given a G-module VC W, set H = Stabg(V'). Then
dim(G.V) = dim(G/H) + dim(V). (2.2)

Proof. The orbit G.V can be seen as a parametrization:

GxV — W

(g;v) = go
The tangent space at v = Id.v can be computed via the Lie algebra action:

~

T,GV =v+][g, V], (2.3)

see [22, Prop. 3.18]. The decomposition W = V @& V/W induces a decomposition of the

endomorphisms:

EndW)=W*oW = (Vo V)a (V' aW/V)& (W/V' V)& (W/V @ W/V).



Define the corresponding subspaces g;; of g C End(W) via restriction. Seen as a matrix,

goo Yo1
g —
g0 911

In addition, h = goo P go1 P @11 is the subalgebra of g that stabilizes V. Hence

(9, V] = [800 @ 910 @ 01 D 11, V] = [800, V] ® [810, V] @ [g01, V] @ [911, V]

= [800, V] © [g10, V]. (2.4)

Since V is a G-module it is also a ggo-module and [ggo, V] = V. Moreover v € V so v+[g, V] =

U+ [goo, V] D [gl(), V] =V& [glo, V] Finally, g/[j = ¢g10, SO dlm(G/H) = dim([gm, V]) ]
We can then apply this to the family of varieties with symmetry.

Proposition 2.1.4. Suppose an orbit family F achieves orbit stability at step p, and that
G acts transitively on the set of dim(V,)-planes for each i > p. Define a fiber bundle
= — Gr(dim(V},), V;) with each fiber over E € Gr(dim(V},),V;) equal to a copy of X, C PE.

Then for all i > p, X; is birational to the total space of =, and in particular
dim(X;) = dim(X,) + dim(Gr(dim V,, V;)). (2.5)

Proof. We will show that X; is birational to the fiber bundle = defined in the statement.
Then the total space of = has dimension equal to the dimension of the general fiber plus the
dimension of the base, or dim(X,) + dim(Gr(dim V},, V;)), so the “moreover” part follows.
Let [x] € X; be a general point, so we can assume x is on the orbit G;.z;. Because of
orbit stability at step p we can take = to be the normal form for X, z = z, € X,. Consider

the vector space T, z,Xp and take its orbit under the action of G;. Since G acts transitively



on dim(X,)-planes, this orbit is Gr(dim(V}), Vi), so we can send z, to the pair (prp,xp),
this is a rational mapping.

For the other direction, suppose we have a pair (E,z) € = with = € Xp, where Xp
denotes a copy of X, in E. Then by the assumption that G; acts transitively on dim(V,)-
planes we can assume that the linear space E is a (; translate of T\%Xp, hence z € g.X,, C
g.anp, with g € GG;. What is left to show is that the composition of the two maps is the
identity. Let [x] € X; be a general point. Because of orbit stability, + = x, € X,. Apply
the first map. Take the orbit of x;, under the action of GG;. This produces a pair (f 20 Xps Tp).-
Then, it is true that x, € X, and not just Xp, where Xp was a copy of X, in E. Further,
since G; acts transitively on dim(V},)-planes, applying the second map and acting on ﬂpo

by G; means x, € 9.7, »,Xp. But we had z, = x, therefore we arrive back at [z]. O

We're interested in the case for fixed k,r,s with W; = /\kVi, with Vo, € --- C V,
and V; 2 C', G; = GL(V;) and X; = o7 Gr(k,V;). We denote this family by G(r,s, k) =
(N'Va, GL(V4), 0" Gr(k, V4)). These varieties are defined as orbit closures, and in this partic-

ular case orbit stability implies stability of normal forms.

Proposition 2.1.5. The family G(r, s, k) obtains orbit stability (at least) when p = r+s(k—

T).

Proof. Note the condition that G(r, s, k) obtains orbit stability at step p, where p = dim(V,))
and of(Gr(k,V),)) can be guaranteed at the first instance where there are enough linearly
independent basis vectors to define a general point = € o7 (Gr(k,V,)) with no additional
intersection. Now count independent parameters. For a given, r, s, k there is an r-dimensional
overlap which accounts for r elements e; € V and additionally each of the s copies of the
Grassmannian requires k — r more e; elements for a total of r + s(k — r). These ¢; € V' can

be chosen independently if n > p =r+ s(k —r). O

10



Proposition 2.1.6. Suppose G(r, s, k) attains orbit stability at step p. For all n > p we

have

dim(o] Gr(k,V,)) = dim(o] Gr(k,V,)) + dim(Gr(p,n))

=r(p—r)+s((k—r)p—Fk))+s—1+pn—p). (2.6)
Proof. When orbit stability occurs there exists a birational morphism:
Gj X Xj -=> Xj

Using the orbit-stabilizer theorem we obtain a dimension count: r(p—r)+s((k—r)(p—

k))+s—14p(n—p). O

Example 2.1.7. Apply this argument above to the 1-restricted case for o!(Gr(3,V)). We

have the following chain of inclusions

Gr(k,a) c PA'C* ¢ PA'C™.

Then, o!(Gr(k,V)) can be found by taking the appropriate orbits of o!(Gr(k,a)):

GL(n).0l(Gr(k,a)) C o}(Gr(k,n)).

Consider o} (Gr(3,n)) and take a = 7 in this case. So, o3(Gr(3,V)) is birational to Gr(7,V)) x
0}(Gr(3,7)). Therefore,

dim(o3(Gr(3,n))) = dim(Gr(7,n)) + dim(o3(Gr(3,7))).

So, since 01(Gr(3,7)) = 20 we have dim(c}(Gr(3,n))) =7-(n—"7)+20 = Tn —29 for n > 7.

11



This leads to other explicit formulas for 1-restricted chordal varieties such as:
dim(o5(Gr(4,n))) = Tn — 24, for n>17,
and
dim(o5(Gr(5,n))) = 9n — 40, for n >9.
The following result of Boralevi has a similar flavor to the work in this section:

Theorem 2.1.8 (|11]Lem. 3.2, Thm. 3.3). If 05(Gr(k,n)) has the expected dimension and
does not fill its ambient space then os(Gr(k,n +t)) and os(Gr(k + t,n +t)) both have the

expected dimension for every t > 0.

2.2 Computing Dimensions Using Macaulay?2

A standard method to compute the dimension of a parametrized projective variety is

via differentials. Recall a parametrization is a rational mapping

p: P — PV,

defined on a non-trivial open subset U € PM. That the map ¢ is rational means that
[o(x)] = [po(x) = ... pn(z)] With ¢;(x) a rational function for each coordinate i. Recall
that the image X of a rational mapping ¢ is the Zariski closure ¢(U) and note that the

definition doesn’t depend on which non-trivial open subset we choose as long as ¢ is defined

on that set. Work on the cone over U and take the total differential (the Jacobian):

dp: U — CN*L,

12



noting that pr = CM+1 and f¢(p)CN+1 = CN*1. At a point [p] € U, the linear mapping
dp,: CMHT — CNH

may be represented by a matrix with (7, j) entry %(p), with 0 <7< Nand 0 < j < M.
J

The image of dyp, for general [p] € U is the tangent space ﬁ,(p)X , and hence the rank of dy,

computes the dimension of the cone X.

In summary, to compute the dimension of a parametrized variety we may

1. Generate sufficiently many random points [p] of the source.

2. Compute the partial derivatives gfj (p) and populate the matrix dy,.

3. Compute the rank of the matrix dy,.

2.2.1 Computing dimensions of o] Gr(k,n)

We verified the calculation of dimension for several families of restricted chordal varieties
with Macaulay2 [18]. An example computation can be found in the ancillary files associated
with the arXiv version of this article.

Since any k-dimensional subspace of an n-dimensional space can be represented as the

row space of a k X n matrix, a parametrization for o4(Gr(k,n)) is given by
©: P(ckxn)xs N ]P)/\k(cn’

which takes an s-tuple of k£ x n matrices (up to scale) to the sum of their vectors of k-minors.
The open set we work on is the one where all of the matrices in question have full rank.

The Jacobian at a point p is a linear mapping

dop: ((Ckxn>><s N /\k(cn’

13



v) % (kns).

whose coordinates are evaluations of derivatives of sums of minors. Its size is (k

We write dp(A) (and similar) to indicate a symbolic Jacobian, and dpc to indicate the
evaluation at a point parametrized by an s-tuple of matrices C.
Similarly, a parametrization ¢" for o’ (Gr(k,n)) is given by restricting the source of ¢

to a set where the s-tuple of matrices mutually share r row vectors. This restricted source is

(Crxn> % ((C(kfr)xn) ><s’

where the first factor is the shared rows. So the Jacobian d¢" has size (}) x (rn+ (k —r)ns).

Focus on the case s = 2 for the moment, the case of general s is similar. Given two
symbolic matrices A and B in C**" with the first r rows of B the same as those of A (to
reflect the overlap in their row spaces) we can represent the structure of the sum of the
Jacobians of their Pliicker images. So dp(A + B) = dp(A) + dp(B). Let A = (a;;) with
0<i<k—-1,0<j<n—1land B=(b;), with0<i<k—r—1,0<j<n—1 Let
d= (Z) and Aj represent the maximal minor of A with columns I and order the multi-indices

I lexicographically and re-name them mq, ..., my. The Jacobians of the Pliicker maps of A

and B are the following.

0Am, 0A,

dago Oag
d‘P(A) = ; . :

0Am, 0A,

O (k—1)(n—1) O (k-1)(n—1)
OBy, OBy, OB, OB, \
dago dag—1yn-1y Oboy  Obp—r_1)(n—-1)
de(B)= | - : : - :

0B, 0B, 0B,,, 0B,
dago aa(r—l)(n—l) Oboo (%(k—r—l)(n—l)

14



Therefore, dp(A) + dp(B) =

0An, 0By, 0An, 0B, 0Anm, 0A,, 0B, 0B,
Jdagy ~ Oago 0a(r—1)(n-1)  O0p_1)n-1) OU(r_1)(n-1)+1 dag—1y(m-1)  Fboo Ob(k—r—1)(n—1)
0An, OB, 0A,, 9By, 0A,, 0A,,  9Bm, 9B,
Oagy ~ Oago dair—1)(n-1)  Oap_1)(n-1) OU(r_1)(n-1)+1 dak-1)(n-1y  Oboo Ob(k—r—1)(n-1)

We use this block structure to make our computations more efficient.

We generate a collection C' = (CY, ..

., C,) of random matrices C; € C**™ with the

appropriate overlap of their row spaces. Via Terracini’s Lemma the Jacobian dy¢ is the sum

of the differentials of the Pliicker maps, dpc(A;). The rank of the resulting matrix is equal

to the dimension of that restricted chordal variety (as long as the initial choice of C' was

sufficiently general, which it will be with probability 1).

2.2.2 Computing the dimension of secants in M2

A naive implementation to compute the dimension of a secant variety of the Grassman-

nian in M2 is given below:

testnk = (n,k) -> (

R =
A =
B =
fun
jac

val

QQ[a_(0,0)..a_(k-1,n-1),b_(0,0)..b_(k-1,n-1)];

transpose genericMatrix(R, a_(0,0), n,k);

transpose genericMatrix(R, b_(0,0), n,k);

diff (transpose basis(1, R), fun);

map(QQ,R, random(QQ~1,QQ"(dim R)));

rank val jac

15
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The first 3 lines define the source variables (ring) and matrices. It then defines the
mapping, fun, and differentiates with respect to the column vector of variables to calculate
the Jacobian as a matrix. Note M2 also has a command for Jacobian.

This gives us a set of polynomials which we can evaluate and then find the rank of the
corresponding numerical matrix. Note that in this case with negligible computational time
we see that the rank is 26, which is indeed the dimension of the cone over the secant of the
Grassmannian o,(Gr(3,7)).

One can modify the procedure as follows to handle the restricted secant case:

n=7; k=3; r=1;

R = QQ[a_(0,0)..a_(k-1,n-1),b_(0,0)..b_(k-r-1,n-1)];
A = transpose genericMatrix(R, a_(0,0), n,k);
B = A°{0..r-1}||transpose genericMatrix(R, b_(0,0), n,k-r);

Note there are fewer variables needed because of the overlap, and we force the matrices
to share an r dimensional overlap (the first » rows). The exact same functions as before
compute the Jacobian and its rank. For example, in the case of k =3, n =7, r = 1 we find
the dimension of the cone over ¢3(Gr(3,7)) is 20. We tested this straightforward calculation

forr=1,2and k,n=2,...,10,aswellasfor s =3, r=1, k,n=2,...,10.

2.2.3 Computational efficiency

The above naive implementation for calculating the dimension of the restricted chordal
variety is not efficient enough to handle larger computations. There is a trade-off of easy-
to-implement formulas that ignore redundancy versus more careful implementation that is
aware of these redundancies. In addition, we should pay attention to the order of operations
for evaluation, in order to limit the size of intermediate computations.

In the naive implementation we take s symbolic matrices with the required r-dimensional

overlap, and for each of those matrices determine the symbolic Jacobian, and then evaluate
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at a random point. However, the corresponding computation of differentials of minors is very
inefficient for even very small cases. For example, a case assmallas s =2, r =1,k =8n =10
has Jacobian consisting of more than 100, 000 total terms and takes at least 20 minutes on a
local system to evaluate. This inefficiency can be avoided noting redundancies from the fact
that the differential of a minor is a linear combination of smaller minors and representing
these entries as unevaluated determinants, or subfunctions, (rather than sums of monomials).

This point is illustrated by the following. Suppose A is a matrix of variables, and ¢ is
the determinant function. Compute the Jacobian of ¢ in this case. We don’t need to expand

a determinant and then take derivatives in order to find an expression for the derivative

Odet A

5. Instead use Laplace expansion on the i-th row,
ij

" 9 det(A)
det(A) = ZaijCi- — Tm - Cz

j=1

where Cj; is the cofactor corresponding to the entry, which does not use the variable a;;.
Now we can treat Cj; as an unevaluated subfunction. For sums of determinants this same
general principle can be applied. Every entry of equation has this format.

Another efficiency consideration is order of operations, particularly evaluation and minor
determinants. Generally, it is better to compute the determinant of a numerical matrix
instead of evaluating it determinant at a point.

Return to our example. The coordinate functions are (sums of) minors, and hence
their partial derivatives are also (sums of) minors. Realizing this allows us to define the
Jacobian with subfunctions that evaluate these minors rather than compute the minors as
derivatives. Computing a vector of minors at a point allows one to make use of reductions
like Gaussian elimination which speed the computation of determinants greatly (on the order

of n® operations rather than n!).
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To implement this idea, we wrote functions (essentially linear combinations of determi-
nants) to populate the entries of the Jacobian, instead of relying on functions from M2 like
diff or jacobian. To replace our use of diff we explicitly populated the Jacobian matrix
utilizing appropriate subfunctions (cofactors) depending on the row and column labels. The
Jacobian has column labels representing differentiation with respect to variables and row
labels representing maximal minors.

Specifically, we populate this matrix utilizing these rules: in row m; and column z;; we
put a 0 if maximal minor A,,, does not contain the variable z;;, or we put the (numerical)
determinant of the A,,, cofactor. This procedure, for each of the s matrices, defines the
Jacobian with respect to the collection of variables defined only by that individual matrix
and not the variables defined by every one of the s matrices. This directly produces the
block structure (seen at (2.7))) of the Jacobian. Then we add the numerical Jacobians of
each of the matrices together and calculate the rank.

Here is an implementation of this strategy as a function that eats a matrix M and spits
out the column of the Jacobian of the Pliicker map at M corresponding to the differential

with respect to variable (i, j) for M.

par = (j, s) —> (

c=0;

for i to (length(s) -1) do(
if j ==s_i then return i
else continue;);

return c);

The function par determines the sign of the cofactor. We loop over the subsets representing
the maximal minors. The if-then statement determines whether or not the given minor

contains the variable at (i, j) and sends it to 0 if it doesn’t otherwise it evaluates the necessary
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numerical cofactor. We compute the full numerical Jacobian by using the function dM to

populate the relevant non-zero columns.

t = set(0..k-1);

dM = (i,j,M)->apply(subsets(n,k),s—>
if not member(j,s) then O
else (-1)~(par(j,s)+i)*

det (submatrix(M,tolist(t-set{i}) ,toList(s-set{j}))));

Remark 2.2.1. With these changes we notice the following differences in speed (on a laptop)
for computing the dimension of o3(Gr(8,10)): after 20 minutes we force the code for the
naive implementation to end with no answer, while the new code calculated the dimension

in .09 seconds.

2.3 Dimensions of 1-Restricted Chordal Varieties

The main tool used to calculate the dimension of the secant variety is:

Lemma 2.3.1 (Terracini|33]). Suppose X C PW is an algebraic variety and suppose [x1], ..., [z]
are smooth general points of X such that [x; + -- -+ x4] is a smooth general point of o4(X).

Then

A~

Tx1+~~~+£ﬂso-8(X) = <f1.1X7 Ce fng> .

There is a one-to-one correspondence between nonzero k-vectors ey := e;; Aej, A---Aej,

and square-free monomials e;, ...e;, , so we often omit the A symbols. For shorthand, we

—

=To,, ., Gr(k, V).

write Ty, i i= T .

ko

2.3.1 The case of 2-planes

Asking for too much overlap causes collapsing, such as the following.
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Proposition 2.3.2. Suppose r > k —1 and dim(V') =n > k. Then,
oo (Gr(k,n)) = Gr(k,n). (2.8)

Proof. When r > k then the proof is trivial. Now consider the case r = k£ — 1. An open

subset of points in the cone o#~1(Gr(k,V')) can be written as
VP U + UL Vg1 Ukg1 00+ U1 Up—1Vks—1,
for v; € V. This expression factors as

V1 U1 Ut (U 0 Upgso1),
which is clearly an element of Gm) So, the result follows. [

2.3.2 The case of 3-planes

The first non-trivial case of restricted secant varieties is that of the 1-restricted chordal

variety of Gr(3,V), with dim(V') > 5.

Proposition 2.3.3. Consider X = Gr(3,V) with dim(V') =n > 5. Then the following hold:

A~

1 _
1. T616263+6164G5UQ<X) =V. {6263 + eyes, e1ea, €163, €164, 6165}7

A~ o~

2. Teyeresteseses2(X) = T616263+e1e4e50—% (X) @ {eieaes — ejeqes | 1> 6}\(f123 N fms);
3. and dim(c3(X)) = 5n — 16 and o03(X) has codimension n — 1 in o9(X).

Remark 2.3.4. Note that flggﬂfym = e1-{esey, eaey, €365, €265} = C* and that dim(od(X)) =
5n — 16 = dim(o3(X)) —4 — (n — 5), where the “4” in the right-hand side signifies an extra
intersection. It is also notable that the monomials in (1) correspond to the triangles in a

square triangulated by adding a central point and all edges to that point.
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Proof. We mimic how one would prove Terracini’s lemma. First we recall how to compute
the cone over the tangent space to the Grassmannian. Use Def. and construct a curve

v(t) = e1(t)ea(t)es(t) such that e;(0) = ¢; and let €; denote €}(0), for 1 < i < 3. Then
7@)&:0 = €leges + erenes + eqeqges.

Since the vectors €] are arbitrary in V/,

T\123 =V. {6132, €1€3, 6263} = {616263} S¥ (V/{eb €2, 63}) : {61627 €1€3, 6263} = C(nfg)gﬂy

which agrees with the description given in |14, p 638]. The spaces Tias and Tysg are similarly

defined. Now let y(t) = e1(t)ea(t)es(t) + eq(t)es(t)es(t) = e1(t)(ea(t)es(t) + eq(t)es(t)). Then
V(t)ftzo = €} (eae3 + eqes) + erehes + ereaey + ereles + ereqes,

with €;(0) = e; and €;(0) = ¢ for 1 <1i < 5. Since € are arbitrary in V, we arrive at (1).

For (2), note that by a similar calculation we have

A~

Te16263+e485660-2 (X) - V : {61627 €1€3, €2€3, €4€5, €4€¢, 6566}°

Compare the tangent spaces Ty, e,estereses 05 (X) and Ty, eyes +esesee@2(X). The required overlap

on 03(X) forces elements of the form {e;eses — e;eqes | i > 6} to be excluded. Therefore,

A~ ~

T616263+€4656602(X> = T€16263+€16465U% (X) D {€i€2€3 — €i€4€5 ‘ i > 6}

Now we prove (3). In the case n = 5, one shows that a general point on o9(Gr(3,5))
can be written (after a possible change of basis) as [ejeze3 + ejeqes], which is in o3 (Gr(3, 5)),

hence 05(Gr(3,5)) = 04(Gr(3,5)).
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For n > 6, a general point of o5(X) is (up to a change of basis) ejeze3+ese5¢6. Therefore,
we obtain orbit stability, and by Proposition [2.1.6| we get the dimension count 6k — 17.

So, by Terracini’s lemma and Grassmann’s formula

A~

Teiesesteseses02(X) = f123 + T\456 = {T123 U T\456} - {fms N ﬁse} = {fms U T456}-

Now compare the two tangent spaces, and notice that

~ A~

T3162€3+3435€602(X) = T6162€3+e164650-% (X) D {ei€263 — €€4€5 | i Z 6}
= To3 ® Tus = (T123 + Thas) ® {eiezes — ejeqes | i > 6}

= ﬁ23 S¥ f456 = ((f123 U f145) — (T\ug N (f145))) @ {ejee3 — ejeqes | i > 6}, (2.9)

So the formula for (3) follows by noting that the “—4” comes from (1) and the “—(n — 5)”

comes from the complement on the right hand side of ({2.9)). O

Examples like these and computations done in M2 led to the generalizations in Sec-

tion 2.4].

2.4 Dimensions for r-restricted secant varieties

Recall for varieties X,Y C PV the abstract join variety is

J(XY) ={([=], [y]. [p]) | p € span{z,y}} C PV x PV x PV,

where the overline denotes Zariski closure. The abstract s-secant variety of X is denoted

Ys(X) C (X)** x PV and can be constructed inductively as the s-fold join of X with itself:

Yo(X) = {([x1], [x2], - -, [xs], [p]) | p € span{xy, ..., zs}} C PV x PV.
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The embedded s-secant variety is the projection to the last factor, denoted o4(X) C PV. The

virtual dimension of the s-secant variety is the dimension of the abstract s-secant variety:
v.dim(oy(X)) = dim(34(X)) = s - dim(X) + s — 1.
The expected dimension of o4(X) is
exp . dim(og(X)) = min{dim(PV), dim(X4(X))} = min{dim(PV), s dim(X) + s — 1}.
Similarly, the abstract r-restricted s-secant variety is the incidence variety
Z C Gr(r,V) x Gr(k —r,V)** x PNV,

defined by

IT:={(E,F,... Fy,z])]z¢€ span{@/\ﬁl,...,ﬁ/\ﬁs}}.

This incidence variety is natural as it mimics the way one might choose a point in o7 (Gr(k, n)).
That is, select an r-plane for the overlap, then select the s (k —r)-planes in the complement.
Finally, select the (s — 1) points needed to define the secant variety. However, what we say
is “expected” should change based on how many k-planes we are trying to fit into a vector
space V with an r-dimensional overlap, and we handle this in several cases.

As the restricted secant variety depends on the intersection of s linear spaces, Grass-
mann’s formula calculates the size of the intersection of exactly two vector spaces. We apply
this to the case of the restricted chordal variety below, where let E € Gr(r,V) and V/E to

respectively denote the r-dimensional space and its quotient.

Remark 2.4.1. Recall that the set of skew-symmetric matrices of rank < r corresponds to

the secant variety o,(Gr(2,V)), which is always defective.
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Proposition 2.4.2. Let n = k + 2 and r = max(r,2k — n). Then,
exp. dim(o5(Gr(k,n))) = min { (Z) —Lr(n—r)+2((k—7r)(n—k))+ 1} :

v. dim (e} (Gr(k, n))) = min { (Z) 1 —1) + 2k — 1) (n — k) — 3} .
Further o5t (Gr(k,n))) = Gr(k,n).

Proof. Let n = k + 2. This case handles spaces that have greater than a one-dimensional
overlap (2k— (k+2) = k—2). The corresponding incidence variety is composed of a secant of
Grassmannian of lines o9(Gr(2,V')), which are known to be defective. Redefine, if necessary,
r := max(r,2k — n). An isomorphic incidence variety to the one given in the proposition

above has the form

T C Gr(r,V) x Gr(k —r, V/E)*? x PA'V.

Let N = (Z) — 1. The expected dimension is

exp. dim (o5 (Gr(k,V))) :=min{dim(Z), N}
(2.10)
=min{r(n—r)+ (k—r)(n—(k—r))+ 1, N}.

Consider another representation of the same restricted chordal variety in the form
Z C Gr(r,V) x oy(Gr(k —r,n— (k—r))).

All secant varieties of lines are defective [14]. Therefore, as these restricted chordal
varieties are composed of a Grassmannian and a point in P /\kV which have full dimension and
one piece that is defective, namely the secant variety of lines, the restricted chordal variety is
defective. Then, by direct calculation the actual dimension is the expected dimension minus

one copy of Gr(k —r,n — (k —r)). O
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Example 2.4.3. Consider 03(Gr(6,8)). By Grassmann’s formula any pair of 6-dimensional
subspaces of an 8-dimensional space has at least a 4-dimensional intersection. Therefore
o5(Gr(6,8)) with 1 < i < 4 are all equal. Those varieties have dimension 21 but from the
incidence description the expected dimension would be 16+ (4444 1) = 25. This is exactly

the known defect for o4(Gr(2, V') which is 2s(s — 1) or 4 when s = 2 [14].
Proposition 2.4.4. Let k = r + 2. Then, o5(Gr(k,n)) is defective, with defect 2s(s — 1).

Proof. Let k = r+2. Then, o5(Gr(k,n)) is defective. Here the removal of the r-dimensional
overlap leaves o5(Gr(k — r,V/E)) and k — r = 2 meaning it is also a secant variety of a
Grassmannian of lines which is known to be defective. Construct the incidence variety as

follows:

Z C Gr(r,V) x 09(Gr(k —r,V/E)).

The incidence variety for this restricted chordal variety is also composed of a secant variety

of lines which we know to be defective. The expected and virtual dimension counts are then

exactly the same as [2.4.2) however o™ (Gr(k,n))) # Gr(k,n). O

Proposition 2.4.5. Suppose 2k —1 < n < k+ 2 and r = max(r,2k —n). Then the virtual

and ezpected dimensions for o%(Gr(k,n)) are:
v.dim(o5(Gr(k,V))) :=dim(Z) = r(n —r) + 2(k — r)(n — k) + 1,

and

exp. dim(o%(Gr(k, V))) = min {v. dim(a3(Gr(k, V))), (Z) - 1} .

Proof. When n > 2k — 1, count parameters in the following manner. First, choose E €
Gr(r,V), then choose Fy, Fy € Gr(k — r, V/E), and finally z on the line {E A Fy, E A Fy}.

This gives the dimension counts listed in the proposition. O
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The r-restricted chordal variety may also be defined as the following orbit closure

oh(Gr(k,V)) := GL(V).[erea...ep(€rg1 ... €x + €11 - €opr)],

which is equivalent to Def. The dimension of o5(Gr(k,V)) is the dimension of the

tangent space at a general point (i.e., on the orbit).

Remark 2.4.6. We also have a nice description of the tangent space of the restricted chordal

variety using Z, that is it is the image of the tangent space to Z under the projection:

Ty Gr(r,V) x (TaGr(k —r,V) + T Gr(k —r,V)) CAV XNV c AV NV
It turns out that restricted secant varieties are birational to a fiber bundle, which can
be used to understand their dimension. It may be possible to further exploit this connection

like what was done in [25], which applied Weyman’s Geometric Technique to a similar partial

desingularization to obtain generators of the ideal.

Theorem 2.4.7. Let dim(V) =n and r,5,> 0 and 0 < k < n. Then the restricted secant

variety ot (Gr(k,V)) is birationally isomorphic to the fiber bundle, denoted =, with base
Gr(r,V) and whose fiber over a point E € Gr(r,V) is o5(Gr(k —r,V/E)).

Proof. Let = denote the fiber bundle in the statement of the theorem. Recall the tautological

sequence of bundles over the Grassmannian Gr(r,V):

0 S 1% Q 0

where over a point £ € Gr(r,V) the fiber of the subspace bundle S is F, the fiber of the
trivial bundle V is V and the fiber of Q is V/E. Applying the Schur functor A*" we obtain
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a vector bundle:
/\k—’rQ

|

Gr(r,V)

whose fiber over E is N "(V/E). In each fiber we have (a copy of) o4(Gr(k —r,V/E)). We

depict this in the following diagram.

0s(Gr(k —r,V/E)—=PN "V/E—=PN"Q

\ l

E € Gr(r,V)

The total space of the fiber bundle = consists of pairs (E, [t|) with [t] € o4(Gr(k — 1, V/E)),
and on an open subset we can assume that ¢ has rank at most k (not just border rank
k). Select such a pair (F,[t]). For E € Gr(r,V) C PA'V we write E = [e; A --- Ae,] for
independent elements e; € V. Elements in an open subset of o4(Gr(k — r,V/E)) are of the
form [t] = [t® + - 4+ t®)], with [t®] = [a{" A--- Aal” ] € Gr(k —r, V/E) for each i.

Define a rational map ®: = --» o7 Gr(k, V) via
O(E,[t]) =[er A+ Nep At

on the open subset of points (F, [t]) in Z such that e; A- - - Ae, At is non-zero and rank ¢ < k—r.
The image is indeed in o7 (Gr(k, V)) since the collection (E A tM, ... E At®) is a set
of forms representing k-planes with (at least) an r-dimensional intersection. This mapping
is dominant because an open subset of points of o Gr(k, V) have a representation as [E At].
Now we describe a rational map ¥: o7 (Gr(k,V)) --+ =. Choose a basis {vy,...,v,} of
V and volume form Qy := v, A--- Av, € AN'V. This induces isomorphisms NV — N 7/V*

via contraction (Hodge star) with Q. This mapping is graded in the following sense.
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Lemma 2.4.8. Suppose A, B are respectively vector spaces of dimensions a,b, and let A® B
denote their esternal direct sum. Let o € NA and § € NB. Then a A B € N7 (A@® B).

Moreover,

Qagp(a A B) = (1) Qa(a) AQp(H),
in a*iA* ® /\b*jB* C /\a+b7(i+j) (A D B)*

Proof. Since the mappings Qaq 5,24, 2p are all linear, it suffices to prove the statement on
rank-one elements, « = a; A---Aa; and 8 =0y A--- Ab;. We may choose an adapted basis
{ai,...,aq,b1,...,bp} of A® B so that the first a vectors come from A and the next b vectors
come from B. Moreover, we can select the first ¢ vectors from the terms of «, and extend to
a basis of A to obtain the next a — ¢ vectors. Similarly, for the last b be choose a basis of B
starting from the terms of 3. We also choose a dual basis {a'---a® b*--- 0} of (A ® B)*.

Now apply the contraction operator to a A =a; A---Aa; ANby A--- Ab;:
QasplaAB) = (1) xa' A Aa® AV A ABT.

where (—1)"*7 defines the sign of the permutation that passes the a;’s through the b;’s to
get it in the form a' A -+ A a®* AbBE A --- AP Then, as Qa(a) = a A--- A a®" and

Qp(B) = bt A--- AB*I, substituting into the right-hand side yields:

Qe A B) = (—1)Qa(a) A Q5(5).

One checks that the result is independent of the choice of bases of A and B. O

Now let [w] € ¢7(Gr(k,n)) be a general point, so that
w = Z ey A ek),
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with E; = [egi) A -/\e,(f)] € Gr(k,n) for each i, and with N;E; = E an r-dimensional subspace
of V. More explicitly, let 7 denote the projection from the abstract secant variety. General

points are selected from the complement of the following closed subset:
{m(E, ..., Eg, [w]) | rank(E;) < k for some ¢ or dim(N;E;) < r}.
We wish to find an expression (after a possible change of basis) like
w=e A Aep A A Aad Y4k A Ae AT A AGl?),
which factors as
w=e; A Aep A (ag”A---Aa,gljr+---+a§%---Aa;jlr),

and hence can be readily seen to be an element in N'E ® N "V/E. If we can do this, then
the mapping from such a point to = will be clear.

Apply Qv to this expression for w to obtain (via Lemma
Oy (w) =Qples A+ Ae,) - QV/E((agl) Aona 4o ral? A /\a,(:_)r) .
We can take the scalar factor Qg(e; A--- Ae,) to be equal to 1 so that
Oy (w) = Qe (a§” Aoona +ra? A a,(:_)r> ,
and by construction the summands in Qy (w) live in A'”"V/E. Moreover,

Qv (w)] € 05(Gr(n —1r,V/E)).
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Note that Qy(w) € A" "V/E in particular. Consequently, one can find E from Qy(w) as

the annihilator in the dual of the kernel of the 1-flattening defined for 7€ A" "V* as

Fr:V = Ny

applied to T" = Qy(w). Once E = ker Fy, () is found, one can find an expression for
t] € 0x(Gr(n — k,V/E)) by applying the projection operator Qy,p to Qy (w).

This process gives a method for producing from [w] € of Gr(k,V) a pair (E,[t]) € =.
In particular ¥([w]) — (E,[Qy/p(Qv(w))]), with £ = ker Fo, ). By construction the

composition of these two mappings is the identity on the open sets where they are defined. [

The description of the restricted secant varieties suggests the following regarding the
minimal defining equations of the ideals of secants of restricted secant varieties, which was

studied in the case of usual secants by one of us [15].

Conjecture 2.4.9. Consider X = o(Gr(k,n)) with parameters s,r, k,n so that X is non-

trivial. Then the ideal of X is generated by two types of polynomials:

1. polynomials inherited from the ideal of o5(Gr(k—r,n—r)), i.e. the polynomials coming

from the condition that Q(w) € o4(Gr(k —r,n —r)) for w € o5 (Gr(k,n));

2. polynomials coming from the (r+1)x (r+1) minors of the 1-flattening Fr: V — N~
for T' = Q(w).

Some consequences of this birational isomorphism are the following.

Corollary 2.4.1. The restricted secant o’ (Gr(k,n)) has the expected dimension if and only

if 05(Gr(k —r,n —r)) is not s-defective.

The BDAG conjecture 7, Conjecture 4.1] has the following implication.
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Table 2.1: The conjecturally complete list of defectivity for secants of Grassmannians [7,|14]
and the consequences for restricted secants assuming r,s > 0 and 0 < k < n.

Corollary 2.4.2. If |7, Conjecture 4.1] is true, then o (Gr(k,V)) has no additional defect

other than the defect coming from (usual) secant varieties of Grassmannians, see Table[2.1]

different conventions on projective and affine dimensions, so we have translated the results

secant secant defective
reference
variety defect restricted secant
os(Gr(2,n)) | 2s(s—1) o5(Gr(k,2k —2)) | Prop.[2.4.2
for 2s<n | o5 (Gr(2+7n)) | Prop.[2.44
o3(Gr(3,7)) 1 o5(Gr(3 47, 7+7)) | Thm. [2.4.7
o3(Gr(4,8)) 1 o5(Gr(4+r,8+7)) | Thm. [2.4.7
04(Gr(4,38)) 4 oy (Gr(4+r,8+7)) | Thm. [2.4.7
o4(Gr(3,9)) 2 o (Gr(3+7r,9+7)) | Thm. [2.4.7

in the references to the conventions we use in this article.

Corollary 2.4.3. In each of the cases listed below and outside the defective cases listed in

Table[2.1] it is known that os(Gr(k,n)) is not defective and hence for those values of k,n we

also have o (Gr(k 4+ r,n + 1)) is not defective for all r.

[11] If n <15 and s < 14.

[11] If n > 15, k > 7, and s < max{111, =22} and in this case o7 (Gr(k 4+ r,n+7))

is mot defective except for o%=2(Gr(k,n)).

[11] If n > 15, 3 < k <6, and any of the following

1. k=3,5s <max{l12,%},

2. k=4,s < max{30, ”T’l},

Asymptotically: s < (%5%) +1 [1], and s < (n)Ung(k—m; (better for k > 5) [26).

3. k=5, < max{59, ”T_Q

4. k=16,s <mazx{90, ”T’?’

T
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A conjecturally complete list (from [7]) of known defective secant varieties of Grass-
mannians can be found at Table 2.1l We can combine the considerations above with the
BDdG-Conjecture [2[7},[11/26,27] to say that the defectivity of r-restricted higher order secant

varieties only depends on the usual notion of k-defectivity of secant of Grassmannians.

Corollary 2.4.2. If |7, Conjecture 4.1] is true, then o (Gr(k,V)) has no additional defect

other than the defect coming from (usual) secant varieties of Grassmannians, see Table .

Proof. Let o%(Gr(k,V)) be the r-restricted s-secant variety and define the corresponding
incidence variety Z C Gr(r,V) x o4(Gr(k — r,V/E)). We showed in Theorem that
the restricted secant is birational to this incidence variety, and its dimension is completely
determined by the dimension of the usual secant variety. Therefore, any defect must come
from o4(Gr(k — r,V/E)). The current list of known defective cases are exactly those in the

BDdAG conjecture. O]
The following is the special case of Corollary for r-restricted chordal variety.

Proposition 2.4.10. The projection from the incidence variety

T C Gr(r, V) x 09(Gr(k — r, V/E)) — P(NV),

whose image is o5 (Gr(k, V'), has finite fibers. Hence given the BDAG conjecture o5 (Gr(k, V')
has no additional defect other than the defect coming from (usual) secant varieties of Grass-
mannians. The only defective restricted chordal varieties of Grassmannians are when n =

k+2 or when k —r = 2.

We confirmed this statement for those r-restricted chordal varieties composed of Gr(2,n)
for several examples in Macaulay2. We also calculated the dimension for several other known

cases. For example, o2 (Gr(4, 8)) which is composed of o (Gr(3, 7)) has dimension 40, however
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its expected dimension is 45 indicating it is in fact defective. We also performed similar checks

of other r-restricted chordal varieties composed of a defective secant variety.

2.5 Coding Theory

Let us recall several relevant coding theory definitions from [20]. Let F' denote an
alphabet, which is a set of digits. A sequence of digits from F' is called a codeword. The
length of a codeword is the number of digits in the codeword. The collection of codewords,
denoted C, is called a dictionary. A code of length n is a collection of codewords. A code is
called a binary code if F' = {0,1} =: Fo. A code is transmitted by sending the digits of its
codewords in sequence across a channel. The Hamming distance between two codewords of
equal length u,v € C, denoted d(u,v), is the number of places that v and v differ. For a
codeword u, the weight of u is defined as, w(u) = d(u,0) where 0 corresponds to the 0 digit

in the given alphabet. Abo-Ottaviani-Peterson gave the following connection to geometry.

Theorem 2.5.1. |1, Theorem 4.1] Let A(n,6,w) be the cardinality of the largest binary
code of length n, constant weight w, and Hamming distance between any two codewords at

least 6. If s < A(n+ 1,6,k + 1) then o5(Gr(k,n)) has the expected dimension.

A Grassmann code is a special case of a linear code. Let F, denote the field with ¢

elements. Then, it is well-known that Grg, (k,n) contains P points where

P = (qn B 1)(qn—1 B 1) C (qn—k;—i-l B 1)‘ (2‘11)

(" =11 —=1)...(¢g—1)

To define the Grassmann code as a linear code first pick a Pliicker representative of each
of the P points as a column vector in (F,)! for I = (}) and form an I x P matrix M (the
generator matrix) with these P vectors as columns. Grassmann codes (in the identifiable
case) correspond to sums of k-fold wedge products [8,28,31]. Vectors in the Pliicker embed-

ding of Gr(k,n) are the codewords in a Grassmann code. So a general = € 04(Gr(k,n)) can
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be thought of as an unordered collection of s codewords [16]. The codewords are uniquely
recoverable as long as Gr(k,n) is identifiable in rank s, which we expect is true for small s
[9,12].

The Grassmannian distance for A, B € Gr(k,n) is dg(A, B) = k — dim(A N B). Note,
points of the restricted chordal variety o5(Gr(k,n)) are of the form [A+ B], with dg(A, B) =
k—r.

A code corresponding to a point of o7 (Gr(k, n)) (again assuming identifiability), consists
of a collection of s codewords with the restriction that (pairwise) codewords must have
distance k — r between them, and that the intersection is the same for all pairs. This leads
to a trade-off between redundancy and the capacity of the coding scheme. The restriction
limits the number of possible codewords available, corresponding to an increase in the amount
of information necessary to ensure accurate decoding. The max number of codewords in a
signal for a given coding scheme can be considered the capacity of the channel, which is,
in turn, found by determining the dimension of the variety (i.e. dim(o}(Gr(k,n))) and
dim(os(Gr(k,n)))) corresponding to the coding scheme.

Section provides a method involving the contraction operator to determine whether
a given point lies on a restricted chordal variety. The contraction determines the common
intersection and the remaining information could be computed separately by tensor decom-
position. Therefore, with an appropriate choice of collections of codewords on restricted
secants one could build extra information for decoding as redundancies in each codeword.
This redundancy could permit an error-correcting mechanism.

Theorem [2.4.7] says the following in terms of the coding theory. Codes for restricted
secants of Grassmannians can be thought of as Grassmann codes except that the codewords
are padded with an additional overlap. Therefore, [1, Theorem 4.1] says: Let A(n,6,w) be
the cardinality of the largest binary code of length n, constant weight w, and distance 6. If

s < A(n+1,6,k+1) then o} (Gr(k +r,n + 1)) has the expected dimension.
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We end this section with an extended example.

Ezample 2.5.2. Consider binary codes in the case of Gr(3,FS) ¢ PA'FS. By there
are 1,395 points in Gr(3,FS). The corresponding linear code has a 20 x 1,395 generator
matrix, M, whose columns are the Pliicker coordinates of each of the 1,395 points. Then,
one encodes a message b as the product Mb.

Special subsets of possible messages come from points of a given orbit (like the secant
or restricted secant, or tangent to the Grassmannian). For a variety X “the orbit” is the
set, denoted X°, of points that are equivalent to the normal form on the respective variety
up to change of coordinates by SLg(F3). We are interested in the numbers of points in each
orbit.

For a pair of codewords z,y € Gr(3,FS), construct the message b consisting of two
non-zero entries. This represents a code in 05(Gr(3,FS)). Changing the codewords z,y €
Gr(3,FS) so that they share an r-dimensional overlap results in a message in o5 (Gr(3,FS)).

Here we can completely describe the SLg(Fy)-orbits in A'FS. To count the number
of points in an orbit of a finite matrix group we repeatedly apply random non-singular
matrices to the set of known points in the orbit until the number of unique elements in
the set stabilizes. This indicates that it is likely that all the points in that orbit have been
obtained. To see the code for this and an explanation see Appendix A.0.4 If the list of
orbits obtained this way fills out the entire ambient space we are ensured that no points
were missed. On the other hand, if there are missing points one can take the orbit of a point

not already on a known orbit, and compute its orbit. The results are listed in Table 2.2

X° 0| Gr(3,FS)° | o2(Gr(3,FS))° | 7(Gr(3,FS))° | 02(Gr(3,FS))° Z°
#X° |1 1,395 54,684 468,720 357,120 166,656

Table 2.2: The orbits of A'F§ under the SLg(F,)-action.
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The classical orbit closures are linearly ordered: Gr(3,FS) C o4 Gr(3,FS) C 7(Gr(3,F%)) C

02(Gr(3,F8)) = PAFS. We found precisely one new orbit, with normal form:
€ = ejegey + egezey + egeaes + egeses + ejezes = (e1eg + eges)es + (eges + (eg + €1)es)es.

Taking a limit that sends e5 — 0 one sees that the closure of Z contains o) Gr(3,6). Ex-
periments suggest that that Z is not contained in 7. Indeed, the Grassmann discriminant
[21, Ex. 6.1], the defining polynomial for the hypersurface 7(Gr(3,FS)), evaluates at & to

15 # 0 mod 2, hence implying non-membership: 7, i.e. Z ¢ 7(Gr(3,F%)).

We note a bijection between o4 (Gr(3,F5))° and Gr(1,F$)° x o2(Gr(2,F3))° = (F5\ 0) x
PN'F5 \ Gr(2,F3)), which is the fiber bundle from Theorem m The number of points
of the latter is, using (2.11)), (26 — 1) - (2@) - %) = 54,684, which agrees with the
exhaustive count. Further, we have an identifiability over F, for o4 (Gr(3,F$))°, whose points

correspond uniquely to pairs of a non-zero vector in F§ and a full rank skew-symmetric 5 x 5

matrix over [Fo.
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Chapter 3

Graph Theoretic Intersection Structures and Related Problems
3.1 Tensors and Related Problems

Tensors are an important object of study not only in mathematics but in physics and
chemistry as well because representing information as a multi-dimensional array is necessary.
There are two common ways to define a tensor that will be listed below as sometimes it is
more convenient to use one definition in comparison to the other. For each definition, the
tensor product will be defined on 3 arbitrary vector spaces, and it will generalize. As the
tensor product is an associative operator, the tensor product without coordinates is the
vector space A ® B ® C. This is the F-linear span of a ® b ® ¢ where a € A,b € B,c € C.
With coordinates, let {cy,...,c,} be a basis of C' and A and B be vector spaces. The tensor

product can be thought of in terms of a basis of A ® B ® C' defined as:

{lai@b@c [1<i<m1<j<n1<k<p}CPAV.

A first order tensor is a vector and a tensor of order 2 is a matrix. For an arbitrary
tensor, 1", its’ rank is the minimum number r such that 7' can be written as the sum of r
rank one tensors. These rank one tensors are the building blocks and decomposing a tensor
is a hard and unsolved question in most cases.

One reason to define all of the relevant information about tensors and tensor rank is that
tensor rank corresponds to generic rank, which for a given projective variety X, corresponds
to the first r for which o,.(X) fills the ambient space over C. Therefore, the question of

tensor decomposition is synonymous to studying secant varieties. Given a tensor space like
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Cm>* % one might want to find the number of rank 1 tensors that fits in the sum of an
element in that space. This question can be asked in the most obvious sense where all
terms are required to be completely independent. But it also can be asked where the only
requirement is that all the terms must be identifiable. The restricted secant case falls under
this question. As shown in the restricted secant section, one has complete identifiability, at
least in the initial case of Gr(3,FS) and it might be expected in many others as well. This
happens because the contraction operator can separate the r-plane the restricted secants

share from the independent parts that are left.

3.2 Description of Defective Secants of Grassmannians

In an attempt to describe the entire list of defective secants of Grassmannians, the
first family of defective cases is the family of skew symmetric matrices that have the form
09(Gr(k,n)). Up to s = 15 there are only 4 other defective cases. Connecting these cases
to one another has been elusive, however a connection from o3(Gr(3,7)) to skew symmetric
matrices has been found utilizing the Schouten diagrams. Each Schouten diagram can be
thought of as graph G where the vertices are basis vectors of V', and the edges represent a
wedge product of two basis vectors they connect. Therefore, a side of 3 vertices and two

edges can be thought of as e; A e; A ey.

3.2.1  03(Cr(3,7))

Let V' be a vector space such that the dim(V') = 7 and a corresponding basis be e . . . e7.
There is a one-to-one correspondence between nonzero k-vectors ey := e;; Ae;, A---Ae;, and
square-free monomials e;, ...e;, , so we often omit the A symbols. The expected dimension
of o3(Gr(3,7)) is 34 with 33 being the actual dimension.

From the Schouten diagram of o3(Gr(3, 7)), (see Figure a general point in the variety

can be expressed as: ejeses+ezeqes+esegeq +eseger. However, this can be constructed in the
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Figure 3.1: A Schouten diagram corresponding to a point
et Nea Neg+esNegNes+es NegNep+ex ANegAey
following manner. Let X = ¢1(Gr(3,7)), Y = Gr(1,7), and Z = Gr(1,7), where X € PA'C”
and Y, Z € ]P’/\1C7. Within the Schouten diagram, this corresponds to the outer “v” shape,
then the two single points left.
Take the incidence variety constructed as follows: Z C (X x (Y x Z x P!) x P!) x

PA’C?, defined by

T = {([z], ([y], [2], [p1]), [p2]); [ps] | p1 € span{y, 2}, pa € span{x, p1},p3 € span{pi, pa}}

Then, by taking the projection of 7 : Z — ]ID/\3C7, the calculation of the dimension of
the fiber gives an upper bound on the dimension of the corresponding secant variety. Since
the expected dimensions of the varieties are dim(X) = 19, dim(Y) = 6, and dim(Z) = 6,

the dimension count is:

dm(X+ Y +Z2+1)+1=19+6+6+1)+1=233

However, the expected dimension of o3(Gr(3,7)) was 34 and the upper bound found

here is 33, thus explaining the defectivity.

39



3.2.2 Other defective cases

There are 3 other defective cases not included in the family of skew symmetric matrices.
However, since o3(Gr(4,8)) is defective and o4(Gr(4,8)) is not the entire ambient space it
must also be defective so there are really two cases that need to be studied in the same
way as 03(Gr(3,7)). At this point, utilizing M2 code and the list of normal forms found in
[22,36], normal forms for o3(Gr(4,8)) and 04(Gr(3,9)) have been found. The normal forms
are respectively: esss5+e€1347 1+ €1567 +€1265 and €123+ €456+ €789 + €149 + €157 + €168 + €247 + €345.
The next steps are to factor these normal forms and define maps that contain pieces which

are skew-symmetric matrices.

3.3 Schouten Diagrams

Schouten graphs are used as a way to describe the orbits of GLg acting on trivectors
of a 6-dimensional vector space. Call the generalization of these graphs Schouten diagrams
[1,19]. More specifically, for /\k(C”, a Schouten diagram is a discrete geometry on points with
labels from {1,...,n}, and lines each consisting of k points. One associates an expression of

a point of /\kC" with a Schouten diagram D via a sum-product formula:

D --» Z He,

£ aline in D e€/l

where the product is the wedge product and the direction on the line is given by the following
rule: for e;,e; € £, e; leads to e; if ¢ < j. It is clear that such a discrete set of objects,
Schouten diagrams, cannot be sufficient to enumerate all orbits of GL, acting on A°C" for

k > 8. However, certain families of secants of Grassmannians are still interesting to study.
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Figure 3.2: A Schouten diagram corresponding to a point
e1 Neg Neg+e3NegN\Nes+es N\eg/\ep

3.3.1 Cyclic Schouten Diagrams

In this note the focus is on the family of cyclic Schouten diagrams, and the algebraic
varieties associated to the orbits of their associated forms in /\kC". A cycle is a diagram that
has only one path and begins and ends at the same vertex. From this, define a cyclic secant

of Grassmannians in the following way:

Definition 3.3.1. Let dim(V) > sk — js. The cyclic s-secant variety of Gr(k,V) is
o (Gr(k,V)) =

Theorem 3.3.2. Givens > 4,k > 4,n > 12 the cyclic Secant of Grassmannian og’ (Gr(k,n))

is birationally isomorphic to os(Gr(k — j,n)).

Proof. Suppose V' is a vector space with basis {eq, ..., e,}. Let Ej+Es+-- -+ E, be an general
element in (an open subset of) o$(Gr(k,n)). Then, up to change of coordinates assume that
the FE; are spanned by basis vectors such that Vi,i+1 € {1---s},dim(E;NE;;;) = j as each
k-plane intersects the adjacent one at exactly j distinct points by construction. Now, define

the rational map «: 05’ (Gr(k,n)) --» o,(Gr(k — j,n)) by

Ey Ey E, 4 Es
= + + + [N ,
EiNEy, E,NEs FE,1NE; E;NE;

V(B + By + - + E)
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where the quotient EmLPiH is identified with the subspace (E; N E;11)xE; C E; C V where x
denotes contraction.

Then, mapping the basis vectors, o(ejA- - -Aegp+ex—ji1 A - - Aegp—j+- - ~Fe(s1)k—j)+1 A
et A-rej) (e Ao ANepj 4 epjpr Ao AN eapgj + - €sm1)(k—j)t1 A - A esh—s;). But
this is exactly an element in o4 (Gr(k — j,n)).

For the other direction, up to a change of coordinates a general point in o4(Gr(k—j,n))
is of the form E1+E2+- . ~+Es = e\ Neg_jtep i\ Neag it Fe(s 1) (h—j)+1 " NEsk—sj-

Then, for each EZ select an [- plane, [;, corresponding to a Gr(j,k—7j) € E 7. Define a rational

map ®: o,(Gr(k — j,n)) --» o (Gr(k,n)) via
@(El+E2+"'E57(l17l27"'l5)) = (ElAl2+E2Al3+ESAl1)

Note that each Ej Al 7 is now a k-plane that, by choice of the [;, is forced to intersect the
adjacent k-plane in a j-dimensional space. This new element must be in oy’ (Gr(k,n)) and

the result follows. 0

Theorem [3.3.2| requires k > 3. If the theorem above were to hold then the expected map
would send o§(Gr(3,n)) --» 03(Gr(2,n)). Note that this is a defective secant of Grassman-
nians with defect 12. Calculating an expected dimension, including the defect, the formula
would be 6n — 22. This is incorrect because the formula is 6n — 18 matching [1] when
n = 7 for the dimension of the tangential variety 7(Gr(3,7)). To explain this note that the
normal form of o5(Gr(3,n)) is (up to scale) ejeses + eseses + eseger. Following the map-
pings set up in Theorem , rewrite this normal form as e;(es + €g) + eszeqses. However,
e1(ea+eg) € 03(Gr(2,n)). But 0i(Gr(2,n)) = Gr(2,n), so the two points collapse into a sin-
gle 2-plane. Therefore, the supposed normal form in 0% (Gr(3,n)) really gives only 2 2-planes
after the collapse. But the rational map in the theorem sends s k-planes to s kK — 1 planes.

So, the mapping does not apply. Taking this one step further, there is a conjectured known

42



list of defective restricted secants of Grassmannians. When looking at the normal form of a
0s(Gr(k,n)) that has a more complicated intersection structure, if there exists some subset
of the k-planes that form a defective variety it gives a criterion for defectivity of the larger
variety.

This description and proof of the cyclic secant variety combined with the discussion on
defectivity of normal forms gives a second way to define restricted chordal varieties strictly

as a join of two different sized Grassmannians.

Theorem 3.3.3. Let 0i(Gr(k,n)) be a restricted chordal variety not given in Table [2.1]
Then, for (X,Y) € (NC*, N7'C".), take the Cartesian product (X xY) in N'C"x N~'C.
By, Theorem[3.3.4 there exists a birational map from o3(Gr(k,n)) --» X x Y.

Proof. Let ey ---ex + €141+ €21, up to relabeling, be a general point in o3(Gr(k,n)).
By, Theorem there exists a map that sends the point to ey ---ep 4+ €1 - - - eg,_1. This
is in X x Y where e;---¢, € Gr(k,n) = X and epyq---e9r_1 € Gr(k —1,n) =Y. For the
other direction, take e;---ex € Gr(k,n) and e 1---eqp_1 € Gr(k — 1,n). Next, take the
Cartesian product to get ey ---e, + egyq-- - ear_1. By, Theorem there exists a map to

o3(Gr(k,n)) sending the point to ey - - ey, + €1€p1 -+ - €ap_1. This completes the proof. [

This corollary allows for the derivation of the formula for dim(o§(Gr(3,n))). Suppose
the two varieties are X = 04(Gr(3,n)) and Y = Gr(1,n — 2). Then, dim(X) = 5n — 16 and
dim(Y) = n—3. Calculating the dimension of the join, dim(J(X,Y)) =5n—16+n—3+1 =

6n — 18.

3.3.2 Schouten Diagrams that Form Paths

Within the language of graph theory, define a path to be a collection of lines, each
having the same number of points in the geometry, that are connected in sequence and no

lines are used more than once. As a result of that definition, every cycle has a path but
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Figure 3.3: A Schouten diagram corresponding to a point
et Neg Neg+es3 Neg Nes+es Aeg ey
every path does not have a cycle. To turn a cycle into a path, simply remove the last edge.
Therefore, considering a collection of k-planes whose intersection structure forms a path
should be studied independently. To define this, remove one condition from the definition of

cyclic secants of Grassmannians.
Definition 3.3.4. Let dim(V) > sk—js. The path s-secant variety of Gr(k, V) is o’ (Gr(k,V)) =
By + -+ B | [E)] € Gr(k,V),dim((_|E; N Eiy1) = j)} C PAV.

For motivation, consider the singular locus of the 3rd secant, Sing(o3(Gr(3,7)), whose
Schouten diagram can be seen in [1], and below, and has normal form ejeses+ezeqes+eseger.
This, when viewed as a graph is a 1-path. A combination of the previous techniques

used and theorems proved allow us to say the following.

Theorem 3.3.5. Given s > 2,k > 3,n > 3 the path geometric secant of Grassmannians

o’ (Gr(k,n)) is birationally isomorphic to J(o,_1(Gr(k — j,n)),Gr(k — j +1,n)).

Proof. Since the given Grassmannians are of different sizes, given (U, W) € (0s_1(Gr(k —
j,n),Gr(k,n)) use the Plucker embedding to map it to A7V PNV . Let e; A--- Aey, +
€p—j N €a—j + -+ 1) (k—j)+1 " /\ €sk—gj TEPresent a point on an s secant variety whose
Schouten diagram is represented by a path, up to a change of coordinates. Then, taking
the first (s — 1) k — j-planes, by the birational map in Theorem this is birationally
isomorphic to os_1(Gr(k — j,n)). This leaves a k — j + 1-plane. Next, take a point in the

span of the spaces found above. The result follows. n
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Consider the following example from [1] as an example of counting the dimension in an-
other way. The dimension for Sing(o3(Gr(3,7))) is 30. This is also, o' (Gr(3,7)). Calculating

the dimension

dim(o2(Gr(2,7)) + dim(Gr(3,7)) + 1 =174+ 12+ 1 = 30.

which is expected.
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Chapter 4

Future Works

Below are planned areas of future research.

A restricted Grassmann code is an extension of the Grassmann code. An obvious next
step is to fully flesh out the encoding and decoding scheme as well as understanding the ca-
pacity of such a code. With the use of the contraction operator, one can find the overlapping
r-dimensional space shared by the s k-dimensional linear spaces. Therefore, one potential
idea is to utilize the overlap as the extra information to send for error correction and then
with the contraction operator decode and remove it after it has been sent. A point of interest
still not fully understood is the ideal situation of when to use such a code, as the tradeoff is
not fully understand. A restricted Grassmann code by definition has reliably less information
it is able to send. Yet, by optimizing the code words chosen and the overlap longer messages
still have the possibility of being sent. Determining for what values of s, 7, k,n of(Gr(k,n))
is a more effective space to work in versus o4(Gr(k,n)) is an open question.

The research done up to this point shows a direct connection between restricted secant
varieties and secant varieties through the incidence variety. Every variety in turn can be
defined by a series of equations which forms an ideal. Determining the ideal for this space
and the syzygies associated with it is another area yet to be explored.

Terracini’s Lemma is a tool for computing dimensions of varieties constructed as joins
or secants by viewing their tangent spaces as sums of linear spaces. Linear spaces are
parameterized by the Grassmannian and can be evaluated with tools from linear algebra.
Therefore, this can lead to the development of an algorithm for testing defectivity as follows.

First, parameterize a variety as a set of linear spaces. Next, determine which Grassmannian
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or restricted chordal Grassmannian it corresponds to. If it is defective determine if that is
enough to say the initial variety is defective. This was done with the first known defective
Veronese varieties, and it worked. Another motivation from this same line of thinking is
attempting to prove the BDAG conjecture. Reminder, this says the expected list of defective
secants of Grassmannians should be exactly those they provided [1]. Yet, one attempt toward
a solution could be as follows. Start with the known defective cases. Construct the secant
variety of Grassmannians as an incidence variety composed of the restricted chordal variety
as these cases all have actual dimension less than the expected dimension. Then, from what
is known about the restricted secant varieties, if that restricted secant variety is defective
or it can further be decomposed into a defective secant variety then an algorithm exists.
Upon the existence of a concrete connection, this could reverse engineer another defectivity
or show that the list is complete.

The method of calculating the dimension of spaces with certain types of intersections can
be extended to other more complex intersections. A simple extension of the work currently
in progress involves r-restricted higher order secant varieties of Grassmannian’s. Results
have been generated for r = 1, s = 3, and k,n < 10, and. Attempts to find the formula for
the virtual dimension in this case and others are in progress.

Our initial results focus on the collection of spaces that all had the same r-dimensional
subspace in common. However, suppose the slight change was made, so that for a collection
of three or more spaces pairwise they share an r-dimensional subspace. What could be said
about the dimension of those spaces? This is one specific example of a generalized problem.
Also, one approach that is currently being studied involves the known defective cases that
are not the skew symmetric matrices. The goal is to find a unifying feature that they all
share.

The underlying techniques used to develop this theorem are transmitted into any type of

study on defective varieties and dimensions. Given a variety, parameterize it and calculate a
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collection of test cases. Attempt, by incidence correspondence, to map the unknown variety
to one where the dimension is known. A simple first result is to find defective cases. Next,
if there are none, attempt to write a proof for the equality of the expected dimension and
actual dimension. Otherwise, work towards a proof of the entire list of defective cases or at
least conjecture one to start. One place to apply this process is Seg((Gr(k1,n;) X Gr(kz, ng).

This is the case when there is a product of Grassmannians.
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Chapter 5

Appendix

5.1 Naive Implementation for the cone over secant of Grassmannians

testnk = (n,k) -> (
R = QQ[a_(0,0)..a_(k-1,n-1),b_(0,0)..b_(k-1,n-1)]1;
A = transpose genericMatrix(R, a_(0,0), n,k);

B = transpose genericMatrix(R, b_(0,0), n,k);

fun = matrix{apply(subsets(n,k), s-> det A_s + det B_s )};
jac = diff(transpose basis(l, R), fun);
val = map(QQ,R, random(QQ~1,QQ"(dim R)));

rank val jac

5.1.1 Improved Computation for cone over restricted secant of Grassmannians

R=QQ [x]

M=random(QQ~8,QQ710) ;

N= M~{0}| |random(QQ~7,QQ"°10);

ss = subsets(10,8);

t={0,1,2,3,4,5,6,7}

par = (j, s) -> (c=0; for i to (length (s) -1) do

( if j ==s_i then return i else continue;); return c);
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A=apply(ss,s->flatten apply(8,i->

apply(10,j->if not member(j,s) then 0

else (-1)~(par(j,s)+i)*det (submatrix(M,toList(t-set{i}),toList(s-set{j}))))));
B=apply(ss,s->flatten apply(8,i->

apply(10,j->if not member(j,s) then O

else (1)~ (par(j,s)+i)*det(submatrix(N,toList(t-set{i}),toList(s-set{j}))))));
F=transpose matrix(A);

G= transpose matrix(B);

C=map(R~70,R"45,0);

D=F||C;

E=submatrix(G,{0..9},) | |IC||submatrix(G,{10..79},);

L=matrix(entries(D+E));

rank (L)

5.1.2 The dimension of the cone over cyclical secant of Grassmannians

R=QQ [x]

M=random(QQ~4,QQ79) ;

N= M"{3}||random(QQ~3,QQ°9);

0= M~{0}| IN"{3}| |random(QQ~2,QQ79) ;

ss = subsets(9,4);

t=deepSplice{0..3};

par = (j, s) -> (c=0; for i to (length (s) -1) do

( if j ==s_i then return i else continue;); return c);
A=apply(ss,s->flatten apply(4,i->

apply (9, j->if not member(j,s) then O else

(1)~ (par(j,s)+i)*det (submatrix(M,toList (t-set{i}) ,toList(s-set{j}))))));
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B=apply(ss,s->flatten apply(4,i->

apply (9, j->if not member(j,s) then O else

(1)~ (par(j,s)+i)*det (submatrix(N,toList (t-set{i}) ,toList(s-set{j}))))));
C=apply(ss,s—->flatten apply(4,i-—>

apply (9, j—>if not member(j,s) then O else

(1)~ (par(j,s)+i)*det (submatrix(0,tolList (t-set{i}) ,toList(s-set{j}))))));
D=transpose matrix(A);

E= transpose matrix(B);

F=transpose matrix(C);

G=map(R~27,R"126,0);

H=map(R~18,R"126,0) ;

I=D| |G| |H;

J=G| |E| |H;

K=submatrix(F,{0..8},) | |G| |H| | submatrix(F,{9..35,);

L=(I+J+K);

rank(T)

5.1.3 Classifying the orbits of N'FS under the SLg(F,)-action

The code below gives the user one way to classify the orbits of N’F$ under the SLg(Fy)-
action. It is very much a brute force approach to find everything in the orbits that are
already known and then from there determine what is left and see if it matches the number
of points in A'FS. The first section defines functions to calculate the Plucker coordinates,
and also maps for the tangential, restricted secant, and secant variety. The next block of
code generates the list of the 1395 matrices (points) in Gr(3,F2). It then takes pairs of those
points, finds the differential, adds them together and uses the rank of the resulting matrix

to store its’ Plucker coordinates in the list representing the orbit it lies in. After sorting
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these lists and combining them into one unique bigList the code has to find a representative
for the orbit, or potentially orbits, that are unaccounted for. To do this, we need to take a
random matrix of the right size, calculate its” Plucker coordinates, and compare them to the
bigList. If it is already in the list we continue until we find something new. Once the new
element was found, calculating the number of elements in that orbit gave us all points that

were missing and completed the entire classification of the orbits in this specific case.

R = ZZ/2[e_0. .e_5,SkewCommutative => true]

plucker = M -> sum(subsets(6,3), ss-> (det M_ss"{0,1,2})*product(ss, s—> e_s));

tanMap = M -> sum(subsets(6,3), ss-> (det M_ss"{0,1,2})*product(ss, s-> e_s)) +
sum(subsets(6,3), ss-> (det M_ss~{0,3,4})*product(ss, s-> e_s)) +

sum(subsets(6,3), ss-> (det M_ss"{1,3,5})*product(ss, s-> e_s));

rsMap = M -> sum(subsets(6,3), ss-> (det M_ss"{0,1,2})*product(ss, s-> e_s)) +
sum(subsets(6,3), ss—> (det M_ss"{0,3,4})*product(ss, s—> e_s));

sMap = M -> sum(subsets(6,3), ss-> (det M_ss"{0,1,2})*product(ss, s-> e_s)) +

sum(subsets(6,3), ss-> (det M_ss"{3,4,5})*product(ss, s-> e_s));

L = tolList {0,0,0,0,0,0}..{1,1,1,1,1,1};

rowVecs = drop(L,1);

time rk3 = for xx in subsets(rowVecs,3) list

if rank(matrix xx) ==3 then sub(matrix xx,R) else continue;

grassMats = {};
grassPlucker = {};
time for xx in rk3 do ( tmpPl = plucker xx; if not member (tmpPl,grassPlucker) then(

grassMats = append(grassMats,xx);
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grassPlucker = append(grassPlucker, tmpPl);
));

#grassMats
grassPairs = for i to 1395 1list
if grassPlucker#i !=0 then {sub(grassMats#i,ZZ/2),grassPlucker#i}
else continue;
#grassPairs
grassPairs#0#1
secant = {};
restrictedSecant = {};
tangential = {};
for AB in subsets(grassPairs, 2) do(
tmpA = AB#0#0;
tmpApl = AB#O0#1;
tmpB = AB#1#0;
tmpBpl = AB#1#1;
tmpM = tmpA| |tmpB;
tmpMpl = tmpApl + tmpBpl;
if rank tmpM == 5 then if not member (tmpMpl, restrictedSecant) then (
restrictedSecant = append(restrictedSecant, tmpMpl);

)

if rank tmpM == 6 then(
if not member (tmpMpl, secant) then (
secant = append(secant, tmpMpl);

)
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if not member(tanMap tmpM, tangential) then (
tangential = append(tangential, tanMap tmpM);

)

#restrictedSecant

#tangential

#secant

#grassPlucker

member (0, restrictedSecant)

member (0, tangential)

member (0, secant)

#restrictedSecant + #tangential + #secant + #grassPlucker
2720

perms = permutations(6);

p2 = map(R, R, (basis(1, R))_(perms_2))

shuffle = f -> sub(f, apply(flatten entries basis(3,R), ee-> ee=> p2 ee))
g2 = p2 \ grassPlucker;

sort g2 == sort grassPlucker

sort p2 secant == sort secant

sort p2 restrictedSecant == sort restrictedSecant

perms = permutations(6);

time for perm in perms do (
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print (#tangential) ;

p2 = map(R, R, (basis(1l, R))_(perm));
tan2 = p2 \ tangential;

tangential = unique ( tan2| tangential);

)

time for perm in perms do (

print (#secant) ;

p2 = map(R, R, (basis(1, R))_(perm));
sec2 = p2 \ secant;

secant = unique ( sec2| secant);

)

time for perm in perms do (

print (#restrictedSecant) ;

p2 = map(R, R, (basis(1l, R))_(perm));
rsec2 = p2 \ restrictedSecant;

restarictedSecant = unique ( rsec2| restrictedSecant);

)

time biglist = sort(grassPlucker|restrictedSecant|tangential|secant);

#biglist

newlList = {};
for i to 100 do (

M = random(R"9,R"6);
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pt = (plucker M~{0,1,2}) + (plucker M~{3,4,5}) + (plucker M~{6,7,8});
if not member(biglList,pt) then newList = unique append(newList, pt);
)

newlList

5.1.4 Finding the Normal Forms of Defective Secants of Grassmannians

Calculating a normal form for each of the known defective secants of Grassmannians
allows the Schouten Diagram and the contraction operator to be used as tools to study those
cases for commonalities. One brute force approach that worked to find these normal forms
was to use the tables provided in [36] and [21] to check each normal form listed with the
appropriate dimension restrictions. Below, the Macaulay2 code checking the dimension of

the specific normal form for each defective case is provided.

FINAL CODE for Normal Form \sigma_3(Gr(3,7))
restart
R=QQ[x]

M=random(QQ~3,QQ°7) ;

N= M~{2}| |random(QQ~2,QQ"7) ;
0= N"{2}| |random(QQ~1,QQ"7) | IM~{0};
P= M~ {1}/ 10°{1}| |random(QQ"1,QQ"7) ;

ss = subsets(7,3);

t=deepSplice{0..2};

par = (j, s) -> (c=0; for i to (length (s) -1) do

( if j ==s_i then return i else continue;); return c);
A=apply(ss,s->flatten apply(3,i->apply(7,j->

if not member(j,s) then O

else (-1)~(par(j,s)+i)*det (submatrix(M,toList(t-set{i}),toList(s-set{j}))))));
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AA=apply(ss,s->flatten apply(3,i->apply(7,j->

if not member(j,s) then O

else (-1)~(par(j,s)+i)*det (submatrix(N,toList(t-set{i}),toList(s-set{j}))))));
B=apply(ss,s->flatten apply(3,i->apply(7,j->

if not member(j,s) then O

else (1)~ (par(j,s)+i)*det(submatrix(0,toList(t-set{i}),toList(s-set{j}))))));
BB=apply(ss,s->flatten apply(3,i->apply(7,j->

if not member(j,s) then O

else (-1)"(par(j,s)+i)*det (submatrix(P,toList(t-set{i}),toList(s-set{j}))))));

D=transpose matrix(A);
DE=transpose matrix(AA);
E= transpose matrix(B);
EF=transpose matrix(BB);
G=map (R"14,R~35,0) ;
GG=map(R"21,R"35,0);
GGG=map(R"7,R"35,0);

GGGG=map(R~28,R"35,0);

H=D| | GGGG;
I=G| IDE| IG;
II=submatrix(E,{14..20},) | |GG| | submatrix(E,{0..13},) | |GGG;

J=GGG| | submatrix (EF,{0..6},) | |GG| | submatrix (EF,{7..20},);

K=matrix(entries (H+I+II+J));

rank (K)
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FINAL CODE for Normal Form \sigma_4(Gr(3,9))
restart
R=QQ [x]

M=random(QQ~3,QQ°9) ;

N= M~{0}| |random(QQ~2,QQ°9) ;

0= M"{0}| |random(QQ"2,QQ°9) ;

P= random(QQ~1,QQ79) [IM~{1}|IN~{2};

PP=random(QQ~1,QQ°9) | IM"{1}110°{2};

MMM=M"{0}| [P~{0}| |random(QQ"~1,QQ°9) ;

NNN=M"{1}| IN"{1}| |0~{1};

000=0"{2}| IN~{2}| IM~{2};

ss = subsets(9,3);

--t is list of row indices

t=deepSplice{0..2};

par = (j, s) -> (c=0; for i to (length (s) -1) do

( if j ==s_i then return i else continue;); return c);

A=apply(ss,s->flatten apply(3,i->apply(9,j->

if not member(j,s) then O

else (-1)~(par(j,s)+i)*det(submatrix(M,toList(t-set{i}),toList(s-set{j}))))));
AA=apply(ss,s->flatten apply(3,i->apply(9,j->

if not member(j,s) then O

else (-1)~(par(j,s)+i)*det (submatrix(N,toList(t-set{il}),toList(s-set{j}))))));
B=apply(ss,s->flatten apply(3,i->apply(9,j->

if not member(j,s) then O

else (-1)"(par(j,s)+i)*det(submatrix(0,toList(t-set{i}),toList(s-set{j}))))));
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BB=apply(ss,s->flatten apply(3,i->apply(9,j->

if not member(j,s) then O

else (-1)~(par(j,s)+i)*det (submatrix(P,toList(t-set{i}),toList(s-set{j}))))));
C=apply(ss,s->flatten apply(3,i->apply(9,j->

if not member(j,s) then O

else (-1)~(par(j,s)+i)*det (submatrix(PP,toList(t-set{i}),toList(s-set{j}))))));
CCC=apply(ss,s—->flatten apply(3,i->apply(9,j->

if not member(j,s) then O

else (-1)~(par(j,s)+i)*det (submatrix (MMM, tolList(t-set{i}),toList(s-set{j}))))));
CCCC=apply(ss,s->flatten apply(3,i->apply(9,j->

if not member(j,s) then O

else (1)~ (par(j,s)+i)*det(submatrix(NNN,toList(t-set{i}),toList(s-set{j}))))));
CCCCC=apply(ss,s->flatten apply(3,i->apply(9,j->

if not member(j,s) then O

else (-1)~(par(j,s)+i)*det (submatrix(000,toList(t-set{i}),toList(s-set{j}))))));

D=transpose matrix(A);
DE=transpose matrix(AA);

E= transpose matrix(B);
EF=transpose matrix(BB);
F=transpose matrix(C);
FG=transpose matrix(CCC) ;
FFG=transpose matrix(CCCC);
FFGG=transpose matrix(CCCCC);
G=map(R"18,R"84,0) ;

GG=map (R"27,R"84,0) ;
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GGG=map(R"9,R"84,0);

GGGG=map(R"36,R"84,0) ;

H=submatrix(D,{0..8},) | |G| |submatrix(D,{9..17},) | IGGGG| | submatrix(D,{18..26},);
I=submatrix(DE,{0..8},) | IGG| | submatrix (DE,{9..17},) | IGGG| | submatrix (DE,{18..262},) | |G;
II=submatrix(E,{0..8},) | |IGGGG| | submatrix(E,{9..17},) | |GGG| | submatrix(E,{18..26},) | |GGG;
J=GGG| | submatrix (EF,{0..8},) | IGGG| | submatrix (EF,{9..17},) | |G| |submatrix(EF,{18..263},) | |G
JJ=G| | submatrix(F,{0..17},) | IGG| | submatrix(F,{18..26},) | |GGG;

KK=FG| |GG| | GG;

LL=GG| |FFG| | GG;

MM=GG| |GG | | FFGG;

K=matrix(entries (H+I+II+J+JJ+KK+LL+MM)) ;

rank (K)

--FINAL CODE for Normal Form \sigma_3(Gr(4,8))

restart

R=QQ [x]

M=random(QQ~4,QQ7°8);

N= random(QQ~1,QQ"8) | IM"{1}| M~ {2}| |random(QQ~1,QQ°8) ;
0= N~{0}| IM~{3}| |random(QQ"1,QQ°8) | IN~{3};

P= N°{0}|IM~{0}]10"{2}| |random(QQ"1,QQ"8);

ss = subsets(8,4);

t=deepSplice{0..3};

par = (j, s) => (c=0; for i to (length (s) -1) do
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( if j ==s_i then return i else continue;); return c);

A=apply(ss,s->flatten apply(4,i->apply(8,j->

if not member(j,s) then O

else (1)~ (par(j,s)+i)*det(submatrix(M,toList(t-set{i}),toList(s-set{j}))))));
AA=apply(ss,s->flatten apply(4,i->apply(8,j->

if not member(j,s) then O

else (-1)~(par(j,s)+i)*det(submatrix(N,toList(t-set{il}),toList(s-set{j}))))));
B=apply(ss,s->flatten apply(4,i->apply(8,j->

if not member(j,s) then O else

(1)~ (par(j,s)+i)*det (submatrix(0,toList(t-set{i}) ,toList(s-set{j}))))));
BB=apply(ss,s->flatten apply(4,i->apply(8,j->

if not member(j,s) then O

else(-1) " (par(j,s)+i)*det(submatrix(P,toList(t-set{i}) ,toList(s-set{j}))))));

D=transpose matrix(A);
DE=transpose matrix(AA);
E= transpose matrix(B);
EF=transpose matrix(BB);
G=map(R~16,R"70,0);
GG=map (R"24,R"70,0);
GGG=map(R"8,R"70,0);

GGGG=map(R~32,R"70,0);

H=GGG| [D| |GG;

I=submatrix(DE,{0..7},) | |GGG| | submatrix (DE,{8..23},) | |G| | submatrix (DE,{24..31},) | |GGG;
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II=submatrix(E,{0..7},) | |IGG| | submatrix(E,{8..31},) | |GGG;

J=submatrix (EF,{0..15},) | |GG| | submatrix (EF,{16..23},) | |IGGG| | submatrix (EF,{24..31},);

K=matrix(entries (H+I+II+J));

rank (K)

62



1]

Bibliography
H. Abo, G. Ottaviani, and C. Peterson, Non-defectivity of Grassmannians of planes, J. Algebraic Geom.
21 (2012), no. 1, 1-20.

H. Abo, On three conjectures about the secant defectivity of classically studied varieties, Proceedings of

the algebraic geometry symposium, Waseda University, Tokyo, Japan, 2010.

J. Alexander and A. Hirschowitz, La méthode d’Horace éclatée: application a l'interpolation en degré

quatre, Invent. Math. 107 (1992), no. 3, 585-602.

, Polynomial interpolation in several variables, J. Algebraic Geom. 4 (1995), no. 2, 201-222.

L. V. Antonyan, Classification of four-vectors of an eight-dimensional space, Trudy Sem. Vektor. Tenzor.

Anal. 20 (1981), 144-161.

E. Arrondo, A. Bernardi, P. M. Marques, and B. Mourrain, Skew-symmetric tensor decomposition,

Commun. Contemp. Math. 23 (2021), no. 02, 1950061.

K. Baur, J. Draisma, and W. A. de Graaf, Secant dimensions of minimal orbits: computations and

congectures, Experiment. Math. 16 (2007), no. 2, 239-250.

P. Beelen, S. R Ghorpade, and T. Hoholdt, Affine Grassmann codes, IEEE Trans. Inform. Theory 56
(2010), no. 7, 3166-3176.

A. Bernardi and D. Vanzo, A new class of non-identifiable skew-symmetric tensors, Ann. Mat. Pura

Appl. (4) 197 (2018), no. 5, 1499-1510.

D. Bidleman and L. Oeding, Restricted secant varieties of grassmannians, Collectanea Mathematica

(2023), 1-21.
A. Boralevi, A note on secants of Grassmannians, Rend. Istit. Mat. Univ. Trieste 45 (2013), 67-72.

A. Casarotti and M. Mella, Tangential weak defectiveness and generic identifiability, Int. Math. Res.
Not. 2022 (2022), no. 19, 15075-15091.

63



[13]

[14]

[15]

[16]

[17]

[18]

[19]

M. V. Catalisano, A. V. Geramita, and A. Gimigliano, On the rank of tensors, via secant varieties
and fat points. Zero-dimensional schemes and applications, Proceedings of the Workshop, Naples, Italy,

Queen’s Papers Pure Appl. Math. 123 (2002), 133-147.
, Secant varieties of Grassmann varieties, Proc. Amer. Math. Soc. 133 (2005), no. 3, 633-642.

N. S Daleo, J. D Hauenstein, and L. Oeding, Computations and equations for Segre-Grassmann hyper-

surfaces, Port. Math. 73 (2016), no. 1, 71-90.

D. Di Tullio and M. Gyawali, A post-quantum signature scheme from the secant variety of the Grass-

mannian, Cryptology ePrint Archive (2020). https://eprint.iacr.org/2020/1141.

W. Fulton and J. Harris, Representation theory, a first course, Graduate Texts in Mathematics, vol. 129,

New York: Springer-Verlag, 1991.

D. R. Grayson and M. E. Stillman, Macaulay2, a software system for research in algebraic geometry.

Available at http://www.math.uiuc.edu/Macaulay2/,

G. B. Gurevich, Foundations of the theory of algebraic invariants, Translated by J. R. M. Radok and
A. J.M. Spencer, P. Noordhoff Litd., Groningen, 1964.

D. Hankerson, G. Hoffman, D. A Leonard, C. C Lindner, K. T Phelps, C. A Rodger, and J. R Wall,

Coding theory and cryptography: the essentials, CRC Press, 2000.

F. Holweck and L. Oeding, Hyperdeterminants from the E8 discriminant, J. Algebra 593 (2022), 622—
650.

F. Holweck and L. Oeding, Jordan decompositions of tensors (2022).|arXiv:2206.13662.
T. Kolda and B. Bader, Tensor decompositions and applications, STAM Rev. 51 (2009), no. 3, 455-500.

J. M. Landsberg, Tensors: geometry and applications, Graduate Studies in Mathematics, vol. 128, Amer-

ican Mathematical Society, Providence, RI, 2012.

J. M. Landsberg and J. Weyman, On the ideals and singularities of secant varieties of Segre varieties,

Bull. Lond. Math. Soc. 39 (2007), no. 4, 685-697.

A. Massarenti and R. Rischter, Non-secant defectivity via osculating projections, Ann. Sc. Norm. Super.

Pisa Cl. Sci. (5) 19 (2019), no. 1, 1-34.

B. McGillivray, A probabilistic algorithm for the secant defect of Grassmann varieties, Linear Algebra

Appl. 418 (2006), no. 2-3, 708-718.

64


https://eprint.iacr.org/2020/1141
http://www.math.uiuc.edu/Macaulay2/
http://arxiv.org/abs/2206.13662

[28]

[34]

[35]

D Y. Nogin, Codes associated to Grassmannians, Arithmetic, Geometry, and Coding Theory: Proceed-
ings of the International Conference held at Centre International de Rencontres de Mathématiques

(CIRM), Luminy, France, June 28 - July 2, 1993, 2011, pp. 145-154.

L. Oeding, A translation of “Classification of four-vectors of an 8-dimensional space,” by Antonyan, L.

V. , with an appendiz by the translator, Trudy Mosk. Mat. Obs. 83 (2022).

F. Palatini, Sulle varieta algebriche per le quali sono di dimensione minore dell’ordinario senza riempire

lo spazio ambiente una o alcune delle varieta formate da spazi seganti, 1909.
C. Ryan, An application of Grassmannian varieties to coding theory, Congr. Numer 57 (1987), 257-271.

G. Scorza, Sopra la teoria delle figure polari delle curve piane del 4. o ordine, Annali di Matematica

Pura ed Applicata (1898-1922) 2 (1899), 155-202.

A. Terracini, Sulle Vi, per cui la variet‘a degli Sy, (h + 1)-secanti ha dimensione minore dell’ordinario,

Rend. Circ. Mat. Palermo Selecta vol. T (1911), 392-396.

, Sulla rappresentazione delle forme quaternarie mediante somme di potenze di forme linearti,

1916.

A. Terracini, On the vk for which the variety a of the sh (h+ 1) segments has dimension smaller than

the ordinary, Reports of the Mathematical Circle of Palermo (1884-1940) 31 (1911), 392-396.

E. B. Vinberg and A. G. Elasvili, 4 classification of the three-vectors of nine-dimensional space, Trudy

Sem. Vektor. Tenzor. Anal. 18 (1978), 197-233.

F. L. Zak, Tangents and secants of algebraic varieties, Transl. Math. Monographs, vol. 127, Providence:
Amer. Math. Soc., 1993.

65



	Introduction
	Restricted Secant Varieties of Grassmannians
	Preliminaries and Notation
	Inheritance and orbit stability

	Computing Dimensions Using Macaulay2
	Computing dimensions of 
	Computing the dimension of secants in M2
	Computational efficiency

	Dimensions of 1-Restricted Chordal Varieties
	The case of -planes
	The case of -planes

	Dimensions for -restricted secant varieties
	Coding Theory

	Graph Theoretic Intersection Structures and Related Problems
	Tensors and Related Problems
	Description of Defective Secants of Grassmannians
	
	Other defective cases

	Schouten Diagrams
	Cyclic Schouten Diagrams
	Schouten Diagrams that Form Paths


	Future Works
	Appendix
	Naive Implementation for the cone over secant of Grassmannians
	Improved Computation for cone over restricted secant of Grassmannians
	The dimension of the cone over cyclical secant of Grassmannians
	Classifying the orbits of 3 F26 under the SL6(F2)-action
	Finding the Normal Forms of Defective Secants of Grassmannians


	Bibliography

