Timely Inference over Networks
by

Md Kamran Chowdhury Shisher

A dissertation submitted to the Graduate Faculty of
Auburn University
in partial fulfillment of the
requirements for the Degree of
Doctor of Philosophy

Auburn, Alabama
May 4, 2024

Keywords: remote inference, age of information, scheduling, restless multi-armed bandit

Copyright 2024 by Md Kamran Chowdhury Shisher

Approved by

Yin Sun, Associate Professor of Electrical and Computer Engineering, Auburn University
Roy Yates, Distinguished Professor Emeritus, Electrical and Computer Engineering,
Rutgers University
John Hung, Professor Emeritus of Electrical and Computer Engineering, Auburn University
Shiwen Mao, Professor of Electrical and Computer Engineering, Auburn University
Thaddeus Roppel, Associate Professor of Electrical and Computer Engineering, Auburn
University
Tao Shu, Associate Professor of Computer Science and Software Engineering



Abstract

Next-generation communications (Next-G), such as 6G, are expected to support emerg-
ing networked intelligent systems, including autonomous driving, factory automation, digital
twin technology, unmanned aerial vehicle (UAV) navigation, and extended reality. Timely
inference is crucial for these networked intelligent systems. In this dissertation, we investi-
gate a remote inference system, where a trained neural network is used to infer time-varying
targets (e.g., the locations of vehicles and pedestrians) based on features (e.g., video frames)
observed at a sensing node (e.g., a camera). The inference error is determined by (i) the
timeliness and (ii) the sequence length of the features, where we use the Age of Information
(Aol) as a metric for timeliness.

In the first part of the dissertation, we discuss how to evaluate the importance of timely
information in remote inference and the monotonicity of information aging. One might
expect that the performance of a remote inference system degrades monotonically as the
feature becomes stale. Using a new information-theoretic analysis, we show that this is true
if the feature and target data sequence can be closely approximated as a Markov chain; it is
not true if the data sequence is far from Markovian. Hence, the inference error is a function
of the Aol, where the function could be non-monotonic. In addition, a longer feature can
typically provide better inference performance, but it often requires more channel resources
for sending the feature.

In the second part of the dissertation, we study the transmission scheduling problem
that optimizes timeliness and feature sequence length to minimize inference error. We intro-
duce a new “selection-from-buffer” medium access model for status updating and minimize
inference errors for both Markovian and non-Markovian data. For single-source and single-
channel remote inference networks, we obtain optimal scheduling policies for both the cases of
time-invariant and time-variant feature lengths. In multi-sources and multi-channel remote
inference networks, the selection-from-buffer scheduling problem is a multi-action restless
multi-arm bandit problem. For this setting, we design new scheduling policies by utilizing

the Whittle index and duality-based gain index. The new scheduling policies are proven to be
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asymptotically optimal. Data-driven evaluations show that our policies can reduce inference

errors by up to 10,000 times.
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Chapter 1

Introduction

Next-generation communications (Next-G), such as 6G, are expected to support a wide range
of emerging networked intelligent systems, including autonomous driving, factory automa-
tion, digital twins, UAV navigation, extended reality, and more [3—8]. Timely inference or
estimation is crucial for these systems. For instance, an autonomous vehicle infers the tra-
jectories of nearby vehicles and the intentions of pedestrians based on features collected from
lidars and cameras installed on the vehicle. In remote surgery, the movement of a surgical
robot is predicted in real-time. In this dissertation, we study a remote inference system as
illustrated in Fig. 1.1, where a trained neural network infers a time-varying target (e.g.,
the location of a vehicle) based on features (e.g., video frames) sent from a sensing node
(e.g., camera). Due to communication delay and transmission errors, the features delivered
to the neural network may not be fresh. Information freshness, in this context, refers to the
time elapsed between feature generation and its use in inference. While not a concern in
traditional offline inference, the impact of information freshness on time-sensitive inference
systems remains an under-explored area of research. It is crucial to understand how this

freshness affects inference performance.

Age of Information A(t)

Camera :
= w .
. -

Feature X;

) ‘ Neural network Predicted car
Received feature X;_a()

position ¥,

Figure 1.1: A remote inference system, where a trained neural network infers the location of a
vehicle based on video frames sent from a camera.

In a communication system, understanding the freshness of information at the receiver

is crucial. Imagine trying to make decisions about a drone flight using outdated location
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Figure 1.2: Evolution of the Aol A(t) in discrete-time.

data. The concept of Age of Information (Aol) was introduced to measure the information
freshness of the receiver side of a communication system [9,10]. Formally, consider a sequence
of status updates sent from a source to a receiver. Let U(t) be the generation time of the
freshest packet delivered by time ¢. The Aol, A(t), is the difference between the current time
t and U(?):

A(t) =t — U(t). (1.1)

To understand more about the evolution of Aol in a time-slotted system, see Fig. 1.2, where
S; and D; are the generation time and delivered time of the i-th packet, respectively, such
that S; < Siy1 < Djy1. Then, U(t) = max{S; : D; < t} is the generation time of the freshest

packet that has been delivered to the receiver by time ¢. Then, from (1.1), we get
A(t)=t—U(t) =t —max{S; : D; < t}. (1.2)

A smaller Aol indicates the presence of more recent information at the receiver.

The freshness of information is tightly related to its significance for the application.
“Freshness” is an example of the “semantic” properties of the information. By semantics,
we mean properties that relate to the “purpose” of information, which, in our case, is to
improve the performance of remote inference systems using fresh information. In semantic-

aware communications, the design goal is no longer sending as much as possible (i.e., increase



throughput), or as fast as possible (i.e., reduce delay), without regard what is the intended use
of information. Instead, the transmitter should choose the right piece of information that is
important for the system operating at the receiving end, and try to deliver the information to
the receiver while it is still useful. However, little is known on how to measure the importance
of information in a broad range of real-time systems and applications. Towards this end,
in this dissertation, we answer two questions: (i) How to evaluate the importance of fresh
information in a remote inference/estimation system? (ii) How to improve the performance

of a remote inference/estimation system?

1.1 Outline and Main Contributions

In Chapter 2, we answer the first question: How to evaluate the importance of fresh
information in a remote inference/estimation system?. This chapter is based on work pre-
sented first in papers [11-14]. One might assume that inference errors degrade monotonically
as the data becomes stale. However, the remote inference experiments illustrated in Chapter
2 show that this assumption holds true in some scenarios (e.g., video prediction) and not
in others (e.g., temperature prediction and reaction prediction). For example, in predicting
next hour temperature, temperature recorded at 24 hours ago is more relevant than tempera-
ture recorded at 12 hours ago due to daily weather patterns. Moreover, consider an example
of reaction prediction: If a vehicle initiates braking, nearby vehicles don’t react instantly
due to the response delay of the drivers or the braking systems. Therefore, slightly outdated
actions can be more relevant for predicting reactions than the most current action. These
observations highlight that fresher data is not always better. To accurately assess the value
of fresh information, we need a robust analytical framework. In this chapter, we present a
new information-theoretic analysis with two analytical models to reveal when fresher data
is always better and when it is not.

Next, we focus on the design of communication systems to improve the performance of
a remote inference system. Due to the vast amount of data generated by today’s sensing
nodes (e.g. cameras and lidars installed on vehicles or roadside units) and the constraints of
limited communication resources, relying solely on maximizing data transmission for ensuring

timely and accurate performance is inadequate. The unprecedented data volume necessitates



a paradigm shift in communication strategies—from maximizing data transmission rates to
extracting and transmitting the right piece of information (often referred to as semantic
information) to accomplish specific tasks such as accurate inference (e.g., the location of a
vehicle) [15-19]. This communication paradigm is known as semantic communication.

In Chapter 3, we investigate how to design a semantic communication system by con-
sidering “Freshness” as a “semantic” property of the information. This chapter builds upon
the work presented in [12,14]. Specifically, we study single-source single-channel scheduling
problems to reduce inference error. As found in Chapter 2, inference error can be expressed
a function of Aol, but not necessarily a monotonic function of Aol. Most existing studies
in Aol literature [20-32] have focused on designing transmission scheduling strategies to
minimize monotonic functions of Aol. However, the design of efficient scheduling policies
for optimizing general, potentially non-monotonic functions of Aol remains unexplored. We
design transmission scheduling policies for single-source and single channel system to min-
imize the inference error and general functions of Aol, regardless of whether the functions
are monotonic or non-monotonic.

In many networked intelligent systems, a receiver (e.g., an autonomous vehicle) requires
information from multiple sources (e.g., onboard cameras, roadside units, and nearby vehi-
cles). Due to limited communication resources, it is impractical to obtain information from
all sources simultaneously. A scheduler decides which sources to select and what information
from sources to send to accomplish a task. Hence, a follow-up question is how to design a
scheduler for multi-source multi-channel remote inference systems?

Based on the work in [12,14], we design a scheduler for multi-source multi-channel
remote inference systems in Chapter 4. When there are multiple source-predictor pairs and
multiple channels, the scheduling problem is a restless multi-armed bandit (RMAB) problem
with multiple actions. Whittle index policy is a well-known asymptotically optimal policy for
RMAB problems with binary actions [33]. However, Whittle index policy is not sufficient for
problems with multiple actions. We propose a multi-source, multi-action scheduling policy
that uses a Whittle index algorithm to determine which sources to schedule and employs
a duality-based action selection algorithm to decide which information to send from the

selected sources.



Additionally, the performance of remote inference depends on the sequence length of
features. Longer feature sequences can carry more information about the target, resulting
in the reduction of inference errors. Though a longer feature can provide better training
and inference performance, it often requires more communication resources. For example,
a longer feature may require a longer transmission time and may end up being stale when
delivered, thus resulting in worse inference performance. Hence, it is necessary to study a
learning and communications co-design problem that jointly controls the timeliness and the
length of the feature sequences.

Based on the work in [34], we study a learning and communication co-design problem
that jointly optimizes feature length selection and transmission scheduling to minimize the
time-averaged inference error in Chapter 5. When there is a single source-predictor pair
and a single channel, we develop low-complexity optimal co-designs for both the cases of
time-invariant and time-variant feature length. When there are multiple source-predictor
pairs and multiple channels, the co-design problem becomes a RMAB problem with multiple
actions. For this setting, we can not use Whittle index because it is difficult to establish
Whittle indexability for time-varying feature length. To solve the problem, we design a low-
complexity scheduling algorithm that does not require to satisfy any indexability condition.

Numerical results in this dissertation demonstrate that potential of our scheduling al-

gorithms to reduce inference error by up to 10000 times.



Chapter 2

Interpretation of Information Freshness in Remote Inference

2.1 Introduction

In this chapter, we first examine the importance of information freshness on remote

inference. While one might assume that inference errors degrade monotonically as the data

becomes stale, the remote inference experiments illustrated in this chapter show that this

assumption holds true in some scenarios (e.g., video prediction) and not in others (e.g.,

temperature prediction and reaction prediction). By using an information-theoretic analysis,

we reveal that inference errors are functions of the Aol, whereas the function is not necessarily

monotonic.

The contributions of this chapter are summarized as follows:

e We conduct five experiments to examine the impact of data freshness on remote infer-
ence (see Section 2.3). These experiments include (i) video prediction, (ii) robot state
prediction in a leader-follower robotic system, (iii) actuator state prediction under me-
chanical response delay, (iv) temperature prediction, and (v) wireless channel state
information (CSI) prediction. One might assume that the inference error degrades
monotonically as the data becomes stale. Our experimental results show that this
assumption is not always true. In some scenarios, even the fresh data with A(t) =0

may generate a larger inference error than stale data with A(¢) > 0 (see Figs 2.2-2.3).

We develop an information-theoretical method to interpret these counter-intuitive ex-
perimental results (see Section 2.5). By introducing a new local information geomet-
ric tool, we show that the assumption “fresh data is better than stale data” is true
when the time-sequence data used for remote inference can be closely approximated
as a Markov chain; but it is not true when the data sequence is far from Markovian
(Theorems 2.1-2.3). Specifically, we proposed a new tool called e-Markov chain. By
using e-Markov chain, we can evaluate the divergence of a target process from being

a Markov chain. When the divergence ¢ is large, the inference error can be far from a



non-decreasing function of Aol. Conversely, for small divergence €, the estimation error
is close to a non-decreasing Aol function. Hence, the inference error is a function of
the Aol, whereas the function is not necessarily monotonic. This analysis provides an

information-theoretic interpretation of information freshness.

e Moreover, we construct two analytical models to analyze and explain when fresh data
is better than stale data and when it is not (see Section 2.6). We derive closed-form
expressions for the remote estimation error of Gaussian autoregressive AR(p) processes
and study how the monotonicity of information aging is affected by the parameters of

the AR(p) process.

2.1.1 Related Works

The concept of Age of Information (Aol) has attracted significant research interest; see,
e.g., [10,20-32,35-42] and a recent survey [43]. Initially, research efforts were centered on
analyzing and optimizing average Aol and peak Aol in communication networks [10, 20,21,
29,35]. Recent research endeavors on Aol have shifted towards optimizing the performance of
real-time applications, such as remote estimation, remote inference, and control systems, by
leveraging Aol as a tool. In [23,24,36,38], information-theoretic metrics such as Shannon’s
mutual information (or Shannon’s conditional entropy) has been used to quantify the amount
of information carried by the received data about the current source value (or the amount of
uncertainty regarding the current source value) as the data ages. In addition, a Shannon’s
conditional entropy term Hgspannon(Y:|Xi—a@ = 2, A(t) = 6) was used in [37] to quantify
information uncertainty given the most recent observation X, s« =  and Aol A(t) = 4.
The information-theoretic metrics in these prior studies [23,24,36-38] cannot be directly
used to evaluate system performance. To bridge the gap, we use an L-conditional entropy
Hp,(Yy| Xi—a@), A(t)), to approximate and analyze the inference error in remote inference,
as well as the estimation error in remote estimation [11,12,14,34]. For example, when the
loss function L(y,¢) is chosen as a quadratic function ||y — g||3, the L-conditional entropy
Hy (Y| Xi—a@), A1) = E[(Y; — E[Y3| Xi—a@), A(t)])?] is exactly the minimum mean squared

estimation error in signal-agnostic remote estimation. This approach takes a significant step



to bridge the gap between Aol metrics and real-world applications, by directly mapping the
Aol to the application performance metrics.

This study is also related to the field of signal-agnostic remote estimation. The prior
studies [23, 25, 27, 39, 40, 44, 45] in signal-agnostic remote estimation focused on Gaussian
and Markovian processes. The results presented in the current paper are applicable to more

general processes.

2.2 System Model

In this section, we introduce a remote inference system and illustrate the impact of

information freshness on the inference performance.

Remote Inference Model

Consider the remote inference system illustrated in Fig. 2.1(a). In this system, a time-
varying target Y; € ) (e.g., the position of the car in front) is predicted at time ¢, using a
feature X;_ A € X (e.g., a video clip) that was generated A(t) seconds ago at a sensor (e.g.,
a camera). The time difference A(t) between X; () and Y; is the Aol defined in (1.1). Each
feature X; = (Vi, Viz1,...,Vi_us1) is a time series of length u, extracted from the sensor’s
output signal V;. For example, if V; is the video frame at time ¢, then X, represents a video
clip consisting of u consecutive video frames.

We focus on a class of popular supervised learning algorithms known as Empirical Risk
Minimization (ERM) [46]. In freshness-aware ERM supervised learning algorithms, a neural
network is trained to generate an action a = ¢(X;_a@), A(t)) € A, where ¢ : X x ZT — A
is a function that maps a feature X, a¢) € X and its Aol A(t) € Z" to an action a € A.
The performance of learning is evaluated using a loss function L : J) x A — R, where L(y, a)
represents the loss incurred if action a is selected when Y; = y.

The loss function L is determined by the goal of the remote inference system. For
example, in neural network-based minimum mean-squared estimation, the loss function is
Lo(y,y) = |ly — ¥||3, where the action a = y is an estimate of the target ¥; = y and ||y||3

is the Euclidean norm of the vector y. In softmax regression (i.e., neural network-based
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Figure 2.1: Performance of video prediction experiment. The experimental results in (b) and (c)
are regenerated from [1]. The training and inference errors are non-decreasing functions of the Aol.

maximum likelihood classification), the action a = Qy is a distribution of Y; and the loss

function Lo (y, Qy) = —log Qy (y) is the negative log-likelihood of the target value Y; = y.

Offline Training and Online Inference

A supervised learning algorithm consists of two phases: offline training and online
inference. In the offline training phase, a neural network based predictor is trained using
one of the following two approaches.

In the first approach, multiple neural networks are trained independently, using distinct
training datasets with different Aol values. The neural network associated with an Aol value

0 is trained by solving the following ERM problem:

€ITtraining,1 (5) - glellle EY’XNPY’()»XﬂS [L<K ¢(Xa 6))]’ (21)
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Figure 2.2: Robot state prediction in a leader-follower robotic system. The leader robot uses
a neural network to predict the follower robot’s state Y; by using the leader robot’s state X;_g
generated J time slots ago (u = 1). The training and inference errors decrease in the Aol < 25 and
increase when Aol > 25.

where Py ¢ is the empirical distribution of the label Y, and the feature X_g in the training
dataset, the Aol value 4 is the time difference between Yy and X_s, and A is the set of
functions that can be constructed by the neural network.

In the second approach, a single neural network is trained using a larger dataset that
encompasses a variety of Aol values. The ERM training problem for this approach is formu-
lated as
oY 0(X, 0))], (2.2)

€TTraining 2 = TN Byxe~py ¢

where Py ¢ o is the empirical distribution of the label Yy, the feature X_g, and the Aol

© within the training dataset, and the Aol © is the time difference between Y/O and X ey
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In the online inference phase, the trained neural predictor is used to predict the target
Y; in real-time. We assume that the process {(Y;, X;),t = 0,1,2,...} is stationary and is
independent of the Aol process {A(t),t =0,1,2,...}. Under these assumptions, if A(¢) =4,

the inference error at time ¢ can be expressed as a function of the Aol value ¢, i.e.,

errinference<5) :EY,XNPYbXt_é[L<Y7¢*(X7 5))] ’ (23)

where Py, x,_, is the distribution of the target Y; and the feature X;_s, and ¢* is the trained
neural network. The proof of (2.3) is provided in Appendix 2.D. In Sections 3-4, to mini-
mize inference error, we will develop signal-agnostic transmission scheduling policies in which
scheduling decisions are determined without using the knowledge of the signal value of the ob-
served process. If the transmission schedule is signal-agnostic, then {(Y;, X;),t =0,1,2,...}
is independent of the Aol process {A(t),t =0,1,2,...}. In Sections 3-4, to minimize infer-
ence error, we will develop signal-agnostic transmission scheduling policies in which schedul-
ing decisions are determined without using the knowledge of the signal value of the observed
process. If the transmission schedule is signal-agnostic, then {(Y;, X;),t = 0,1,2,...} is

independent of the Aol process {A(t),t =0,1,2,...}.

2.3 Experimental Results on Information Freshness

We conduct five remote inference experiments to examine how the training error and
the inference error vary as the Aol increases. These experiments include (i) video prediction,
(i) robot state prediction in a leader-follower robotic system, (iii) actuator state predic-
tion under mechanical response delay, (iv) temperature prediction, and (v) wireless channel
state information prediction. In these experiments, we consider the quadratic loss function
L(y,y) = |ly — y|/3- Detailed settings of these experiments can be found in Appendix 2.A.
We present the experimental results of the first training method in Figs. 2.1-2.5. Related
codes and datasets are accessible in our GitHub repository.! To illustrate the training error

of the second training method as a function of the Aol ¢, one can simply assess the training

'https://github.com/Kamran0153/Impact-of-Data-Freshness-in-Learning
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error using the training data samples with the Aol value §. As the results of the two training
methods are similar, the experimental results of the second training method are omitted.

Fig. 2.1 presents the training error and inference error of a video prediction experiment,
where a video frame V; at time ¢ is predicted using a feature X; s = (V;_s, Vi_s_1) that is
composed of two consecutive video frames. One can observe from Fig. 2.1(b)-(c) that both
the training error and the inference error increase as the Aol ¢ increases.

Fig. 2.2 plots the performance of robot state prediction in a leader-follower robotic
system, where a leader robot uses a neural network to predict the follower robot’s state Y;
by using the leader robot’s state X;_s generated d time slots ago. As depicted in Fig. 2.2,
the training and the inference errors decrease in Aol, when Aol < 25 and increase in Aol
when Aol > 25. In this case, even a fresh feature with Aol=0 is not good for prediction.

The performance of actuator state prediction under mechanical response delay is de-
picted in Fig. 2.3. We consider the OpenAl CartPole-v1 task [2], where the objective is
to control the force on a cart and prevent the pole attached to the cart from falling over.
The pole angle 1, at time ¢ is predicted based on a feature X;_ 5 = (vy_g,...,V_s_ys1) that
consists of a consecutive sequence of cart velocity with length u generated 0 milliseconds
(ms) ago. As shown in Fig. 2.3, both the training error and the inference error exhibit
non-monotonic variations as the Aol ¢ increases.

In Fig. 2.4 and Fig. 2.5, we plot the results of temperature prediction and wireless
channel state information (CSI) prediction experiments, respectively. In both experiments,
we observe non-monotonic trends in training error and inference error with respect to Aol,
particularly when the length of the feature sequence u is small.

In the Aol literature, it has been generally assumed that the performance of real-time
systems degrades monotonically as the data becomes stale. However, Figs. 2.1-2.5 reveal that
this assumption is true in some scenarios, and not true in some other scenarios. Furthermore,
Figs. 2.2-2.3 show that even the fresh data with Aol = 0 may generate a larger inference
error than stale data with Aol > 0. These counter-intuitive experimental results motivated

us to seek theoretical interpretations of information freshness in subsequent sections.
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Figure 2.3: Performance of actuator state prediction under mechanical response delay. In the Ope-
nAI CartPole-v1 task [2], the pole angle 1), is predicted by using X;_5 = (V¢—g, Vt—§5—15 -+, Vt—s—u—1),
where v; is the cart velocity at time ¢ and u is the number of past samples or feature sequence
length. The training error and inference error are non-monotonic in the Aol.
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2.4 Information-theoretic Measures for Remote Inference

In this section, we present information-theoretic measures for evaluating remote infer-
ence system.

Because the set of functions A constructed by the neural network is complicated, it
is difficult to directly analyze the training and inference errors by using (2.1)-(2.3). To
overcome this challenge, we introduce information-theoretic metrics for the training and

inference errors.

Training Error of the First Training Approach

Let ® = {f: X XZ' — A} be the set of all functions mapping from X x Z* to A. Any
action ¢(x,d) constructed by the neural network belongs to ®, whereas the neural network
cannot produce some functions in ®. Hence, A C ®. By relaxing the set A in (2.1) as ®, we
obtain the following lower bound of erraining1(6):

min Ey x.p. .
IS YiXPyy %

5[L(Y7¢(X7 5))} = HL(?ODZ—J)? (24)

where H(Yy|X_s) is a generalized conditional entropy of Yy given X_j [47-49].

Compared to €Ty aining1(6), its information-theoretic lower bound H, (}70])2 _s) is math-
ematically more convenient to analyze. The gap between ety aining,1(6) and H L(YOIX _s) was
studied recently in [50], where the gap is small if A and ® are close to each other, e.g., when
the neural network is sufficiently wide and deep [46].

For notational convenience, we refer to H L(ffo\f(,g) as an L-conditional entropy, because
it is associated with a loss function L. The L-entropy of a random variable Y is defined

as [47,49]
HL(Y) = {Lfgtl Ey~p, [L(Y,a)]. (2.5)
The L-conditional entropy of Y given X = x is
H(Y|X =x) = E%iEEYNPYIXm [L(Y,a)]. (2.6)
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Using (2.4), one can get [47,49]

H(Y|X) =) Px(x ) minBy.p,  [L(Y, a)

TeEX

=" Px(a)H (Y |X = x). (2.7)

Training Error of the Second Training Approach

A lower bound of the training error ertyaining 2 in (2.2) is
HL(Y/OPZ—(% 0) = gngEYX O~Py 3 o0 [L(Ya¢(X7 0))l, (2.8)
where HL(Y/O\X_@, ©) is a L-conditional entropy of Yy given (X_g, ©). Using (2.7), we get

HL(Yo|X_0,0) = ) P ol@ 0)H (Yo|X 5 =2,0=0). (2.9)

TEX ,0ELT

We assume that the label and feature (Y, X_;) in the training dataset are independent
of the training Aol © for every k£ > 0. Under this assumption, (2.9) can be simplified as

Hi(Yy|X_e,0) Z Po(0) H(Yo|X_5), (2.10)

SeZ+t

which is proven in Appendix 2.E.

Inference Error

Let ap, be an optimal solution to (2.5), called a Bayes action [47]. If the neural predictor

in (2.3) is replaced by the Bayes action ap,

v _, then erTiyerence () becomes the following
IX_

L-conditional cross entropy

HL <P}/t|Xt76; Pf/op?,g’PthE) ZPXt é EYNPYt\Xt 5= ;t|:L <Y Py I1X_ 5= m):|’ (211>

TEX
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where the L-cross entropy is defined as
HL(Py,Pf/) :EYNPY [L (Y, CLP{/)} y (212)
and the L-conditional cross entropy is defined as

Hy(Py; PylPx) = Y Px(0)Eympy [L <Y, apw.(:wﬂ . (2.13)

zeX

If the function spaces A and ® are close to each other, the difference between erriyference (9)
and the L-conditional cross entropy Hp, (Pm Xi_s) PY/O\ X,(;’Pth 5) is small.

Examples of loss function L, L-entropy, and L-cross entropy are provided in Appendix
2.B. Additionally, the definitions of L-divergence Dy (Py||Qy ), L-mutual information I (Y; X),
and L-conditional mutual information I (Y; X|Z) are discussed below.

The L-divergence Dy (Py||Py) of Py from Py can be expressed as [47,49]
Dy(Py||Py) =Ey~p, [L(Y,ap,)] —Ey.p, [L(Y,ap,)]. (2.14)
Because ap, is an optimal to (2.5), from (2.41), we have
D.(Pyl||Py) > 0. (2.15)
The L-mutual information I5(Y; X) is defined as [47,49]

IL,(Y; X) = Ex~py [Dr (Pyix||Py)]
— H(Y) = Hy(Y|X) >0, (2.16)

which measures the performance gain in predicting Y by observing X. In general, I1,(Y; X)

# I(X;Y). The L-conditional mutual information I (Y; X|Z) is given by

IL(Y; X|Z) = Ex 2Py, [Dr (Pyix.z|| Priz)]

= H,(Y|Z) - H.(Y|X, Z) > 0. (2.17)
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Figure 2.4: Performance of temperature Prediction. The training error and inference error are
non-monotonic in Aol. As the feature sequence length u increases, the errors tend closer to non-
decreasing functions of the Aol.
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Figure 2.5: Performance of channel state information (CSI) prediction. The training error and
inference error are non-monotonic in Aol. As the feature sequence length u increases, the errors
tend closer to non-decreasing functions of the Aol.

In general, I (X;Y) # I.(Y;X), which is different from f-mutual information. The
relationship among L-divergence, Bregman divergence [51], and f-divergence [52] is discussed

in Appendix 2.C.

2.5 An Information-theoretic Interpretation

Training Error vs. Training Aol
We first analyze the monotonocity of L-conditional entropy Hy(Yy|X_s) as & increases.

If Yy < )N(_u e X_“_l, is a Markov chain for all p, v > 0, by the data processing inequality
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for L-conditional entropy [48, Lemma 12.1], Hy(Yy|X_s) is a non-decreasing function of 4.
Nevertheless, the experimental results in Figs. 2.1-2.5 show that the training error is a
growing function of the Aol ¢ in some systems (see Fig. 2.1), whereas it is a non-monotonic
function of ¢ in other systems (see Figs. 2.2-2.5). As we will explain below, a fundamental
reason behind these phenomena is that practical time-series data for remote inference could
be either Markovian or non-Markovian. For non-Markovian (Yo, X_,,, X_,. ), H(Yo|X_5)
is not necessarily monotonic in 9.

We propose a new relaxation of the data processing inequality to analyze information
freshness for both Markovian and non-Markovian time-series data. To that end, the following
relaxation of the standard Markov chain model is needed, which is motivated by the e-

dependence concept used in [53].

Definition 2.1 (e-Markov Chain) Given ¢ > 0, a sequence of three random variables

Z,X, and Y is said to be an e-Markov chain, denoted as Z = X SY, if

Log(Y'; Z|X) = Diog (Py,x,z||Py|x Pzx Px) < €, (2.18)
where?
Py (y)
Diog(Py||Qy) = > Pr(y)l (2.19)
= Qv (y)

is KL-divergence and Log(Y'; Z|X) is Shannon conditional mutual information.

Notice that the KL-divergence in (2.18) can be also equivalently expressed as

Dlog(PY,X,Z||PY|XPZ|XPX) =Ex [Dlog(PY,Z|X||PY\XPZ|X>]

= Ex 2[Diog(Pyx.z|| Pyix)], (2.20)

A Markov chain is an e-Markov chain with e = 0. If Z7 — X — Y is a Markov chain,
then Y — X — Z is also a Markov chain [55, p. 34]. A similar property holds for the

e-Markov chain.

’In (2.18), if Py x=2(y) =0, then Py |x_; z—.(y) = 0 which leads to a term Olog% in the KL-divergence
Diog (Py | x=z,7=2||Py|x=x). We adopt the convention in information theory [54] to define Olog% =0.
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Lemma 2.1 IfZ 5 X 5Y, thenY S X 5 Z.
Proof 2.1 See Appendiz 2.F.

By Lemma 2.1, the e-Markov chain can be denoted as Y < X <& Z. In the following
lemma, we provide a relaxation of the data processing inequality, which is called an e-data

processing inequality.
Lemma 2.2 (e-data processing inequality) The following assertions are true:

(a) If Y <& X <& Z is an e-Markov chain, then

Hy(Y|X) < H(Y|Z) + O(e). (2.21)

(b) If, in addition, H,(Y) is twice differentiable in P, then

H(Y|X) < H(Y|Z) 4+ O(é%). (2.22)

Proof 2.2 Lemma 2.2 is proven by using a local information geometric analysis. See Ap-

pendix 2.G for the details.
Now, we are ready to characterize how Hy (Y| X_s) varies with the Aol 4.

Theorem 2.1 The L-conditional entropy
Hi(YolX_s) = g1(6) — ga(6) (2.23)

is a function of §, where g1(0) and g2(0) are two non-decreasing functions of 6, given by

51
g1(9) :HL(%|XO) + Z IL(%§X—k|X—k—1)>
k=0
5-1 o i
92(8) = T (Yo; X | X 1), (2.24)
k=0
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where the L-conditional mutual information I (Y; X|Z) between two random variables Y
and X given Z is defined in (2.44). If Yy & X_“ S X_M_V 15 an e-Markov chain for every
w,v >0, then g2(0) = O(€) and

Hi (Yol X-5) = g1(8) + O(e). (2.25)

Proof 2.3 See Appendiz 2.H.

According to Theorem 2.1, the monotonicity of Hy(Yy|X_s) in ¢ is characterized by the
parameter € > 0 in the e-Markov chain model. If € is small, then Yy <5 X_H TN X_M_V is
close to a Markov chain, and H(Yy|X_s) is nearly non-decreasing in 8. If € is large, then
Yo <& X, & X, is far from a Markov chain, and H(Yy|X_;) could be non-monotonic
in . Theorem 2.1 can be readily extended to the training error with random Aol © by using

stochastic orders [56].

Definition 2.2 (Univariate Stochastic Ordering) [56] A random variable X is said to

be stochastically smaller than another random variable Z, denoted as X <y Z, if
P(X >2) < P(Z>z), VreR. (2.26)

Theorem 2.2 IfY; < X_# & )N(_H_,, s an e-Markov chain for all p,v > 0, and the training

Aols in two experiments 1 and 2 satisfy ©, < O,, then
Hp,(Yo| X e,,01) < HL(Yo| X e,,02) + O(e). (2.27)

Proof 2.4 See Appendiz 2.1.

According to Theorem 2.2, if ©; is stochastically smaller than ©,, then the training error
in Experiment 1 is approximately smaller than that in Experiment 2. If, in addition to the
conditions in Theorems 2.1 and 2.2, H;(Y}) is twice differentiable in Py, , then the last term

O(e) in (2.25) and (2.27) becomes O(€?).

Inference Error vs. Inference Aol
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Using (2.6), (2.7), and (2.13), it is easy to show that the L-conditional cross entropy
Hr(Pyx,_s; Py x_;|Px,_;) is lower bounded by the L-conditional entropy Hr(Y:|X;—s). In
addition, Hy(Py,x, ;; P?O\X_5|PXt_(s) is close to its lower bound Hp(Y;|X;_s), if the condi-

tional distributions Py, x, ;, and Pm %, are close to each other, as stated in Lemma 2.3.

Lemma 2.3 Given 8 >0, if for all 6 € Z+

D Px o (0) Y (Prapx, = (4) = Pryjx_,—(0))” <5, (2.28)
reX yey

then for all 6 € Z+
Hi(Prix, s Pryx ,1Px, ) =HL(Yi| Xi—s)+ O(B). (2.29)

Proof 2.5 See Appendixz 2.J.

Combining Theorem 2.1 and Lemma 2.3, the monotonicity of Hr(Py;x, ,; Py, x_,|Px, ;)

versus 0 is characterized in the next theorem.
Theorem 2.3 If Y, & Xy & Xt -y is an e-Markov chain for all p,v > 0 and (2.28)

holds for all 6 € Z*, then for all 0 < §; < 0y

Hi(Pyiix, o3 Proyjsy, 1Pxesy) < Ho(Priyx, o5 Pryx_, |1 Px.s,) + O(max{e, B}).  (2.30)

Proof 2.6 See Appendiz 2.K.

According to Theorem 2.3, Hy(Py,x, ; P?O|X75\th75) is a function of the Aol §. If € and
B are close to zero, Hr(Pyx,_,;; Py, x_,|Px, ;) is nearly a non-decreasing function of d;

otherwise, Hr(Py;x, s Py, x_,|Px, ;) can be far from a monotonic function of 4.

Interpretation of the Experimental Results
We use Theorems 2.1-2.3 to interpret the experimental results in Figs. 2.1-2.5. In Fig.
2.1, the training and inference errors for video prediction are increasing functions of the Aol.

This observation suggests that the target and feature time-series data (Y, X;—,, Xy—,—,) for
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video prediction is close to a Markov chain. In the robot state prediction experiment depicted
in Fig. 2.2, the state of the follower robot depends on the state of the leader robot received
through a channel. Due to the communication delay from the leader robot to the follower
robot, the target and feature data sequence (Y;, X;_,, X;_,_,) can be far from a Markov
chain. In the experiment of actuator state prediction under mechanical response delay, pole
angle at time ¢ is strongly correlated with the cart velocity generated 25 ms ago, as observed
from data traces in Fig. 2.3(b). Moreover, temperature and CSI signals have long-range
dependence. For example, temperature at time ¢ depends on the temperature of 24 hours
ago. These observations imply that the target and feature data sequence (Y, X;—,, Xt —0)
for all p1, v > 0 may not be close to a Markov chain in the experimental results depicted in
Figs. 2.2-2.5. Because the target and feature time-series data involved is non-Markovian,
Theorems 2.1-2.3 suggest that the training error and inference error could be non-monotonic
with respect to Aol, as observed in Figs. 2.2-2.5.

Recall that u is the sequence length of the feature X; = (V;,Vi_1,..., Vi_uy1). In Figs.
2.3-2.5, the training and inference errors tends to become non-decreasing functions of the Aol
0 as the feature length u grows. This phenomenon can be interpreted by Theorems 2.1-2.3:
According to Shannon’s Markovian representation of discrete-time sources in his seminal
work [57], the larger u, the closer (Y}, X;_,, X;_,_,) tends to a Markov chain. According to
Theorems 2.1-2.3, as u increases, the training and inference errors tends to be non-decreasing
with respect to the Aol d, which agrees with Figs. 2.3-2.5. One disadvantage of large feature
length w is that it increases the channel resources needed for transmitting the features. The

optimal choice of the feature length u is studied in [34].

2.6 A Model-based Interpretation

We construct two models to analyze the non-monotonocity of the L-conditional entropy

Hp(Y;|X;_s5) with respect to the Aol § and interpret the reasons.
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2.6.1 Reaction Prediction with Delay

To facilitate understanding of the counter-intuitive experimental results illustrated in

Figs. 2.2-2.3, we present the following analytical example for reaction prediction.

Example 2.1 (Reaction Prediction) Consider a causal system represented by Y; = f(X;_q),
where X; and Y; are the input and output of the system, respectively, d > 0 is the delay in-
troduced by the system, and f(-) is a function.

Lemma 2.4 If X, is a Markov chain and Y; = f(X;_q), then Hy(Y;|X,_s) decreases with &

when 0 < 6 < d and increases with 0 when 6 > d. In addition, for any random variable Z,

HL(YiIX,a) = HL(Yi]Y;) < Hi(Yi]2). (2.31)

Proof 2.7 See Appendiz 2.M.

Lemma 2.4 implies that the feature X; ; achieves the minimum expected loss in predicting
Y;. Therefore, for predicting Y;, X; 4 is the optimal choice, not the freshest feature Xj.
Hence, fresh data is not always the best.

The robotic state prediction and the actuator state prediction experiments in Figs. 2.2-
2.3 are also instances of reaction prediction. Similar to Example 2.1, the freshest feature
with Aol=0 is not the best choice for predicting the reaction in Figs. 2.2-2.3. However, the
relationship between the leader and follower robots’ states in the robotic state prediction
experiment and the relationship between cart velocity and pole angle in the actuator state
prediction experiment are much more complicated than the input-output relationship in

Example 2.1.

2.6.2 Autoregressive Model

We consider that the target Y; evolves as

Y, =V,+ N, (2.32)
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where V; € R follows a discrete-time p-th order autoregressive (AR(p)) linear time-invariant

system:
‘/t = aﬂ/},_l + CLQ‘/;_Q + ...+ ath_p + Wt, (233)

N; € R and W; € R are i.i.d. Gaussian noises over time with zero mean, and a; € R for all
k=1,2,...,p. Let 03, and oy, be the variances of Y; and V;, respectively. Our goal is to
predict Y; based on X; 5 = (Vi—s, Vi—s—1, ..., Vi_s_us1), where u is the feature length. For

the simplicity of analysis, we use vector V} instead of X; in this section, where
X = V? - (V;%, Viei, oo, Vt—u+1) (2'34)
and
Xis=Vis=Vics,Vico1,- oy Vicsus1) (2.35)

We will evaluate the L-conditional entropy associated with two loss functions: (i) Log-
arithmic Loss (log loss) and (ii) Quadratic loss.
Logarithmic Loss (log loss)

For log loss Liog(y, Qy,) = —log Qy,(y), the L-entropy of a continuous random variable
Y is the differential entropy [54,55], defined as

Hyog(Y;) = —/ pv.(y) log py,(y) dy, (2.36)

yeR

where py, is the density function of the distribution Py, of Y;. Because Y; is a Gaussian

random variable with zero mean, one can obtain [54]

Hiog(Y:) = %log (2me E[Y]) . (2.37)
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The L-entropy for a discrete random variable associated with log loss is the well known
Shannon entropy [12,14,49]. The Shannon entropy is always non-negative. However, the

differential entropy can be negative, positive, or zero [54].

Proposition 2.1 The L-conditional entropy Hioe(Y:| Vi) is given by

1 det(Ryy, vy 1) 1
Hyoe (Y| Vi) =21 — —log2 2.38
where det(A) denotes the determinant of a square matriz A,
Rvy = E[(V})"V{] (2.39)

15 an u X u dimensional auto-correlation matrix of a random vector Vi, and

Ry, ve ) = E[[V2, Vi)Y, VS]] (2.40)

is an (u+ 1) x (u+ 1) dimensional auto-correlation matriz of a random vector [Y;, Vi 5] =

D/;fa ‘/15—57 DI W—(S—u—‘rl]-

Proof 2.8 We begin with the definitions of L-divergence and L-mutual information. The
L-divergence Di(Py||Qy) of Py from Qy can be expressed as [12, 47, 49]

Dr(Py||Qy) =Eywpy, [L(Y,ap,)] = Bywp, [L (Y, aq, )], (2.41)
where ap, 1is the optimal solution to

Iargll]EprY [L(Y, a)]. (2.42)

The L-mutual information I,(Y; X) is defined as [12,47, 49]

IL(Y; X) =Ex~py [Dr (Pyix||Py)]
—HL(Y) — Hy(Y|X) >0, (2.43)
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which measures the performance gain in estimating Y by observing X. The L-conditional

mutual information I (Y; X|Z) is given by

I(Y; X|Z) =Ex z~py , [DL (PY\X,ZHPY\Z)]
—H,(Y|Z) — HL(Y|X, Z) > 0. (2.44)

Using (2.43), the L-conditional entropy Hg(Y:|Vi_s) associated with log loss can be

expressed as
Hlog(ytlvg—é) = Hlog(yt) - ]log(Yt§ V?—é)‘ (2-45)

For jointly Gaussian random vectors Y € R™ and X € R", we can obtain [5}]

1 det(EX)det(Ey)
]0 Y, X) = —1 )
1 g( ) 2 og det(ngy})

(2.46)

where Yx := E[(X — E[X])]TE[(X — E[X])] denotes the covariance matriz of the row vector
X. IfE[X] =0, then ¥x = Rx. By using E[Y;] =0, E[V} ;] =0, (2.37), (2.45), and (2.46),
we obtain (2.38). This completes the proof. B

In the special case of feature length u = 1, from (2.38), it can be shown that

E[ViVi-s]?

Hlog(Y;f“/tfé) = l(log(E[Yf] - E[V?]

5 )+ log27re) . (2.47)

Quadratic Loss

For quadratic loss function Ly(y, 7)) = (y —9)?, the L-entropy of Y; is the variance of Y,

given by
Hy(Y,) = oy,. (2.48)
Because E[Y;] = 0, we have
Ha(Y;) = B[V, (2.49)
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Proposition 2.2 The L-conditional entropy Hao(Y:| Vi s) is given by

Hy(Y)| Vi) = E[(Y, — E[Y}|V{_s])?]
= E[Y?]-E[X,V} ;](Rvy) 'E[X, V], (2.50)

where E[V;V} ] = [E[V}Vt,g], . ,IE[V}V},(;,uH]] is a 1 X u dimensional vector and Ry is

an u X u dimensional auto-correlation matriz of Vi defined in (2.39).

Proof 2.9 The conditional expectation of Y; given Vi s = v i.e., E[Y}|V} ; = v¥] is the

optimal estimator of

R Vot an2| 2.51
semder P g {( ) } =

By substituting L(y, p(v*,0)) = (y — &(v*,8))? and ¢(v¥, ) = E[Y}|VY s = v¥] into (77),

we obtain
Hy(Y,[ViL5) = B[(Y; - E[Y,[ViL])°]. (2.52)
Since Yy and Vi_s are jointly Gaussian with E[Y;] =0, E[V} ;] =0, and
E[Y,Vir] = E[ViVi-] + E[N, V-] = E[V;Vi_4], (2.53)
we get [58, Chapter 7.3]
ElY,|Vi; =v"] = A(v*)T, (2.54)
where

A =E[V;V} ] (Rvg)’l. (2.55)
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Figure 2.6: L-conditional entropy vs. Aol with (a) quadratic loss function and (b) log loss function

(base 2). The L-conditional entropy is not always a monotonic function of Aol. An AR(4) model
as defined in (2.67)-(2.68) is considered for this simulation.

By using orthogonality principle [58, Chapter 7.3/, we get

E[(Y: — A(Vi_5)") Vi, =0 (2.56)

Now, using (2.54) and (2.56), we obtain from (2.52) that

Hy(Y,[ Vi) = E[(Y: — E[Y,[V},])%]
=E[(Y: - A(V}5)")Y]]
= B[] - AEM V)"

=E[Y] - AE[V,Vi])". (2.57)
By substituting (2.55) into (2.57), we obtain (2.50). This completes the proof. B

In the special case of feature length u = 1, from (2.50), it can be shown that

E[X.X} 52

Hy(Yi|Xi—s) = E[Yf] - E[X?] (2.58)

By utilizing Propositions 2.1-2.2, one can evaluate the L-conditional entropy of a data

sequence that is generated using a Gaussian AR(p) system.
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Characterizing the Parameter ¢ of An e-Markov Chain

In this section, we show how to evaluate the value of the parameter ¢ from an AR(p)

process. We also analyzed the impact of feature length u on the parameter e.

The parameter € in Y; <> Vi, & Vi, depends on p,v, and u. We denote €, ,(u)
as the minimum value of € for which Y; < Vi, S Ve u—v 18 an e-Markov chain. By using

Definition 2.1, we have

s (18) = [ iog (Vs Vi, o[ VE,). (2.59)

We also denote e(u) as the minimum value of € for which Y; < Vi, S Ve 4y 18 an

e-Markov chain for all y, v > 0. Then, we can write

€(u) = max e, (u). (2.60)
w,v>0
Proposition 2.3 The following assertions are true for the Gaussian AR(p) model defined
in (2.32)-(2.33).

(a) The minimum value of € for which the data sequence (Y, Vi, V!

& Vii,_,) satisfies an

e-Markov chain property, i.e., Y; < Vi, S Vit for all p,v >0 is given by

€(u) = max e, (u), (2.61)
w,v>0

where €, (u) is determined by

1 det(Rpyve  vu j)det(Rypy, ve
( (Rpvy,,ve1)det(Ryy, le)>7 (2.62)

) = |1
€ (W) 9 8 det(Rvy , )det(Rpyv, vy, vi )

det(A) denotes the determinant of a square matriz A, and Rx = E[XTX] is the auto-
correlation matrix of a random vector X.

(b) If u > p, then

€(u) = 0. (2.63)
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Proof 2.10 Part(a): The Shannon’s conditional mutual information hog(Yy; Vi, ,IVit,)

can be derwed as follows:

Ilog<Y;:7V;Lu l/|V ) Hlog(ytlv ) Hlog(Y;:|Vt w t,uz/)
=Hiog(Y;) — Hiog(V,|V

tu?t,ulz)

— Hiog(Y) + Hiog(Yi|ViZ,)

(0)

:‘[bg(}/;fﬁvf pn— V’V‘?—M) - IIOg(}/%;Vg—p)

01 (det(E[vg wVH)da(E@)
§10g

B det (Z [Ye, V¥

t—p—uv?

v, ]

1 det(zvg )det(Eyt)

—log —

2 det (2 [Yt,V?_H] )

_1 det(E[Vlevlt ])det(z[yhvﬂt ])
& det(Eviu)det( Ve, Vi — Vi u )

1 det(Ryu w 1)det(Ryy, v
@, Rive,,ve )Ry v, ) , (2.64)
2 det(].:{\/;;;‘u)det(].:{,Y;5 V;‘ p—v> Vu_u )

where (a), (b), and (c) hold due to (2.44), (2.43), and (2.46), respectively and (d) holds
because of E[Y;] = 0 and E[V;_x] = 0 for all k.
Now, by substituting (2.64) into (2.59), we get (2.62).

Part (b): If I > p, by using (2.33), we can express Vi, as a function of Vi, for

—

any w,v > 0. Hence, if l > p, then

HL (Y| VY HL(YA[Vie,). (2.65)

t—p t n— 1/)
By using (2.44) and (2.65), we get that if | > p, then

1LY Vi, IVE,) = 0. (2.66)

From (2.62) and (2.66), we obtain that if | > p, then €,,(l) = 0 for all p,v > 0. Thus,
€(l) = 0. This concludes the proof. B
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In Proposition 2.3(a), we present a closed-form expression for computing the parameter
¢(u). Utilizing Proposition 2.3(a), one can derive ¢(u) from the auto-correlation function
of a data sequence generated from the AR(p) model. Proposition 2.3(b) implies that if
the feature length w is greater than or equal to the order p of the AR(p) model, then
€(u) equals 0. By integrating Proposition 2.3(b) with Theorem 2.1, we can conclude that
if the feature length u is greater than or equal to the order p, the L-conditional entropy
becomes a non-decreasing function of Aol. However, transmitting longer features demands
more communication resources [34].

We evaluate the L-conditional entropy using the following autoregressive linear system

model.

Example 2.2 (Autoregressive Model) We utilize Proposition 2.1-2.8 to compute the L-
conditional entropy and the parameter e(u) for the following AR(4) process:

V, = 0.1V, + 0.8V, + W,, (2.67)
Y, =V, + N, (2.68)

where Wy € R and Ny € R are i.i.d. Gaussian noises over time with zero mean and variances

0.01 and 0.001, respectively. The goal is to estimate Y, using a feature sequence Vi 5 =
Vies, Vico—1s -+ s Vics—uta]-

We compute the L-conditional entropy of Y; given V} s for two different loss functions: (a)
quadratic loss and (b) log loss, using (2.50) and (2.38), respectively. In Fig. 2.6, we illustrate
the L-conditional entropy Ha(Y:|V} ;) associated with quadratic loss and the L-conditional
entropy Hog(Y:|V}s) associated with log loss (base 2). Both Hy(Y3| Vi 5) and Hiog (Y| Vi)
exhibit similar behavior with respect to Aol § and feature length [, but they are measured
in different scale and are used in different applications.

Moreover, we determine e(u) through the following steps: Firstly, we calculate €, (u)
using (2.62) given p, v, and u. Subsequently, we compute €(u) by maximizing €, , (u) over all
p,v > 0. However, this needs to compute €, (u) for an infinite number of p and v, which
is not possible. We find that when p or v exceed a large value, €, ,(u) becomes either 0 or

close to 0 for all [. Therefore, we can choose an upper bound denoted as M and compute
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€(u) by maximizing €, ,(u) over all 0 < p,v < M. In our simulation, we set M = 50. The
outcomes of €(1) for feature length [ = 1,2,3,4,5 are 1.55, 1.49, 1.39, 0, and 0, respectively.

Fig. 2.6 and the value of ¢(u) illustrate that as the feature length w increases, the
parameter €(u) tends to zero, and the L-conditional entropy becomes a monotonic function
of Aol §. Specifically, when the feature length u reaches the order p of the AR(p) process,
the parameter €(u) equals zero and hence, the L-conditional entropy becomes a monotonic
function of Aol. Moreover, as the feature length u increases, the L-conditional entropy re-
duces. However, beyond the order p, further increases in feature length do not result in the
reduction of the L-conditional entropy. It is evident from Fig. 2.6 that the L-conditional

entropy for u =4 and u = 5 remains the same for the AR(4) model.

2.7 Conclusions

In this chapter, we explored the impact of data freshness on the performance of remote
inference systems. We conducted experimental studies and provided information-theoretical
analysis to reveal that the inference error in a remote inference system is a function of Aol,
but not necessarily a monotonic function of Aol. If the target and feature data sequence
satisfy a Markov chain, then the inference error is a monotonic function of Aol. Otherwise,
if the target and feature data sequence is far from a Markov chain, then the inference error
can be a non-monotonic function of Aol. We also verified our results by constructing two

analytical models.
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2.A Experimental Setup for ML Experiments in Chapter 2.3

In all five experiments, we employed the first training method described in Section 2.2.
This approach involves training multiple neural networks independently and in parallel, each
using a distinct dataset with a different Aol value. In contrast, the second approach trains a
single neural network on a larger, combined dataset encompassing various Aol values. Due to
the smaller dataset sizes for each network, the first approach can potentially have a shorter
training time than the second approach. The experimental settings of the five experiments
are provided below:

Video Prediction: In video prediction experiment, a pre-trained neural network model
called “SAVP” [1] is used to evaluate on 256 samples of “BAIR” dataset [59], which contains
video frames of a randomly moving robotic arm. The pre-trained neural network model can
be downloaded from the GitHub repository of [1].

Robot State Prediction: In this experiment, we consider a leader-follower robotic system
illustrated in a YouTube video 2, where we used two Kinova JACO robotic arms with 7
degrees of freedom and 3 fingers to accomplish a pick and place task. The leader robot
sends its state (7 joint angles and positions of 3 fingers) X; to the follower robot through a
channel. One packet for updating the leader robot’s state is sent periodically to the follower
robot every 20 time-slots. The transmission time of each updating packet is 20 time-slots.
The follower robot moves towards the leader’s most recent state and locally controls its
robotic fingers to grab an object. We constructed a robot simulation environment using
the Robotics System Toolbox in MATLAB. In each episode, a can is randomly generated
on a table in front of the follower robot. The leader robot observes the position of the can
and illustrates to the follower robot how to grab the can and place it on another table,
without colliding with other objects in the environment. The rapidly-exploring random tree
(RRT) algorithm is used to control the leader robot [60]. For the local control of the follower
robot, an interpolation method is used to generate a trajectory between two points sent from
the leader robot while also avoiding collisions with other obstacles. The leader robot uses

a neural network to predict the follower robot’s state Y;. The neural network consists of

3https://youtu.be/_z4FHuu3-ag
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one input layer, one hidden layer with 256 ReLLU activation nodes, and one fully connected
(dense) output layer. The dataset contains the leader and follower robots’ states in 300
episodes of continue operation. The first 80% of the dataset is used for the training and the
other 20% of the dataset is used for the inference.

Actuator State Prediction: We consider the OpenAl CartPole-v1 task [2], where a DQN
reinforcement learning algorithm [61] is used to control the force on a cart and keep the
pole attached to the cart from falling over. By simulating 10* episodes of the OpenAl
CartPole-v1 environment, a time-series dataset is collected that contains the pole angle 1),
and the velocity v; of the cart. The pole angle ¢/, at time ¢ is predicted based on a feature
Xi—s = (V4—gy- -, V4_5_us1), 1.€., & vector of cart velocity with length u, where v; is the cart
velocity at time ¢t and A(t) = 0 is the Aol. The predictor in this experiment is an LSTM
neural network that consists of one input layer, one hidden layer with 64 LSTM cells, and
a fully connected output layer. First 72% of the dataset is used for training and the rest of
the dataset is used for inference.

Temperature prediction: The temperature Y; at time ¢ is predicted based on a feature
Xi s = {St—6,---,St—6_us1}, Where s, is a 7-dimensional vector consisting of temperature,
pressure, saturation vapor pressure, vapor pressure deficit, specific humidity, airtightness,
and wind speed at time ¢t. We used the Jena climate dataset recorded by the Max Planck
Institute for Biogeochemistry [62]. The dataset comprises 14 features, including tempera-
ture, pressure, humidity, etc., recorded once every 10 minutes from 10 January 2009 to 31
December 2016. The first 75% of the dataset is used for training and the later 25% is used
for inference. Temperature is predicted every hour using an LSTM neural network composed
of one input layer, one hidden layer with 32 LSTM units, and one output layer.

CSI Prediction: The CSI h, at time ¢ is predicted based on a feature X; s = {hy_s, ..., ht—s5_us1}-
The dataset for CSI is generated by using Jakes model [63].

2.B Examples of Loss function L, L-entropy, and L-cross entropy

Several examples of loss function L, L-entropy, and L-cross entropy are listed below.

Additional examples can be found in [47-49].
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Logarithmic Loss (log-loss)

The log-loss function is given by Ly, (y, Qy) = —log Qy (y), where the action a = Qy is
a distribution in P¥. The corresponding L-entropy is the well-known Shannon’s entropy [55],
defined as

Hig(Y) ==Y Py(y) log Py(y), (2.69)

yey

where Py is the distribution of Y. The corresponding L-cross entropy is given by

Hiog(Y3Y) Py (y) log Py ( 2.70
3

yey
The L-mutual information and L-divergence associated with the log-loss are Shannon’s mu-

tual information and the K-L divergence defined in (2.19), respectively.

Brier Loss

The Brier loss function is defined as Lp(y, Qy) = > ,cy Qv (¥)* — 2 Qv (y) + 1 [47].
The associated L-entropy is given by

Y)=1-> Py (2.71)

yey

and the associated L-cross entropy is

=D Pr)’—2) Py(y)Pr(y) + 1. (2.72)

yey yey
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0-1 Loss

The 0-1 loss function is given by Lo1(y,9) = 1(y # ), where 1(A) is the indicator

function of event A. For this case, we have

Ho (YY) =1—max Py (y), (2.73)
yey
Ho (YY) =1-Py (arggle%z(Py(y)) : (2.74)

a-Loss

The a-loss function is defined by Lo (y, Qy) = =*¢ [1 — Qy(y)%l] fora>0and a # 1
(64, Eq. 14]. It becomes the log-loss function in the limit & — 1 and the 0-1 loss function
in the limit @ — co. The L-entropy and L-cross entropy associated with the a-loss function

are given by

Q=

Hoooss(Y) = ai 7|1t (Z PY(y)a> ; (2.75)

yey

HoioV57) = — 1—(2&@)&) A (2.76)

where

(2.77)

Quadratic Loss

The quadratic loss function is Lo(y,9) = (y — §)*>. The L-entropy function associated

with the quadratic loss is the variance of Y, given by

Hy(Y) = E[Y?] — E[Y]. (2.78)
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The corresponding L-cross entropy is
Hy(Y:Y) =E[Y? — 2E[Y]E[Y] + E[Y]. (2.79)

2.C Relationship among L-divergence, Bregman divergence, and f-divergence

We explain the relationship among the L-divergence defined in (2.41), the Bregman
divergence [65], and the f-divergence [52]. All these three classes of divergence have been
widely used in the machine learning literature. Their differences are explained below.

Let PY denote the set of all probability distributions on the discrete set ). Define
Z C RP as the set of all probability vectors z = (21, ..., zy))” that satisfy Zg‘l zi =1 and
2z >0foralli=1,2,...,|Y|. Any distribution Py € PY can be represented by a probability

vector py = (Py(y1), . »PY(yD}\))T €z

Definition 2.3 [65] Let F : Z — R be a continuously differentiable and strictly convex
function defined on the convex set Z. The Bregman divergence associated with F between

two distributions Py, Qy € PY is defined as

Brp(Py||Qy)=F(py)— F(ay)— VF(ay)"(py — ay), (2.80)

where py € Z and qy € Z are two probability vectors associated with the distributions Py

T
and Qy , respectively, and VF = (8—F 2L ) .

821’ : ’ az‘y‘

We establish the following lemma:

Lemma 2.5 For any continuously differentiable and strictly convex function F : Z +— R,
the Bregman divergence Bp(Py||Qy) associated with F' is an Lp-divergence Dy, (Py||Qy)

associated with the loss function

OF (av)
0z,

Lp(y,Qy) = —F(ay) — + VF(ay) ay- (2.81)
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Proof 2.11 According to (2.5), the Lp-entropy associated with the loss function Lr(y, Qy)
in (2.81) is defined as

Hp, (Y) = S, By~ [Lr (Y, Qv)], (2.82)

where Py is the distribution of Y. Using (2.81), we can get

Ey.p, [Lr (Y,Qy)] Z Py (y Z Py (y 8 qv)
yey yey y
+ Z Py(y)VF(ay) ay
yey
= —F(qy) — VF(ay)"(py — av), (2.83)

where the last equality holds because F(qy) and VF(qy)Tqy are constants that remain un-
changed regardless of the variable y. Because the function F' is continuously differentiable

and strictly convexr on the convex set Z, we have for all py,qy € Z

—F(qy) — VF(ay)" (py —ay) > —F(py). (2.84)

Equality holds in (2.84) if and only if qy = py. From (2.82), (2.83), and (2.84), we obtain

Hp,(Y)= min —F(qy) — VF(QY)T(PY —qy)

qQy EZ

—F(py). (2.85)

Substituting (2.83) and (2.85) into (2.80), yields

Br(Py||Qy) = F(py) — Fay) — VF(ay)" (py — av)
= Ey~p, [Lr (Y,Qy)] — Hr,(Y)
= Dp.(Py]|Qy). (2.86)

This completes the proof.
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Let us rewrite the L-entropy H(Y') as Hy(py) to emphasize that it is a function of the
probability vector py. If Hp(py) is continuously differentiable and strictly concave in py,

then the L-divergence Dy (Py||Qy) can be expressed as [47, Section 3.5.4]

Di(Py||Qy) = Hr(ay) + VH(ay)" (py — ayv) — Hr(py)

= B_u, (Py[|Qy), (2.87)

which is the Bregman divergence B_p, (Py||Qy) associated with the continuously differen-
tiable and strictly convex —Hp. However, if H(py) is not continuously differentiable or not

strictly concave in py, D7 (Py||Qy) is not necessarily a Bregman divergence.

Definition 2.4 [52] Let f : (0,00) — R be a convex function with f(1) = 0. The f-

divergence between two probability distributions Py, Qy € P is defined as

Dy(Pyl|Qv) =Y Qv(y ( v(y) ) . (2.88)

= Qy (y)

An f-divergence may not be L-divergence, and vice versa. In fact, the KL divergence
Do (Py||Qy) defined in (2.19) and its dual Dy,e(Qy||Py) are the unique divergences belong-
ing to both the classes of f-divergence and Bregman divergence [66]. Because KL divergence
is also an L-divergence, Diog(Py||Qy) and Dioe(Qy || Py) are the only divergences belonging
to all the three classes of divergences.

The f-mutual information can be expressed using the f-divergence as

I;(Y; X) = Exopy [Ds (Pyix||Py)]- (2.89)

40



The f-mutual information is symmetric, i.e., I;(Y; X) = I;(X;Y), which can be shown as

follows:

g (55)

zEX yey
Pyix (y|z) Px (x

:ZPX(x)PY(?/)f( pYEzI)P)X(:E() ))

vey
zgpx<x>Py<y>f (Pﬂﬁ;'?)iﬁy))

yey

Px\Y(x‘?D

=) Py ) Px(x)f

yezy y x;( ( Px(x) )
=I;(X;Y). -

On the other hand, the L-mutual information is generally non-symmetric, i.e., I;(Y; X) #

I (X;Y), except for some special cases. For example, Shannon’s mutual information is

defined by
Dog(Y; X) = Expy [Diog(Py x| Py )], (2.91)

which is both an L-mutual information and a f-mutual information. It is well-known that

]1Og<Y; X) = Ilog<X§ Y)

2.D Proof of Equation (2.3)

Because we assume that Y; and X;_s are independent of A(¢), for ally € Y, z € X, and

0 € ZT, we have

Py, x,_siam=s(y, ) = Py, x,_s(y, 7). (2.92)

By using ¢* on the inference dataset, the inference error given A(t) = 4 is determined by

P0) = Byxery v, s [V 6 (X,0))], (2.93)
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where Py, x, , =5 is the distribution of target Y; and feature X; a(;) given A(t)

By substituting (2.92) into (2.93), we obtain

P(0) = By xnpy, x,  iaw=s L (Vs 07 (X,0))]
= Eyixery, x, a0 L (Y, 07(X,0))]
= Evx~py, x,_, [L (Y. 9"(X,0))]
= Evx~py, , [L (Y, 07(X,0))].

=9.

(2.94)

The last equality holds due to the stationarity of {(Y;, X;),t = 0,1,2,...}. This completes

the proof.

2.E Proof of Equation (2.10)

Let D = {0 : Po(6) > 0} be support set of Pg. From (2.9), we have

Hi(Yo|X 6,0) = Y Py oz, 0)H(Yo|X 6 = 2,0 = 3)
reX,0€D

:ZP@ ZP |@5 HL(YO|X9*$ © =)

0eD reX

= Po(0)>  Pg os(x)HL(Yo|X_o = 2,0 =0).

6€ED TEX

Next, from (2.6), we obtain that for all z € X and § € D,

H (Yo X_o =2,0=0) = min By..p, [L(Y,a)]

Yol X_g=2,0=6

=minEy. p_ [L(Y, a)].

acA Y0|X 5§=2,0=4

(2.95)

(2.96)

Because we assume that f/o and X_ r are independent of © for every k > 0, forallx € X,y € Y

and 6 € D

P?0|X,5=I,®=5(y) = P?op?,g:x(y)?
PX_5|@:5(95) = PX_(;(?U)-
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Substituting (2.97) into (2.96), we get

HL(Y/{)DE',@ =z,0=9)= m1£]Epr

Y0|X 5=

[L(Y, a)]

= Hy (Yo|X_s = 2). (2.99)
Substituting (2.99) and (2.98) into (2.95), we observe that

Hy(Yo|X_6,0) =) Po(0) ) Pg_,(a)Hi(Yo| X5 = x)

0eD reX
=Y Po(6) Hp(YolX ). (2.100)
6eZt+

This completes the proof.

2.F Proof of Lemma 2.1

This is due to the following symmetry property:

Tog (V3 Z|X) = Tog(Z; Y| X). (2.101)

2.G Proof of Lemma 2.2

By using the definition of L-conditional mutual information in (2.44), we obtain

HL(Y|X, Z) =H,(Y|X) = I,(Y: Z|X)
—H,(Y|Z) - I(Y; X|2). (2.102)

From (2.44) and (2.102), we get

H(Y[X) =H,(Y|Z) + I.(Y; Z|X) — I.(Y; X|Z)

<H,(Y|Z) + I(Y; Z|X), (2.103)
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where the last inequality is due to I(Y; X|Z) > 0. Now, we need to show that if Y <> X <
Z, then

IL(Y; Z|X) = O(e). (2.104)
and in addition, if Hy(Y) is twice differentiable, then
IL(Y; Z|X) = O(e). (2.105)
From (2.44), we see that
IL(Y; Z|X) = Ex 2[Dr(Pyx,z|| Pyix))- (2.106)
We know from Pinsker’s inequality [55, Lemma 11.6.1] that

S (Pr(y) — Qv(1))? < 2In2 Digg(Pr]|Qy). (2.107)

yeY

IfY & X & Z s an e-Markov chain, then Definition 2.1 yields:

Z Px (2, 2) Diog(Py|x=,72|| Py x=2) < €. (2.108)
(z,2)eXxZ

Let X' x Z' = {(x, 2) : Px z(x, z) > 0} be the support set of Px z. Then, (2.109) reduces to

Z Px,7(2, 2) Diog(Py|x =,7—2| | Prix=z) < €. (2.109)
(z,2)eX' X 2!

Because the left side of the above inequality is the summation of non-negative terms, the

following holds:

PX,Z(% Z)Dlog<PY|X:x,Z:z||PY|X:x) < 627 (2-110)
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for all (z,2) € X' x Z’. Because Px z(x,z) > 0 for all (z,z) € X' x Z’, from (2.107) and

(2.110), we can write

2In2¢?
Z(PY|X:x,Z:z(y) - PYIX:J:(?J))2 < )
yey PX’Z(:E’ z)

for all (x,2) € &' x Z’. Next, we need the following lemma.

Lemma 2.6 The following assertions are true:

(a) If two distributions Qy € PY and Py € PY satisfy
> (Pr(y) = Qv(y) < B
yey
then
Dp(Py||Qy) = O(B).
(b) If, in addition, Hy(Y') is twice differentiable in Py, then
Dr(Pyr||Qy) = O(5%).
Proof 2.12 See in Appendix 2.L.

Using (2.111) and Lemma 2.6(a) in (2.106), we obtain

[L(Y; Z\X) = Z PX,Z(51772) DL(PY\X:x,Z:zHPwX:z)

(x,2)eEXXZ
= Z PX,Z(ZU, Z) DL(PY|X=$,Z=ZHPY|X=(E)
(z,2)EX' X Z!
v/ 2In2
= 3 Puse2)0 (—“)
(z,2)EX' X Z! PX7Z(:E’ Z)
= Ofe).
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Similarly, when H(Y) is differentiable in Py, by using Lemma 2.6(b) we obtain
I(Y; Z|X) = O(e). (2.116)
This completes the proof of Lemma 2.2.

2.H Proof of Theorem 2.1

By using the definition of L-conditional mutual information in (2.44), we can show that

HL(Y/O’X%;X%A) = HL(Y/O|ka71) - ]L(}%;ka’)szfl)

== HL(?MX—k) _IL(%;X—k—lyX—k)- (2117)
Expanding HL(%\X_k), we have
Hy (Yol X i) =Hp(Yo| X _51) + I (Yo; X 1| X i) — 1 (Yo; X | X _41)- (2.118)

Since the above equation is valid for all values of k > 0, taking the summation of Hy(Yy|X_)

from £ =0 to 6 — 1 yields:

5—1 5—1
HL(Y/O’Xf(S) :HL(Y/O’XO) + Z[L(Y/E); ka’)szfl) — ZIL(Y/O; X 1| X p). (2.119)
k=0 k=0

Thus, we can express Hy(Yy|X_s) as a function of § as in (2.23) and (2.24). Moreover, the
functions g, (5) and go(8) defined in (2.24) are non-decreasing in & as Ip,(Yy; X_x|X_x_1) > 0
and IL(%;X_k_1|X_k) > 0 for all values of k.

To prove the next part, we use Lemma 2.2. Because for every u,v > 0, Yy & XLH S

X_,—y is an e-Markov chain, we can write

I (Yo; X 1] X k) = O(e). (2.120)
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This implies
g2(0) = O(e) = O(e). (2.121)

The last equality follows from the summation property of big-O-notation. This completes

the proof.

2.1 Proof of Theorem 2.2

Using (2.10) and Theorem 2.1, we obtain

H(Y5|X_6,0) = ZP@(5)(HL(%|X0) +01(5) — g2(9))

<Y/
= Hi(Yo|X0) + Eonro[01(0)] - Eonre92(0)], (2.122)
where
§1(6) = 91(8) — Hr(Yo| Xo)
6—1 o _
= IL(%; X—k’X—k—1>- (2123)
k=0

G1(6) = ZIL(%;X—HX—k—Q > 0. (2.124)

Because §;(0) is non-negative for all §, the function g;(-) is Lebesgue integrable with re-
spect to all probability measure Pg [67]. Hence, the expectation Eg.p,[G1(©)] exists. Note
that Fo.p,[01(©)] can be infinite (+00). By using the same argument, we obtain that
Fo..p,[92(0)] exists but can also be infinite. Moreover, the functions §;(d) and go(d) are

non-decreasing in 0.
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Because (i) the function §;(0) is non-decreasing in J, (ii) the expectation Eg.p,[1(O)]

exists, and (iii) ©; <y O9, we have [56]

Eoro, [31(0)] < Eonre,[91(0)]- (2.125)

Next, we obtain:

H(VolX 6,,01) 2 Hy (Yo Xo) + Eore, [31(0)] — Eomre, [92(6)]

(b) -~ -
< Hp(Yo|Xo) + Ee~rpe, [01(0)] — Eonrpe, [92(0)]
9 HL(Yo|X ey, 02)

+ Eonro, [92(0)] — Eonry, [92(O)]

D HL(Yo| X_e,, Os) + O(e), (2.126)

where (a) and (c) hold due to (2.122), (b) is obtained using (2.125), and (d) follows from the
fact that Yy <> X_, <5 X_,,_, is an e-Markov chain for all u, > 0 (see Theorem 2.1(b)).

This completes the proof.

2.J Proof of Lemma 2.3
By using condition (2.28) and Lemma 2.6(a), we obtain for all x € X
Dy (P, s=ell Prys_yms ) = O(8). (2.127)
Next, by using (2.11) and (2.127), we have

Hr(Pyyix,_s: Py x_s | Px,_s) = Ho (Y| Xi-s)

+ Z PthtS (:U) DL <PYt‘Xt75:x| ‘Pf/(ﬂ)z,g:w)

TeEX

= H,(Yi|Xi-5) + O(B). (2.128)

This completes the proof.
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2.K Proof of Theorem 2.3

Part (a): By the definition of L-conditional cross entropy (2.11), we get

HL(PYHXF(S;P?O\X_APX)& s ZPXt 5 EYNPYt\Xt s=z [L <Y7 af/o|)~(_5:x>} ) (2129)

zeX

where the Bayes predictor A§y|%_y=z 18 fixed in the inference phase for every time slot t.
Because {(Y;, X;),t =0,1,2,...} is a stationary process, (2.129) is a function of the Aol .
Part (b): We can apply Lemma 2.3 since (2.28) holds for all z € X and 6 € Z*. This

gives us:

Hi(Pyiix,_s,5 Proix_y, 1Pxi2s,)

=H (Y| Xi-s,) + O(B)
<Hp(Yi|Xi-s,) + O(e) + O(B)

=H1L(Pyiix,_s,5 Projx_s, |1 Pxis,) + O(8) + O(e) + O(B)
(

_HL P%‘Xt 62 Y()lX 8o |PXt do )+O(ma’x{€ /B}) (2130)

where we use Lemma 2.3 to obtain the first and the third equality, and the second inequality
holds due to the assumption that Y; <> Xy AN Xi—,—v 1s an e-Markov chain for all p, v > 0

(see Theorem 2.1). This completes the proof.

2.LL Proof of Lemma 2.6

To prove Lemma 2.6, we will use the sub-gradient mean value theorem [68]. When

Hp(Y) is twice differentiable in Py, we can use a second order Taylor series expansion.

If (2.112) holds, we can obtain

> (Pr(y) — Qv(»)* < B, (2.131)

yey
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> 1Pr(y) — Qv (y) < B, (2.132)

yey

and

max [Py (y) — Qv (y) < 5. (2.133)

Let us define a convex function g : R¥l — R as

4 Y
g(z) = Z’Zi L(y;,ag, ) — Eréi}z; zi L(y;,a), (2.134)

=1

where ag, is a Bayes action associated with the distribution Qy, i.e., ag, is the minimizer

of

ag, = argminEy g, [L(Y, a]]. (2.135)
acA

Because g(z) is a convex function and the set of sub-gradients of g(z) is bounded [68,
Proposition 4.2.3], we can apply the sub-gradient mean value theorem [68] along with (2.41),
and (2.132) to obatin

9(py) =Dr(Py||Qy)

=g(ay) + O (Z [Py (y) — QY(@/)|>

yeY

=D(Qy||Qy) + O (Z | Py (y) — Qy(y)\>

yey

—0(3). (2.136)
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Now, let us consider the case where Hy (YY) is assumed to be twice differentiable in Py .

The function g(py) can also be expressed in terms of Hy(Y) as:

V) VI
9(py) = Z Py (yi) L(yi, agy) — Iargjl Z Py (yi) L(yi, a)
1V
=2 Priy) Llyisagy) = Hi(Y). (2.137)

Because Hp(Y') is assumed to be twice differentiable in Py, from (2.137), we can conclude

that g(py) is twice differentiable with respect to py. Furthermore, we have
g9(py) > 0,¥py € RV (2.138)
and

Using the first-order necessary condition for optimality, we find that the gradient of g(py)

at point py = qy is zero, i.e.,

Vg(ay) = 0. (2.140)
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Next, based on (2.139) and (2.140), we can perform a second-order Taylor series expansion

of g(py) at py = qy:

9(py) =g9(ay) + (py —ay)" Vg(ay)

1

+ §<pY —ay) H(ay)(py — ay)

o (Z(PY@/) - @y<y>>2)

yey

:%(py— av)H(ay)(py — av)

+o (Z(PY(Z/)— QY(Z/))2> ; (2.141)

yey

where H(qy) is the Hessian matrix of g(py) at point py = qy.

Because g(py) is a convex function, we have

(py —av) H(ay)(py —ay) > 0.

Moreover, we can express

%(Py— av) " H(ay)(py — ay)

B %Z(Py(y) — Qv () H(ay)yy (P () — Qv(y))

=0 (Z(Py(y) - Qv(W) (P (y) - Qy(@/))) : (2.142)
Now, by substituting (2.142) into (2.141), we obtain

9(py) =0 (Z(Py(y) —Qv(y)(Py(Y) - Qy(y’))>

Y,y

+o <Z(PY(7J)_ QY(?J))2> : (2.143)

yey
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Using (2.131) and (2.133), we obtain from (2.143) that
9(py) = DL(Py||Qy) = O(8%) + o(8%) = O(8?). (2.144)
This completes the proof.

2.M Proof of Lemma 2.4

Because Y; = f(X;—4) and X; is a Markov chain, Y; <+ X;_5 <> X;_(5_1) is a Markov
chain for all 0 < § < d. By the data processing inequality for L-conditional entropy [48,

Lemma 12.1], one can show that for all 0 < ¢ < d,
Hy (Y| Xi—s) < Ho (Y| Xe—(5-1))- (2.145)

Moreover, since Y; = f(X;—4) and X; is a Markov chain, Y; <+ X; 5 <> X;_(511) Is a
Markov chain for all 6 > d. By the data processing inequality [48, Lemma 12.1], one can
show that for all 6 > d,

Hip (Y| Xe—s) < H(Ye| Xi—(511))- (2.146)
Because Y; = f(X;_4) and f(-) is a function, we have Py,x, , = Py, s(x,_o) = Pyv,v;- Hence,

H (Y| Xi—q) = HL(Yi|Y}) < HL(Y1|Z). (2.147)
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Chapter 3

Timely Inference in Single-Source and Single-Channel Networks
3.1 Introduction

In this chapter, we will introduce a new medium access model and develop a novel trans-
mission scheduling policy for single-source remote inference systems. This scheduling policy
can effectively minimize general functions of the Aol, regardless of whether the function is

monotonic or not. The contributions of this paper are summarized as follows:

e We design transmission scheduling policies for minimizing the inference error. Because
fresher data is not always better, we propose a new medium access model called the
“selection-from-buffer” model, where B most recent features are stored in the source’s
buffer and the source can choose to send any of the B most recent features. This model
is more general than the “generate-at-will” model used in earlier studies, e.g., [20-25,
28]. If the inference error is an non-decreasing function of the Aol, the “selection-
from-buffer” model achieves the same performance as the “generate-at-will” model; if
the Aol function is non-monotonic, the “selection-from-buffer” model can potentially

achieve better performance.

e When there is a single source-predictor pair and a single channel, an optimal scheduling
policy is devised to determine (i) when to submit features to the channel and (ii)
which feature in the buffer to submit. This scheduling policy is capable of minimizing
general functions of the Aol, regardless of whether the function is monotonic or not.
By leveraging a new index function y(A(t)), the optimal scheduling policy can be
expressed an index-based threshold policy, where a new packet is sent out whenever
7(A(t)) exceeds a pre-determined threshold (Theorems 3.1-3.2). The threshold can be
computed by using low complexity algorithms, e.g., bisection search. We note that the
function (+) is not necessarily monotonic and hence its inverse function may not exist.
Consequently, this index-based threshold policy cannot be equivalently expressed as

an Aol-based threshold policy, i.e., a new packet is sent out whenever the Aol A(t)
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exceeds a pre-determined threshold. This is a key difference from prior studies on
minimizing non-decreasing Aol functions [20-32], where the optimal scheduling policy

is an Aol-based threshold policy.

e The above results hold (i) for minimizing general Aol functions (monotonic or non-
monotonic) and (ii) for random delay channels. Data-driven evaluations show that the
optimal scheduler achieves up to 3 times smaller inference error compared to “generate-
at-will” with optimal scheduling strategy and 8 times smaller inference error compared

to periodic feature updating (see Fig. 3.2).

e When the training and inference data have the same probabilistic distribution, remote
inference reduces to signal-agnostic remote estimation. Hence, the results of the present

work above also apply to signal-agnostic remote estimation.

3.1.1 Related Works

In the earlier Aol studies [20-32], it was usually assumed that the observed data sequence
is Markovian and the performance degradation caused by information aging was modeled as
a monotonic Aol function. Hence, the earlier studies [20-25,28] adopted “generate-at-will”
status updating model, where the transmitter can only select the most recently generated
signal. However, practical data sequence may not be Markovian [23]. In the present paper,
we propose a new local geometric approach to analyze both Markovian and non-Markovian
time-series data. For non-Markovian time-series data, fresh data is not always better. To
that end, we propose a new status updating model called the “selection-from-buffer” model,
where the transmitter has the option to send any of the B most recent features stored in the

source buffer.

3.2 Selection-from-Buffer: A New Status Updating Model

Consider the remote inference system depicted in Fig. 3.1, where a source progressively
generates features and sends them through a channel to a receiver. The system operates in
discrete time-slots. In each time slot ¢, a pre-trained neural network at the receiver employs

the freshest received feature X;_a@) to infer the current label Y;.
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Figure 3.1: A remote inference system with “selection-from-buffer.” At each time slot ¢, the
transmitter generates a feature X; and keeps it in a buffer that stores B most recent features
(X4, Xi—1,...,X¢—p+1). The scheduler decides (i) when to submit features to the channel and (ii)
which feature in the buffer to submit.

As discussed in Section 2.2-2.4, the inference error erripference(A()) is a function of
the Aol A(t), whereas the function is not necessarily monotonically increasing. In certain
scenarios, a stale feature with A(¢) > 0 can outperform a freshly generated feature with
A(t) = 0. Inspired by these observations, we introduce a novel medium access model for
status updating, which is termed the “selection-from-buffer” model. In this model, the
source maintains a buffer that stores the B most recent features (X;, X; 1,..., Xy pi1) in
each time slot ¢. Specifically, at the beginning of time slot ¢, the source appends a newly
generated feature X; to the buffer, while concurrently evicting the oldest feature X;_pg. If
the channel is available at time slot ¢, the transmitter can send one of the B most recent
features or remain silent, where the transmission may last for one or multiple time-slots.
Notably, the “selection-from-buffer” model generalizes the “generate-at-will” model [20,22],
with the latter is a special case of the former with B = 1.1

The system starts to operate at time slot ¢ = 0. We assume that the buffer is initially
populated with B features (X, X_1,...,X_pi1) at time slot ¢ = 0. By this, the buffer is
kept full at all time slot ¢ > 0. The channel is modeled as a non-preemptive server with

feature transmission times 7; > 1, which can be random due to factors like time-varying

'In comparison to the “generate-at-will” model, our “selection-from-buffer” model presents a critical
advantage: it enables the systematic investigation of optimal feature design for remote inference. As an
evidence, our subsequent study [34] demonstrates that substantial performance improvements can be attained
through the joint optimization of transmission scheduling and the feature sequence length u.
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channel conditions, collisions, random packet sizes, etc. We assume that the T;’s are i.i.d.
with 1 < E[T;] < co. The i-th feature is generated in time slot G;, submitted to the channel
in time slot S;, and delivered to the receiver in time slot D; = S; + T}, where G; < S; < D;,
and D; < S;11 < D;11. Once a feature is delivered, an acknowledgment (ACK) is fed back
to the transmitter in the same time slot. Thus, the idle/busy state of the channel is known

at the transmitter.

Scheduling Policies and Problem Formulation

A transmission scheduler determines (i) when to submit features to the channel and
(il) which feature in the buffer to submit. In time slot S;, let Xg, = X, 4, be the feature
submitted to the channel, which is the (b; + 1)-th freshest feature in the buffer, with b; €
{0,1,..., B —1}. By this, G; = S; — b;. A scheduling policy is denoted by a 2-tuple (f, g),
where g = (51, S, . ..) determines when to submit the features and f = (by, bo, .. .) specifies
which feature in the buffer to submit.

Let U(t) = max;{G; : D; < t} represent the generation time of the freshest feature
delivered to the receiver up to time slot t. Because G; = S;—b;, U(t) = max;{S;—b; : D; < t}.

The age of information (Aol) at time ¢ is [10]
Alt)y=t=U(t)=1t— m?X{SZ» —b;: D; <t} (3.1)

Because D; < D;y1, A(t) can be re-written as
Alt)y=t—S;+0b, if D;<t<D. (3.2)

The initial state of the system is assumed to be Sy = 0,Dy = Tp, and A(0) is a finite
constant.

We focus on the class of signal-agnostic scheduling policies in which each decision
is determined without using the knowledge of the signal value of the observed process.
A scheduling policy (f,g) is said to be signal-agnostic, if the policy is independent of
{(Yy, X¢),t =0,1,2,...}. Let Il represent the set of all causal and signal-agnostic scheduling

policies that satisfy three conditions: (i) the transmission time schedule S; and the buffer
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position b; are determined based on the current and the historical information available
at the scheduler; (ii) the scheduler does not have access to the realization of the process
{(Y, X¢),t = 0,1,2,...}; and (ili) the scheduler can access the inference error function
elITinference (+) and the distribution of 7;.

Our goal is to find an optimal scheduling policy that minimizes the time-average ex-

pected inference error among all causal scheduling policies in II:

T-1
1
Dopt = inf limsup =K At 23
Popt (f.9)€ll T—>oopT (f.9) ;p( ()) ( )

where we use a simpler notation p(A(t)) = erTinference (A(t)) to represent the inference error in
time-slot ¢, and P, is the optimum value of (3.3). Because p(+) is not necessarily monotonic
and the scheduler needs to determine which feature in the buffer to send, (3.3) is more
challenging than the scheduling problems for minimizing non-decreasing age functions in
[20-32]. Note that p(A(t)) = erTinference(A(t)) is the inference error in time-slot ¢, instead of

its information-theoretic approximations.

3.3 An Optimal Scheduling Solution

To elucidate the optimal solution to the scheduling problem (3.3), we first fix the buffer
position at b; = b for each feature ¢ submitted to the channel and focus on the optimization
of the transmission time schedule g = (51, 5, ...). This simplified transmission scheduling

problem is expressed as

T—1

1
Dbopt = Inf limsup =E 5 At)) |, 3.4
Phopt (fo,9)€l T—>oopT (fo,9) t:0p< ()) ( )

where f, = (b,0,...) represents an invariant buffer position assignment policy and py op is
the optimal objective value in (3.4). The insights gained from solving this simplified problem
(3.4) will subsequently guide us in deriving the optimal solution to the original scheduling

problem (3.3).
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Theorem 3.1 If |p(d)| < M for all § and the T;’s are i.i.d. with 1 < E[T;] < oo, then
g = (S1(Bp), S2(Bh), - ..) is an optimal solution to (3.4), where

Sit1(By) = min {t > Di(B) : (A1) > B}, (3.5)

D;(8y) = Si(Bp) + T; is the delivery time of the i-th feature submitted to the channel, A(t) =
t — S;(Bp) + b is the Aol at time t, () is an index function, defined by

T—1
) 1
10) = _inf - kizj E[p(6 +k+T0)], (3.6)
and the threshold By is the unique root of
Diy1(By)—1
K Z p(A®)) | = By E[Diy1(8) — Di(B)] = 0. (3.7)
t=D;(Bs)

The optimal objective value to (3.4) is given by

B[S p(am)]

t=D; (B
Di(By)]

ﬁb,opt - E [Di+1 (Bb) (38)

Furthermore, [, is equal to the optimal objective value to (3.4), i.e., By = Dy opt-

Proof 3.1 (Proof sketch) The scheduling problem (3.4) is an infinite-horizon average-cost
semi-Markov decision process (SMDP) [69, Chapter 5.6]. Define 7 = S;y1 — D; as the
waiting time for sending the (i+ 1)-th feature after the i-th feature is delivered. The Bellman
optimality equation of the SMDP (3.4) is

T+T¢71
u(0) = Te{égg,...} E kz_% (PO + k) = Poop)
+Eh(T; +b)], 6 =1,2,..., (3.9)

where hy(-) is the relative value function of the SMDP (3.4). Theorem 3.1 is proven by

directly solving (3.9). The details are provided in Appendiz 3.A.
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In supervised learning algorithms, features are shifted, rescaled, and clipped during
data pre-processing. Because of these pre-processing techniques, the inference error p(d) is
bounded. Therefore, the assumption |p(d)] < M for all § in Theorem 3.1 is not restrictive
in practice.

The optimal scheduling policy in Theorem 3.1 is a threshold policy described by the
index function v(0): According to (3.5), a feature is transmitted in time-slot ¢ if and only if
two conditions are satisfied: (i) The channel is available for scheduling in time-slot ¢ and (ii)
the index y(A(t)) exceeds a threshold (,, which is precisely equal to the optimal objective
value ppope of (3.4). The expression of (J) in (3.6) is obtained by solving the Bellman
optimality equation (3.9), as explained in Appendix 3.A. The threshold f, is calculated
by solving the unique root of (3.7). Three low-complexity algorithms for this purpose were
given by [25, Algorithms 1-3].

It is crucial to note that a non-monotonic Aol function p(J) often leads to a non-
monotonic index function (9). Consequently, the inverse function of v(4) may not exist and
the inequality v(A(t)) > B, in the threshold policy (3.5) cannot be equivalently rewritten
as an inequality of the form A(t) > a. This distinction represents a significant departure
from previous studies for minimizing either the Aol A(t) or its non-decreasing functions,
e.g., [20-32]. In these earlier works, the solutions were usually expressed as threshold policies
in the form A(t) > a. Our pursuit of a simple threshold policy for minimizing general and
potentially non-monotonic Aol functions was inspired by the restart-in-state formulation of
the Gittins index [70, Chapter 2.6.4], [71].

Now we present an optimal solution to (3.3).

Theorem 3.2 If the conditions of Theorem 3.1 hold, then an optimal solution (f*,g*) to
(3.3) is determined by

(a) f*=(b*b* ...), where
b*=arg min Py, (3.10)

be{0,1,...,.B—1}

and pyope 15 the optimal objective value to (3.4).
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(b) g =(S7,S5,...) , where

Sty =min {t > D} : y(A(t)) > Pop } (3.11)
D} =S+ T, v(9) is defined in (3.6), and Doy is the optimal objective value of (3.3),
given by

Popt = i Bb,opt- 3.12
Popt =, _ N\ Phopt (3.12)

Proof 3.2 See Appendiz 3.A.

Theorem 3.2 suggests that, in the optimal solution to (3.3), one should select features
from a fixed buffer position b; = b*. In addition, a feature is transmitted in time-slot ¢ if and
only if two conditions are satisfied: (i) The channel is available for transmission in time-slot
t, (ii) the index y(A(t)) exceeds a threshold pp (i.e., Y(A(f)) > Popt), where the threshold
Popt 15 exactly the optimal objective value of (3.3).

In the special case of a non-decreasing Aol function p(9), it can be shown that the index
function () = E[p(d 4+ T1)] is non-decreasing and b* = 0 is the optimal buffer position in
(3.10). The optimal strategy in such cases is to consistently select the freshest feature from
the buffer such that b; = 0. Hence, both the “generate-at-will” and “selection-from-buffer”
models achieve the same minimum inference error. Furthermore, Theorem 3 in [23] can be

directly derived from Theorem 3.2.

3.4 Data Driven Evaluations

In this section, we illustrate the performance of our scheduling policies, where we plug
in the inference error versus Aol cost functions from the data driven experiments in Section

2.3. Then, we simulate the performance of different scheduling policies.

1. Generate-at-will, zero wait: The (i + 1)-th feature sending time S;,; is given by S; 11 =

D; = S; + T; and the feature selection policy is f = (0,0, ...), i.e., b; = 0 for all 4.
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Figure 3.2: Time average inference error vs. the scale parameter ¢ of discretized i.i.d. log-normal
transmission time distribution for single-source scheduling (in robot state prediction task).

Average Inference Error

Figure 3.3: Time-average inference error vs. constant transmission time (T) (in robot state predic-

tion task).

2. Generate-at-will, optimal scheduling: The policy is given by Theorem 3.1 with b; = 0

for all 3.

3. Selection-from-buffer, optimal scheduling: The policy is given by Theorem 3.2.

4. Periodic feature updating: Features are generated periodically with a period 7, and
appended to a queue with buffer size B. When the buffer is full, no new feature is

admitted to the buffer. Features in the buffer are sent over the channel in a first-come,

first-served order.
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Figs. 3.2-3.3 compare the time-averaged inference error of the four single-source schedul-
ing policies defined earlier. These policies are evaluated using the inference error function,
p(9), obtained from the robot state prediction experiment of the leader-follower robotic sys-
tem presented in Section 2.3 and illustrated in Fig. 2.2(c). The feature sequence length for
this experiment is u = 1.

Fig. 3.2 illustrates the time-average inference error achieved by the four single-source
scheduling policies defined above. The inference error function p(J) used in this evaluation
is illustrated in Fig. 2.2(c), which is generated by using the leader-follower robotic dataset
and the trained neural network as explained in Chapter 2.3. The -th feature transmission
time 7T; is assumed to follow a discretized i.i.d. log-normal distribution. In particular, 7;
can be expressed as T; = [ae? /E[e?%]], where Z;’s are i.i.d. Gaussian random variables
with zero mean and unit variance. In Fig. 3.2, we plot the time average inference error
versus the scale parameter o of discretized i.i.d. log-normal distribution, where o« = 1.2, the
buffer size is B = 30, and the period of uniform sampling is 7, = 3. The randomness of
the transmission time increases with the growth of ¢. Data-driven evaluations in Fig. 3.2
show that “selection-from-buffer” with optimal scheduler achieves 3 times performance gain
compared to “generate-at-will,” and 8 times performance gain compared to periodic feature
updating.

Fig. 3.3 illustrates the performance of the four scheduling policies versus constant
transmission time 7'. Similar to Fig. 3.2, the inference error function p(d) is measured
from leader-follower robotic dataset. This figure also shows that “selection-from-buffer”
with optimal scheduler can achieve 8 time performance gain compared to periodic feature

updating.

3.5 Conclusions

In this chapter, we design transmission scheduling policies for minimizing the inference
error. Because fresher data is not always better, we propose a new “selection-from-buffer”
status updating model. If the inference error is a non-decreasing function of the Aol, then

the “selection-from-buffer” model achieves the same performance as the “generate-at-will”
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model; if the Aol function is non-monotonic, the “selection-from-buffer” model can poten-
tially achieve better performance. We devised an optimal “Selection-from-buffer” scheduling
policy. The optimal scheduling policy can be expressed an index-based threshold policy, where
a new packet is sent out whenever the index y(A(t)) exceeds a pre-determined threshold.
The threshold can be computed by using low complexity algorithms. The results in this
chapter hold (i) for minimizing general Aol functions (monotonic or non-monotonic) and (ii)
for random delay channels. Data-driven evaluations show that the optimal scheduler has
the potential to achieve up to 3 times smaller inference error compared to “generate-at-will”
with optimal scheduling strategy and 8 times smaller inference error compared to periodic

feature updating.
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3.A Proof of Theorem 3.2

In this section, we prove Theorem 3.1 and Theorem 3.2. These theorems provide optimal
solutions for the scheduling problems (3.3) and (3.4). We begin by deriving the optimal
solution for (3.3). Subsequently, the optimal solutions for (3.4), follow directly, as these
problem is a special case of (3.3).

We rewrite the problem (3.3) as follows:

S
L

p(A®)] (3.13)

N =

Dopt = inf limsup E
el T_0o

t

Il
o

where p(A(t)) is the penalty at time ¢, A(t) € Z* is the Aol, m = ((S1,b1), (S2,b2),...) is a
scheduling policy, II is the set of all causal and signal-agnostic scheduling policies, and popt
is the optimal objective value to (3.3).

The scheduling problem (3.3) is an infinite-horizon average-cost semi-Markov decision
process (SMDP) [69, Chapter 5.6]. We provide a detailed description of the components of

this problem:

e Decision Time: Each i-th feature delivery time D; = S; + T; is a decision time of the
problem (3.13), where S; is the scheduling time of the i-th feature and the i-th feature

takes T; > 1 time slots to be delivered.
e State: At time slot D;, the state of the system is represented by Aol A(D;).

e Action: Let 7,41 = S;11 — D; represent the waiting time for sending the (i + 1)-th
feature after the i-th feature is delivered. As we consider Sy = 0 and S; = 22':1(Tj—1 +
7;) for each i = 1,2,.... Given (Tp,11,...), the sequence (Si,Ss,...) is uniquely
determined by (71, 7o, ...). Hence, one can also use (71, 72, ...) to represent a sequence

of actions instead of (51, Ss,...).

At time D;, the scheduler decides the waiting time 7,1 and the buffer position b; ;.
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e State Transitions: The Aol process A(t) evolves as

T; + b, ift=D;i=0,1,...,
At) = (3.14)

A(t—1)+1, otherwise.

e Expected Transition Time: The expected time difference between two decision

times, D; and D, 1, is given by

E[Diy1 — D] = E[Sip1 + Tipa — (Si + T3)]
=E[S; +T; + 1ip1 + Tip1 — Si — T}

== E[Ti+1 + 7—;:+1:|. (315)

e Expected Transition Cost: The expected cumulative cost incurred during the in-

terval between two decision times, D; and D, 1, can be calculated as

E ; (p(A(t))+)\c(t)) _E| kz_o CAD R (316

The infinite-horizon average-cost SMDP (3.3) can be solved by using dynamic programming
[69,72]. Let h : Z* — R be the relative value function associated with the average-cost
SMDP (3.3). At time t = D;, the optimal action (7,41, b;+1) can be determined by solving

the following Bellman optimality equation [69, P. 275]:

[Tip1+Tip1—1
h(A(Dz)) - T g{l()fl} E Z p(A(Dz +k')) _ﬁoptE[Ti-i-l +T;+1] +E[h(A(DH_1)]
bi+11+€1{0,“7.,1’3—1} L k=0

[Tir1+T541—1
= o Bl D (P(A(Di+k))—ﬁ0pt) + E[A(A(D;41)]
bir {0, Bo1} L k=0 |

[Tip1+Ti1—1

= _mf E| > <p(A(Di+k))—ﬁopt> FER(T + bisy)],  (3.17)
bi+;21{0,..7.,135'—1} L k=0 |

where the last equality holds because A(D;11) = Tiiq + biy1.
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From (3.17), it is observed that the buffer position b;;; only depends on the term
E[h(T;;1 + b;41)], while the waiting time 7;,; has no impact on E[h(T;11 + b;;1)]. Hence, the
optimal buffer position 0], is determined by

b;kH — e bi+1e{(r)r,lli,.r.l.,3—1} E[h(TiH + biﬂ)]' <3'18)

Since T;’s are i.i.d., E[h(T;41 + b)] = E[R(T; + )] = - - - = E[h(T7 + b)] for all ¢ and b. Hence,
from (3.18), it is evident that there exists a b* € {0,1,..., B — 1} such that bj = b5 =--- =
bi,, = b" that satisfies

b*=arg min  E[h(Ty +0)]. (3.19)

be{0,1,...,.B—1}
Because the optimal buffer position is time-invariant, the problem (3.13) can be expressed

as

B =MD Bro, 3.20
Popt be{o,rlI,l..l.r,lB—npb’ Pt ( )

where Py op: is given by

T-1
ﬁb,opt - ﬂiglflb h;ﬂ_i:p T]Ewb ;p(A(t)) ) (321)

m, = ((S1,0), (S2,0),...), Il is the set of all causal and signal-agnostic scheduling policies 7,
with fixed buffer position b, and pp . is the optimal objective value to (3.21).

At every i-th decision time D; of the average-cost SMDP (3.21), the scheduler decides
the waiting time 7;.;. The average-cost SMDP (3.21) can be solved by using dynamic
programming [69,72]. Given Aol value § at decision time D;, the Bellman optimality equation

of (3.21) is obtained by substituting A(D;) = 6, b1 = b, and Popr = Ppept into (3.17), given
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[T+T4+1—1
)= it E| S G0+ )| + BT 4] 612
:T+T1—1
ot E ,; (PO +k) = Poop) | +Ellp(Ti +D)], 6=1,2,...,  (3.22)

where the last equality holds because T}’s are identically distributed. Let 7(6, ppop) be an
optimal solution to (3.22). If A(D;) = ¢, then an optimal waiting time 7,41 of (3.21) for
sending the (i + 1)-th feature is 7(6, Py opt)-

From (3.22), we can show that 7(6, ppepe) = 0 if

T+T1—1 Ty —1
nf BN S (0 K) — Do) | ZE | D (6 K) - f)bppt)] . (3.23)
o k=0 k=0

After some rearrangement, the inequality (3.23) can also be expressed as

-1

Z 0 +k+T) pbppt)] > 0. (3.24)

k=0

inf
T€{1,2,...}

Next, similar to [25, Lemma 7], the following lemma holds.
Lemma 3.1 The inequality (3.24) holds if and only if

1
inf -—-E

> Dot 3.25
re{1,2,.} T = Poopt ( )

7—1
> p(0+k+Ty)
k=0

According to (3.6), the left-hand side of (3.25) is equal to (d). Similarly, 7(J, ppept) = 1, if
T(éa pbppt) 7é 0 and

T—1
E{IZIlzf }E Z(p(5 + k + Tl) - pb,opt] Z 0 (326)
T 3, P

By using Lemma 3.1 and (3.6), we can show that the inequality (3.26) can be rewritten as

Y0 + 1) > P,opt- (3.27)
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By repeating this process, we get 7(6, ppopt) = k is optimal, if 7(0, ppopt) # 0,1,...,k—1 and
V(0 + k) = Poopt. (3.28)

Hence, the optimal waiting time 7,11 = 7(0, Pp opt) i determined by
7(8, Poopt) = Iglé%l{k‘ >0:7(0+k)> Poopt} (3.29)

Now, we are ready to compute the optimal objective value py . Using (3.22), we can
determine the value of E[hy(T7 + b)], which is given by
T(T1+b713b,opt)+Tl_l
E[hy(Ty +b)] = E > (T +b+k) = prop) | +ER(Ti +b)],  (3.30)
k=0

which yields

T(T14b,Pp,0pt ) +11—1

E (p(T1 +b+k)— pb,opt) = 0. (3.31)

i
o

Rearranging (3.31), we get

B[S0 e I (T 4 b+ )|
]E[T<T1 + b7pb,opt) + TI]
E |: DiJrl(ﬁb,opt)_lp(A(t))]

t:Di (ﬁb,opt)

pb,opt =

- i o 3.32
E [Dis1(Po.opt) — Di(Db,opt)] ( )

where D;1(Dpopt) = Sit1(Pv,opt) + Ti1 and
Si+1 (ﬁb,opt) == r{ggl{t 2 Di(pb,opt) : V(A(t)) 2 ]jb,opt}7 (333)

and the last equality holds due to (3.15) and (3.16).
Now, by combining (3.20), (3.29), and (3.32), we obtain optimal solution to (3.4) and
(3.3).

70



Finally, we need to prove that
Diy1(8)—1
E p(AD) | — FE[Dir(8) — DB = 0. (3.34)
t=D;(B)
has a unique root. We define
Dit1(8)-1
J(B)=E p(A()) | = BE[Dia(8) — Di(B)] - (3.35)
t=D;(B)
Lemma 3.2 The function J(3) has the following properties:
(i) The function J(B) is concave, continuous, and strictly decreasing in [3.
(11) limg_,0o j(B) = —00 and limg_,_ j(B) = 0.

Proof 3.3 See Appendiz 3.B

Lemma 3.2 proves the uniqueness of (3.37). Also, the uniqueness of the root of (3.7)

follows immediately from Lemma 3.2.

3.B Proof of Lemma 3.2

We denote Dz+1(ﬁ) = SlJrl(ﬂ) + T‘i+17 Serl(ﬂ) = T(A(Dl)7ﬁ) + Dl(ﬁ)a where T(5> ﬁ) 18

defined as the optimal solution of

inf E
7€{0,1,2,...}

i: (p(6+ k) — 5)] . (3.36)
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Because T;’s are i.i.d., and A(D;) = T; + b, we can express (3.35) as

(D1 (8)-1

JB)=E| > p(AMD)| ~BEDi(B) — Di(B)]
| t=Di(B)

[ (T +b,8)+T1—1

=E| > (Ti+b+k)—p)

| k=0
T+T1—1
= Te%,fl,...]E ; (wp(Thy +b+k)—pP)| . (3.37)

Since the right-hand side of (3.37) is the pointwise infimum of the linear decreasing functions
of B, J(B) is concave, continuous, and strictly decreasing in 5. This completes the proof of
part (i) of Lemma 3.2.

Part (ii) of Lemma 3.2 holds because for any 7 > 0

T+T1—1
Bh—{EOE Z (p(Th +b+ k) — 6)] = —00 (3.38)
k=0
and
T+T1—1
,BEI—HOOE Z (p(Th +b+k) — B)] = 0. (3.39)
k=0

This completes the proof.
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Chapter 4

Timely Inference in Multi-Source and Multi-Channel Networks
4.1 Introduction

In many networked intelligent systems, a receiver (e.g., an autonomous vehicle) requires
information from multiple sources (e.g., onboard cameras, roadside units, and nearby vehi-
cles). Due to limited communication resources, it is impractical to obtain information from
all sources simultaneously. A scheduler decides which sources to select and what informa-
tion from sources to send to accomplish a task. Due to resource constraints, the efficient
design of multi-source scheduling policy is pivotal to guarantee low-latency and reliable per-
formance of networked intelligent systems. Towards that end, in this chapter, we develop a
novel transmission scheduling policy to minimize the weighted summation inference error in
multi-source, multi-channel remote inference systems. The contributions of this chapter are

summarized as follows

e When there are multiple source-predictor pairs and multiple channels, the scheduling
problem is a restless multi-armed bandit (RMAB) problem with multiple actions. We
propose a multi-source, multi-action scheduling policy that uses a Whittle index algo-
rithm to determine which sources to schedule and employs a duality-based selection-
from-buffer algorithm to decide which features to schedule from the buffers of these
sources. By utilizing linear programming (LP)-based priority conditions [73, 74], we
establish the asymptotic optimality of this scheduling policy as the numbers of sources

and channels tend to infinity, maintaining a constant ratio (see Theorem 4.6).

e The above results hold (i) for minimizing general Aol functions (monotonic or non-
monotonic) and (ii) for random delay channels. Numerical results validate the asymp-

totic optimality of the proposed scheduling policy (see Figs. 4.2-4.3).
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e When the training and inference data have the same probabilistic distribution, multi-
source multi-channel remote inference reduces to signal-agnostic multi-source multi-
channel remote estimation. Hence, the results of the present work above also apply to

signal-agnostic multi-source multi-channel remote estimation.

4.1.1 Related Works

The optimization of linear and non-linear functions of Aol for multi-source scheduling
is a restless multi-armed bandit (RMAB) problem. The multi-source problems in previous
Aol studies [26,29-32,39] focused only on source selection, which is an RMAB problem with
binary actions determining whether to select a source or not. Moreover, the previous Aol
studies considered monotonic Aol functions. Whittle index policy [33] was used to solve the
RMAB problems with binary actions and monotonic Aol penalty functions [26,29-32, 39].
Our multi-source problem is an RMAB with multiple actions and possibly a non-monotonic
Aol penalty function. Because of the multiple-action setup, the Whittle index alone can
not be utilized to solve our problem. Consequently, we design a new asymptotically optimal
policy for multi-action RMAB with general Aol functions (monotonic or non-monotonic).

This paper is also related to the field of signal-agnostic remote estimation. The prior
studies [23, 25, 27, 39, 40, 44, 45] in signal-agnostic remote estimation focused on Gaussian
and Markovian processes. The results presented in the current paper are applicable to more

general processes.

4.2 Multi-Source, Multi-Channel Status Updating Model

Consider the remote inference system depicted in Fig. 4.1, which consists of M source-
predictor pairs and N channels. Each source adopts a “selection-from-buffer” model: At the
beginning of time slot ¢, each source m generates a feature X,,; and adds it into the buffer
that stores B,, most recent features (X, 4, ..., Xmi—p,.+1), meanwhile the oldest feature
Xnt—p,, is removed from the buffer. At each time slot ¢, a central scheduler decides: (i)
which sources to select and (ii) which features from the buffer of selected sources to send.

Each feature transmission lasts for one or multiple time slots. We consider non-preemptive
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Figure 4.1: A multi-source, multi-channel remote inference system.

transmissions, i.e., once a channel starts to send a feature, the channel must finish serving
that feature before switching to serve another feature. At any given time slot, each source
can be served by no more than one channel. We use an indicator variable ¢,,(t) € {0,1} to
represent whether a feature from source m occupies a channel at time slot ¢, where ¢, () = 1
if source m is being served by a channel at time slot ¢; otherwise, ¢,,(t) = 0. Once a feature
is delivered, an acknowledgment is fed back to the scheduler within the same time-slot. By
this, the channel occupation status ¢,,(t) is known to the scheduler at every time slot ¢. Due
to limited channel resources, the system must satisfy the constraint Z%zl cm(t) < N for all
time slot t =0,1,....

The system starts to operate at time slot ¢t = 0. The i-th feature sent by source m
is generated in time slot G,,;, submitted to a channel in time slot S,,;, and delivered to
the receiver in time slot D,,; = Spi + T, Where Gy < Shi < Diis Dy < Spiiv1 <
Dy, iv1, and T,,,; > 1 is the feature transmission time of the i-th feature sent from source
m. We assume that the 7, ;’s are independent across the sources and are i.i.d. for features

originating from the same source with 1 < E[T,, ;] < co.

Scheduling Policies and Problem Formulation
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In time slot Sy, let Xg,,, = X, .-, be the feature submitted to a channel from
source m, which is the (b,; + 1)-th freshest feature in source m’s buffer, with b,,; €
{0,1,..., B, — 1}. By this, a scheduling policy for source m is denoted by (f,., gm), where
Gm = (Sm.1,Sm2, . ..) determines when to schedule source m, and f,, = (b1, b2, - - .) spec-
ifies which feature to send from source m’s buffer.

Let Uy, (t) = max;{Gpn; : Dy <t} represent the generation time of the freshest feature
delivered from source m to the receiver up to time slot ¢t. Because G.,; = Spmi — bm.is
U (t) = max;{Spm.i — bm.i : Dm; < t}. The age of information (Aol) of source m at time slot

t1s

The initial state of the system is assumed to be S,, 0 = 0, Dy, 0 = T, and A,,(0) is a finite
constant.

Let II,, denote the set of all causal and signal-agnostic scheduling policies (fin, gm)
that satisfy the following conditions: (i) the transmission time schedule S,,; and the buffer
position b,,; are determined based on the current and the historical information available
at the scheduler; (ii) source m can be served by at most one channel at a time and feature
transmissions are non-preemptive; (iii) the scheduler does not have access to the realization
of the feature and the target processes; and (iv) the scheduler can access the inference error
function erTipference,m(Am(t)) and the distribution of 7}, ; for source m. We define II as the
set of all causal and signal-agnostic scheduling policies 7 = (i, gm ).

Our goal is to find a scheduling policy that minimizes the weighted summation of the

time-averaged expected inference errors of the M sources:

M T—1
1
inf lim su wy, E | = m(Am ()], 4.2
infimoup 2 {73 8 1) (4.2
M
st ) en(t) SNE=0,1,..., (4.3)
m=1
cm(t) € {0,1},m=1,2,...,M,t=0,1,..., (4.4)
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where P, (A (t)) = erTinference,m (Am (t)) is the inference error of source m at time slot ¢ and
Wy, > 0 is the weight of source m.

Let d,,,(t) € {0,1, ...} denote the amount of time that has been spent to send the current
feature of source m by time slot t. Hence, d,,(t) = 0 if no feature of source m is in service
at time slot ¢, and d,,(t) > 0 if a feature of source m is currently in service at time slot
t. Problem (4.2)-(4.4) is a multi-action Restless Multi-armed Bandit (RMAB) problem, in
which (A,,(t),d(t)) is the state of the m-th bandit. At time slot ¢, if a feature from source
m is submitted to a channel, bandit m is said to be active; otherwise, if source m is not
under service or if one feature of source m is under service whereas the service started before
time slot ¢, then bandit m is said to be passive. The bandits are “restless” because the state
(A, (1), din(t)) undergoes changes even when the m-th bandit is passive [26,33]. When a
bandit m is activated, the scheduler can select any of the B,, features from the buffer of

source m. Thus, this problem is a multi-action RMAB.

4.3 An Asymptotically Optimal Scheduling Solution

It is well-known that RMAB with binary actions is PSPACE-hard [75]. RMABs with
multiple actions, like (4.2)-(4.4), would be even more challenging to solve. In the sequence,
we will generalize the conventional Whittle index theoretical framework [33] for binary-
action RMABs, by developing a new index-based scheduling policy and proving this policy
is asymptotically optimal for solving the multi-action RMAB problem (4.2)-(4.4). This
new theoretical framework contains four steps: (a) We first reformulate (4.2)-(4.4) as an
equivalent multi-action RMAB problem with an equality constraint by using dummy bandits
[39,73]. The usage of dummy bandits is necessary for establishing the asymptotic optimality
result in subsequent steps. (b) We relax the per-time-slot channel constraint as a time-
average expected channel constraint, solve the relaxed problem by using Lagrangian dual
optimization, and compute the optimal dual variable A*. (c¢) Problem (4.2)-(4.4) requires to
determine (i) which source to schedule and (ii) which feature from the buffer of the scheduled
source to send. In the proposed scheduling policy, the former is decided by a Whittle index
policy, for which we establish indexability and derive an analytical expression of the Whittle

index. The latter is determined by a A*-based selection-from-buffer policy. (d) Finally, we
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employ LP priority-based sufficient condition [73,74] to prove that the proposed policy is
asymptotically optimal as the numbers of users and channels increase to infinite with a fixed

ratio.

Dummy Bandits and Constraint Relaxation

Besides the original M bandits, we introduce N additional dummy bandits (the number
of dummy bandits needs to be equal to the number of channels) that satisfy two conditions:
(i) each dummy bandit has a zero age penalty function py(Ag(t)) = 0; (ii) when activated,
each dummy bandit occupies a channel for one time slot. Let ¢y(t) € {0,1,..., N} be the
number of dummy bandits that are activated in time slot ¢. Let mo = {co(t),t =0,1,...} be
a scheduling policy for the dummy bandits and Iy be the set of all policies my. Using these
dummy bandits, (4.2)-(4.4) is reformulated as an RMAB with equality constraints (4.6), i.e.,

M T-1
. . 1
et s 2 B 3 () 1
M
st Y en(t)=Nt=01,..., (4.6)
m=0
co(t) € {0,1,..., N}t =0,1,..., (4.7)
em(t) €{0,1},m=1,2,..., M, t=0,1,.... (4.8)

Because the number of dummy bandit is equal to the number of channels and when activated,
each dummy bandit occupies a channel for one time slot, we always can have the equality
constraint (4.6). Moreover, dummy bandits do not incur additional cost, the scheduling

policy that optimizes (4.2)-(4.4) also optimizes (4.5)-(4.8).
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Now, we replace the per-slot channel constraints (4.6) by a time-average expected chan-

nel constraint (4.10), which produces the following relaxed problem:

M T—1
nf tim jogp;wm E ;pm(Am(tD : (4.9)
M 1 T—1
s.t. limsu E|= cm(t)| = N, 4.10
nwd x| 1500 (410
co(t) € {0,1,... N}t =0,1,..., (4.11)
cn(t) € 10,1}, m=1,2,... . M,t=0,1,.... (4.12)

The optimal objective value of (4.9)-(4.12) provides a lower bound of the optimal objective
value of (4.2)-(4.4).

Lagrangian Dual Optimization for Solving (4.9)-(4.12)
We solve the relaxed problem (4.9)-(4.12) by Lagrangian dual optimization [33,76]. To
that end, we associate a Lagrangian multiplier A € R to the constraint (4.10) and get the

following dual function

gA)= inf limsup E [% i ( Z Wi P (A (1))

mwell,mg€llp T—00

t=0 m=1
M
+>\(Zcm(t)—N>)], (4.13)
m=0
where A € R is also referred to as the transmission cost. The dual optimization problem is
given by
= 4.14
A" = argmaxq()), (4.14)

where A* is the optimal dual solution.
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Solution to (4.13)

The problem (4.13) can be decomposed into (M + 1) sub-problems. For m = 0, the

sub-problem associated to the dummy bandits is given by

inf limsupE,,
mo€llo  T00

iy Aco(t)] . (4.15)

Theorem 4.1 If A > 0, the optimal solution to (4.15) is ci(t) = 0 for all t; if X <0, the
optimal solution to (4.15) is ci(t) = N for all t.

For each m = 1,2,..., M, the sub-problem associated with bandit m is given by

Dm.opt(A) = inf limsupE
pt( ) (fmsgm)€llm T— 00

%z_:wmpm(Am(t))Jr)\cm(t)] , (4.16)

where Py, opt(A) is the optimal objective value to (4.16).
To explain the optimal solution to (4.16), we first fix the buffer position at b,,; = b
for all ¢ and optimize the transmission time schedule g,,, = (Sy.1, Sm,2, .- .). This simplified

problem is formulated as

T-1
_ . . 1
pm,b,opt()\> = inf lim sup E T ;wmpm(Am(t» +)‘Cm (t) ) (4 17)

(frm,bsgm)€llm T— 00
where f,p = (b,b,...) and Py pope(A) is the optimal objective value in (4.17).

Theorem 4.2 IfT,,;’s are i.i.d. with 1 <E[T,, ;] < oo, then there exists an optimal solution
Gn(A) = (Sim1(Bms(N), Smz2(Bmp(N)),...) to (4.17), where

Smis (Gns(N) = min {6 > Dyi(Bus(N) - 1 Bn(8) > BN}, (418)

D i(Bmp(N) = Simi(Brmp(X)) + T is the delivery time of the i-th feature submitted to the
channel, A, (t) = t — Sp.i(Bmp(N)) + b is the Aol at time t, v,(0) is an index function,

80



defined by

T—1

@) = inf =S E [0+ o+ Tor)], (4.19)
k=0

Te{1,2,..} T

and the threshold B, 5(N) is the unique root of

Do it 1(Bm,p(N))—1

Bl S wn(Aa0)| £ A BT
t=Dmi(Bm,p(N))
- 5m,b<)‘) E [Dm,i—H (ﬁm,b()‘» - Dm,z(ﬁm,b(k))] =0. (42())

Furthermore, B p(\) is equal to the optimal objective value to (4.17), i.e., Bmp(N) = Pmpopt(A)-
Proof 4.1 See Appendiz 4.A.
Now we present an optimal solution to (4.16).

Theorem 4.3 If the conditions of Theorem 4.2 hold, then an optimal solution (£ (), g%, (\))
to (4.16) is determined by

(a) F,(N) = (B (\), b (N, ..), where

bi () = i Dnbopt (A 4.21
m(N) =arg min  Prbon(A) (4.21)

and P popt(X) is the optimal objective value to (4.17).

() g (N) = (S (N, s V), ), where

» ~m,2

Smiv1(N) =min {t > D} ;2 (A (t)) = Prmopt(A) (4.22)

tez
Dy, :(A) = S5 i(A) + T, Ym(0) is defined in (4.19), and ppopi(A) is the optimal

objective value of (4.16), given by

Pmopt(N) = it Prbopt(A). (4.23)

Proof 4.2 See Appendiz 4.A.
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Solution to (4.14)

Next, we solve the dual problem (4.14). Let ¢ ,(t) € {0,1,..., N} be the number of
dummy bandits activated in time slot ¢ in the optimal solution to (4.15) and let ¢, ,(t) €
{0,1} denote whether source m is under service in time slot ¢ in the optimal solution to

(4.16). The dual problem (4.14) is solved by the following stochastic sub-gradient algorithm:

M T-1
a |1 .
)\k—i—l = )\k + E {T E E Cm)\k (t) - N} s (424)

m=0 t=0

where a/k > 0 is the step size and T' > 1 is a sufficient large integer. In the k-th iteration,
let A = A, and run the optimal solution to (4.13) for 7" time slots, then execute the dual
update (4.24).

A Scheduling Policy for the Original Problem (4.2)-(4.4)

Now, we develop a scheduling policy for the original multi-action RMAB problem (4.2)-
(4.4). The proposed policy contains two parts: (i) a Whittle index policy is used to determine
which sources to schedule, and (ii) a A*-based selection-from-buffer policy is employed to

determine which features to choose from the buffers of the scheduled sources.

Whittle Index-based Source Scheduling Policy

The Whittle index theory only applies to RMAB problems that are indexable [33].
Hence, we first establish the indexability of problem (4.5)-(4.8). Recall that (A, (%), d (%))
is the state of the m-th bandit, where A,,(¢) is the Aol and d,,(t) is the amount of time that
has been spent to send the current feature of source m. Define ,,,(\) as the set of all states
(0,d) such that if A,,(t) = and d,,(t) = d, then the optimal solution for (4.16) is to take

the passive action at time ¢.

Definition 4.1 (Indexability) [73] Bandit m is said to be indexable if, as the cost X
increases from —oo to oo, the set Q,(A\) increases monotonically, i.e., \y < Ay implies
QA1) € Qn(N2). The RMAB problem (4.5)-(4.8) is said to be indexable if all (M + 1)

bandits are indexable.
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Theorem 4.4 The RMAB problem (4.5)-(4.8) is indezxable.
Proof 4.3 See Appendiz 4.C.

Definition 4.2 (Whittle index) [73] Given indezability, the Whittle index W,,(,d) of
bandit m at state (0,d) is

Win(6,d) = inf{\ € R : (8,d) € Qn(\)}. (4.25)

Lemma 4.1 The Whittle index of the dummy bandits is 0, i.e., Wy(9,0) = 0 for any §.

Theorem 4.5 The following assertions are true for the Whittle index W,,,(6,d) of bandit m
form=1,2....M:
(a) If d =0, then form=1,..., M,

W, (0,0) = max W, ;(0,0), (4.26)

 bEZ:0<b<Bp—1

where

E {Dm,i+1<vm<a>> = D i8] A (6)

Do i1 (ym (6))—1

TET ]E Z WP (A (1)) | (4.27)
L1 t=Din i (Y (8))

and Sy,.i+1(Ym(9)) is given by

St (n(8) = min {t > Dy (1 (8) : (A1) = 3(6) ). (4.28)

tew
(b) If d > 0, then W,,(6,d) = —o0 form =1,..., M.
Proof 4.4 See Appendiz 4.D.

Theorem 4.5 presents an analytical expression of the Whittle index of bandit m for

m=1,2,..., M. If no feature of source m is being served by a channel at time slot ¢ such
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Algorithm 1 Scheduling Policy for Multi-source, Multi-channel Inference Error Minimiza-
tion (4.2)-(4.4)

1: Initialize t =0

2: Input the optimal dual variable A* of the problem (4.14).

3: fort=20,1,... do

4: Update A,,(t) and d,,(t) for all m.

5: Wi = Wi (An(t), dn(t)) for all m.

6: for all channel n =1,2,..., N do

7 if channel n is idle and max; W; > 0 then
8: Schedule source m = arg max; W.

9: Send the feature from the position b}, (\*) in
10: source m’s buffer.

11: W, + —oo.

12: end if

13: end for

14: t+—t+1.

15: end for

that d,,(t) = 0, then the Whittle index of bandit m at time slot ¢ is determined by (4.26).
Otherwise, if source m is being served by a channel at time slot ¢ such that d,,,(t) > 0, then
the Whittle index of bandit m at time ¢ is —o0

In the special case that (i) the Aol function p,,(+) is non-decreasing and (ii) 7,,,; = 1, it
holds that v,,,(d) = wppm (6 + 1) and for 6§ = 1,2, ...,

1
Win(8,0) = W |6 pm(6+1) = Y pm(k) |- (4.29)

k=1
By this, the Whittle index in Section IV of [26, Equation (7)] is recovered from Theorem
4.5.

Let A(t) denote the number of available channel at the beginning of time slot ¢, where
A(t) < N. Then, A(t) bandits with the highest Whittle index are activated at any time slot
t. Asstated in Lemma 4.1, all N dummy bandits have Whittle index of Wy (Ay(t), do(t)) = 0.
Consequently, if a bandit m (for m = 1,2, ..., M') possesses a negative Whittle index, denoted
as Wi (A (), dn(t)) <0, it will remain inactive.
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Now, we return to the original RMAB (4.2)-(4.4) with no dummy bandits. As illustrated
in Algorithm 1, if channel n is idle, then source m with highest non-negative Whittle index

is activated.

A*-based Selection-from-Buffer Policy

When the m-th bandit is activated, our policy in Algorithm 1 sends the feature from
the buffer position b}, (\*), determined by

br (\*) = i D A" 4.
m( ) arg be{O,lIE.l,%mfl}pm’b’OPt( )7 ( 30)

where \* is the optimal solution to (4.14) and Py, pept(A) is the optimal objective value of

(4.17).

Asymptotic Optimality of the Proposed Scheduling Policy
Let 7o, denote the scheduling policy outlined in Algorithm 1. Now, we demonstrate

that 7, is asymptotically optimal.

Definition 4.3 (Asymptotically optimal) [73, 74] Initially, we have N channels and
M sources. Let p.. represent the expected long-term average inference error under policy T,
where both the number of channels rIN and the number of bandits rM are scaled by r. The

policy Tou will be asymptotically optimal of pi,_ < pl for all € 11 as r approaches oo, while

rM

mazintaining a constant ratio o = .

In (4.9)-(4.12), we have M + N bandits with M sources and N dummy bandits, and N
channels. Two bandits are considered to be in the same class if they share identical penalty
functions, weights, and transition probabilities. The dummy bandits belong to the same
class. However, among the remaining M sources, no two sources share the same combination
of penalty function, weight, and transition probabilities. Therefore, we start with M + 1
distinct classes of bandits. Then, we increase the number of sources M, number of dummy

bandits r /N, and number of channels N with scaling factor r, while maintaining the ratio

M
rN*
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The state of a class m bandit is represented by two tuple (A,,(t), dn(t)), where A, (%)
represents the Aol and d,,(t) is the amount of time spent to send the current feature from
a class m bandit. Let u,,(t) € {0,1,..., B,,} be the action taken for a class m bandit. If
tm(t) = 0, no feature is selected for transmission; otherwise, if p,,(t) = b, a feature from
buffer position (b — 1) € {0,1,..., B,, — 1} is selected for transmission. Given state (d,d)
and action p of a class m bandit, we denote by ngﬂ/),( 5.d) the transition probability to a
state (&', d).

Because we assume that the transmission times 7, ; are bounded for all m and i, we
can find a dpouna € N such that 0 < T,,; < dpouna for all m and 7. Then, the amount of
time d,,(t) that has been spent to send the current feature of source m by time slot ¢ is
also bounded and d,,(t) € {0,1,...,dbouna}- Also, we observe from Figs. 2.1-2.5 that the
inference error function p,,(d) converges after a large Aol value. We can find an Aol dpouna
such that p,,,(6) = Pm(dbouna) for all 6 > dpouna and for all m.

We denote by Vyi(t) the fraction of class m bandits with A,,(t) = ¢ and d,,.(t) = d.
Let Ugy ,(t) be the fraction of class m bandits with A,,(t) = 6, dy(t) = d, and p,(t) = p.
We denote by Vi™(t) the fraction of class m bandits with d,,(t) = d and A, (t) > Spound-
Moreover, let UZ{,L(LL) be the fraction of class m bandits with d,,(t) = d, A, (t) > Opound, and

w(t) = p. We define variables Vs Usy s Uy and ag', for all 6,d, i, and m as follows:

T—1
: 1 m
vy = limsup » FEVia®), (4.31)
T—o0 =0
T-1
ugfd# := lim sup TE[U%,M(U]’ (4.32)
T—o00 —0
-1,
0y := lim sup fIE[V;im(t)], (4.33)
T—o0 —0
-1,
', := limsup fE[Uleu(t)]‘ (4.34)
T—o0 i—0
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A channel is occupied by a bandit, if either d > 0 or u > 0. Then, the time-averaged

expected fraction of class m-bandits occupied a channel is given by

_ m m
Cm = § : Us,d,p + § : Us,d,pu

0<bound,d>0 d<dbound,d=0
n= ,u>0
~m ~m
+ E Uy, + E Uy, (4.35)
d>0,=0 d=0,u>0

By using ¢,,, the time-average channel constraint (4.12) can be expressed as

> em=N. (4.36)

We define the vectors V'(t), U™(t), v'", and u™ to contain (Vj7(t), Vi (t)), (Ul (1), (71%(75)),
(v§y; 0g'), and (ugy ,, 4g,), respectively, for all § = 1,2,..., bound, d = 0,1,..., dbouna, and
w=0,1,...,B,.

Now, we provide a uniform global attractor condition. For a policy 7, we can have a

mapping ¥, of the state transitions, given by

Wﬁ((vm)%:l) =
Er (V™ () ma (E+ DIV () er (8) = (V)] (4.37)

We define the ¢-th iteration of the maps U, ;>0(+) as Uro((v™)M_)) = (v™)M_ and U,y (V™M) =
U (Wt (V™)z1))-

Definition 4.4 [74] Uniform Global attractor. An equilibrium point (v™)M_, associ-
ated with the optimal solution of (4.9)-(4.12) is a uniform global attractor of U, >(-), i.e.,
for all € > 0, there exists T(e) > 0 such that for allt > T(€) and for all (v")M_,, one has

m=1>
[Tt (V™) imt) = (V™ )=l < e

Theorem 4.6 Under the uniform global attractor condition provided in Definition 4.4, Tour

15 asymptotically optimal.
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Proof 4.5 (Proof sketch) We first establish that if m-th source is selected, then there
exists an optimal feature selection policy that always selects features from the buffer position
br (A\*). Hence, the multiple action RMAB problem (4.2)-(4.4) reduces to a binary action
RMAB problem. Then, we use [74, Theorem 13] to prove Theorem 4.6. See Appendizx 4.E
for details.

4.4 Data Driven Evaluations

In this section, we illustrate the performance of our scheduling policies, where the infer-
ence error function p(d) is collected from the data driven experiments in Chapter 2.3. Now,

we evaluate the following three multiple-source scheduling policies:

1. Maximum age first (MAF), Generate-at-will: At time slot ¢, if a channel is free, this
policy schedules the freshest generated feature from source arg maxea) Ai(t), where

A(t) is the set of available sources in time slot ¢.

2. Whittle index, Generate-at-will: Denote

Iy = argmaxW o(A(t)). (4.38)

leA(t)

If a channel is free and maxeayWi0(Ai(t)) > 0, the freshest feature from the source

l§ is scheduled; otherwise, no source is scheduled.
3. Proposed Policy: The policy is described in Algorithm 1.

4. Lower bound: Given the optimal dual variable A = \*, the lower bound is obtained by

implementing policy (f*(\*), g5, (A*))M_,, which is defined in Theorem 4.3.

5. Upper bound: The upper bound is obtained if none of the sources is scheduled at every

time slot ¢.

In Figs. 4.2-4.3, we present a comparative analysis of our proposed policy alongside
other policies. The plots depict the performance evaluation in a scenario where the number

of sources is set to m = 500. The inference error for half of the sources is illustrated in Fig.
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Figure 4.2: Time-average weighted inference error vs. number of channels (N).
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Figure 4.3: Time-average weighted inference error vs. buffer size (B).

2.3(c) and this corresponds to a weight of w; = 1; the inference error for the remaining half
is depicted in Fig. 2.2(c), with a weight of ws = 5. In this section, the transmission time for
all features from both classes of sources is set to 1 time slot.

In Fig. 4.2, we plot the weighted time-average inference error versus the number of
channels, where the buffer size of all sources is set to 40 (i.e., B, = B = 40 for all ).
From Fig. 4.2, it is evident that our proposed policy outperforms the “Whittle index,
Generate-at-will” and “MAF, Generate-at-will” policies. Specifically, our policy achieves a
weighted average inference error that is twice as low as that of the “MAF, Generate-at-

will” policy. Furthermore, as shown in Fig. 4.2, the performance of our policy matches
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the lower bound of the multi-source, multi-action scheduling problem, thereby validating its
asymptotic optimality.

Fig. 4.3 illustrates the weighted time-average inference error versus the buffer size B,
with the number of channels set to N = 50. The results presented in Fig. 4.3 underscore
the effectiveness of the “selection-from-buffer” model. The weighted time-average inference
error achieved by our policy decreases as the buffer size B increases, eventually reaching a

plateau at a buffer size of 20.
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4.A Proof of Theorem 4.3

In this section, we prove Theorem 4.2, and Theorem 4.3. These theorems provide
optimal solutions for the scheduling problems (4.16) and (4.17). We begin by deriving the
optimal solution for (4.16). Subsequently, the optimal solutions for (4.17) follows directly,
as this problem is a special cases of (4.16).

Since the problem (4.16) focuses solely on a single source, we simplify the notation by
omitting the source index m and rewrite the problem (4.16) as follows:

T-1

Popt(A) = inf lim sup & % ; w p(A(t)) + Ac(t) | (4.39)
where p(A(t)) is the penalty at time t, A(t) € Z* is the Aol, ¢(t) € {0,1} is the channel
occupation status at time t, m = ((S1,b1), (S2,b2),...) is a scheduling policy, II is the set
of all causal and signal-agnostic scheduling policies, w > 0 is a weight, and py(A) is the
optimal objective value to (4.39).

The scheduling problem (4.39) is an infinite-horizon average-cost semi-Markov decision
process (SMDP) [69, Chapter 5.6]. We provide a detailed description of the components of
this problem:

e Decision Time: Each i-th feature delivery time D; = S; + T; is a decision time of the
problem (4.39), where S; is the scheduling time of the i-th feature and the i-th feature

takes T; > 1 time slots to be delivered.
e State: At time slot D;, the state of the system is represented by Aol A(D;).

e Action: Let 7,41 = S;41 — D; represent the waiting time for sending the (i + 1)-th
feature after the i-th feature is delivered. As we consider Sy = 0 and S; = Z;=1(ijl +
7;) for each ¢ = 1,2,.... Given (Tp,T1,...), the sequence (Si,Ss,...) is uniquely
determined by (7, 7s,...). Hence, one can also use (71,7, ...) to represent a sequence

of actions instead of (51,52, ...).

At time D;, the scheduler decides the waiting time 7;,; and the buffer position b;, .
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e State Transitions: The Aol process A(t) evolves as

T, + b, ift=D;i=01,...,
A(t) = (4.40)
A(t—1)+1, otherwise.

e Expected Transition Time: The expected time difference between two decision

times, D; and D, 1, is given by

E[Diy1 — D] = E[Sip1 + Tipa — (Si + T3)]
=E[S; +T; + 1ip1 + Tip1 — Si — T}

== E[Ti+1 + 7—;:+1:|. (441)

e Expected Transition Cost: The expected cumulative cost incurred during the in-

terval between two decision times, D; and D, 1, can be calculated as

[Dit1—1

Bl Y (w @)+ )

L t=D;

[Tit1+Ti41—1

=E| ) wpAD;+k)

k=0

+AE[T;4]. (4.42)

The infinite-horizon average-cost SMDP (4.39) can be solved by using dynamic programming
[69,72]. Let h : Z* — R be the relative value function associated with the average-cost

SMDP (4.39). At time ¢t = D;, the optimal action (7;41,b;41) can be determined by solving
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the following Bellman optimality equation [69, P. 275]:

Ti+1+Ti41—-1

Y wp(A(D; + k)

k=0

WAD)) =  inf E
Ti+1€{0717'“}
bi+1€{0,...,.B—1}

— Popt (NE[Ti41 + Tigq] + E[R(A(Dig1)]

Tit1+Ti41—1

3 (wp(A(Di + k))—popt(k))]

k=0

+ AE[T44]

= inf E
Ti+1€{0’17“'}
bi+1€{0,...,.B—1}

+ AE[T 1] + E[R(A(Di11)]

Ti+1+Ti41—1

3 (wp(A(Di +k)) —popt(A))]

k=0

= inf E
rip1€{0,1,...}
bi+1€{0,...,.B—1}

4 AE[Ti 1] + E[h(Tip1 + bis)], (4.43)

where the last equality holds because A(D;y1) = Tiyq + biy1.

From (4.43), it is observed that the buffer position b;,; only depends on the term
E[h(T; 41+ biy1)], while the waiting time 7;,; has no impact on E[h(T;41 + b;11)]. Hence, the
optimal buffer position ], is determined by

b:+1 s bi+16{glli7.r.l.,B—1} E[h<TZ+1 + bi+1)]- (4'44>

Since T;’s are i.i.d., E[h(T;41 +0)] = E[R(T; 4+ b)] = - - = E[h(T}1 + )] for all ¢ and b. Hence,
from (4.44), it is evident that there exists a b* € {0,1,..., B — 1} such that b = b5 =--- =
i1 = 0" that satisfies

bt = i E[h(T; + b)]. 4.45
arg, _ min_ [h(Ty + b)] (4.45)

Because the optimal buffer position is time-invariant, the problem (4.39) can be expressed

as

Popr(A) = min - Dropt(A), (4.46)
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where pp opt(A) is given by

T-1

Poopt(A) = mi,rellflb li;nﬁsip %Em ;w P(A(t)) + Ae(t) |, (4.47)
m = ((S1,b),(S2,0),...), II, is the set of all causal and signal-agnostic scheduling policies
with fixed buffer position b, and pp o (A) is the optimal objective value to (4.47).

At every i-th decision time D; of the average-cost SMDP (4.47), the scheduler decides
the waiting time 7,,1. The average-cost SMDP (4.47) can be solved by using dynamic
programming [69,72]. Given Aol value § at decision time D;, the Bellman optimality equation

of (4.47) is obtained by substituting A(D;) = 0, bj+1 = b, and Popt(A) = Dpopt(A) into (4.43),

given by
[T+Ti4+1—1

+ )\]E[E+I] + ]E[hb<,—ri+1 =+ b)]? o= 17 27 s

[r+T1—-1
= 1 f E =
TE{Ol,rll,Q,...} kZ:O (w p(d + k) pb,apt()‘))]

+AE[TY] + E[ho(T1 + b)), 6 =1,2,.., (4.48)

where the last equality holds because T;’s are identically distributed. Let 7(6, ppopt(A)) be
an optimal solution to (4.48). If A(D;) = 9, then an optimal waiting time 7,1 of (4.47) for
sending the (i + 1)-th feature is 7(6, Py opt(A))-

From (4.48), we can show that 7(9, ppopt(A)) = 0 if

inf E

Te{1,2,...}

T+T11—1
3 (w p<5+k>—m,opt<x>>]

k=0

>E

12 (w p(6 + k) — pb,osz()‘))] . (4.49)

k=0
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After some rearrangement, the inequality (4.49) can also be expressed as

T—1
{11112f }E > (wp(S+k+T) - ﬁb’opt()\))] > 0. (4.50)
TE1,2,...
k=0

Next, similar to [25, Lemma 7], the following lemma holds.

Lemma 4.2 The inequality (4.50) holds if and only if

T—1
1
inf -E 1) k T > D o ). 4.51
Te{llr,lz...}q— kzzowp( +h+ 1) = Db, pt( ) ( )

According to (4.19), the left-hand side of (4.51) is equal to v(d). Similarly, 7(6, Py ept(A)) = 1,
if 7(0, Pp.opt(A)) # 0 and

7—1

inf E
7€{2,3,...}

(wp(d+k+Ty) — pb,opt()\)>] >0 (4.52)

k=0

By using Lemma 4.2 and (4.19), we can show that the inequality (4.52) can be rewritten as
7(5 + 1) Z ﬁb,opt(/\)~ (453)

By repeating this process, we get 7(0, Dp opt (X)) = k is optimal, if 7(9, pp.opt(A)) # 0,1, ..., k—1

and
YO+ k) > Phopt(N). (4.54)
Hence, the optimal waiting time 7;.1 = 7(d, pp(\)) is determined by

7(6,7() = min{k > 0: 3(0 +K) > BV} (4.55)
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Now, we are ready to compute the optimal objective value ppp(A). Using (4.48), we

can determine the value of E[h, (T} + b)], which is given by
T(T1+b7ﬁb,opt(/\))+T1—l

E[hy (T} + b)) =E > (wp(Th + b4 k) — Poopt(N))

+ AE[T1] + E[hs(T1 + b)),

which yields

T(Tl +b7pb,opt (A))+T1 -1

E 3 (wp(T1 b+ k) — pb,opt(x)) + AE[T1] = 0.

k=0
Rearranging (4.57), we get

B[Sl e O (T 4+ b+ k)| + ABIT)
E[7(T1 + b, pyopt(A)) + T1]
T ,opt A
CE[SZBe) un(Am)] + AT

E [Dit1(Pr.opt(N) = Di(Poopt(A)]

ﬁb,opt (/\) -

where D;y1(Ppopt(N)) = Siv1(Po.opt(N)) + Ti1 and
Si1(Doopt(N)) = 1}1>i(1]1{t > Di(Pyopt(A)) 1 Y(A(t)) = Doopt (M)},

and the last equality holds due to (4.41) and (4.42).

(4.56)

(4.57)

(4.58)

(4.59)

Now, by combining (4.46), (4.55), and (4.58) and by substituting appropriate values of

A and w, we obtain optimal solution to (4.16) and (4.17).

Finally, we need to prove that

E| S wp(At)| — BE[Di(8) — Di(B)] + AE[T] = 0.
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has a unique root. We define
D1 (8)—1
JB=E| > wp(A®)| - FE[Di1(8) — DilB)] + AE[T3]. (4.61)
t=D;(B)
Lemma 4.3 The function J(/3) has the following properties:
(i) The function J(B) is concave, continuous, and strictly decreasing in (.
(11) limg_,0e j(B) = —00 and limg_,_ j(B) = 0.
Proof 4.6 See Appendixz 4.B
Lemma 4.3 proves the uniqueness of (4.63). Also, the uniqueness of the root of (4.20)

follows immediately from Lemma 4.3.

4.B Proof of Lemma 4.3

We denote D;1(8) = Siz1(8) + Tiv1, Siv1(B) = 7(A(D;), 8) + Dyi(B), where 7(9, ) is

defined as the optimal solution of

T+1T1—1
i —8. 62
ot E ’; (wp(8 + k) = B) (4.62)

Because T;’s are i.i.d., and A(D;) = T; + b, we can express (4.61) as

[Di1(8)-1

JB)=E| > wp(A®)| = BE[Diy1(8) — Di(B)] + AE[TH]
| t=Di(B)

[+ (71 +b,8)+T1—1

—E > (wp(Ti+b+k)— B)| + AE[T]

| k=0
T+T1—1
= Teigflwla ; (wp(Ty +b+ k) — B)| + AE[T1]. (4.63)

Since the right-hand side of (4.63) is the pointwise infimum of the linear decreasing functions
of 8, J(p) is concave, continuous, and strictly decreasing in 5. This completes the proof of

part (i) of Lemma 4.3.
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Part (ii) of Lemma 4.3 holds because for any 7 > 0

T+T1—1
ﬁh—{goE kz:% (wp(Th + b+ k) —ﬁ)] = —00 (4.64)
and
T+T1—1
lim E Th+b+k)— = 00. 4.65
i ;(wp(ﬁr + k) ﬁ)] 00 (4.65)

This completes the proof.

4.C Proof of Theorem 4.4

According to (4.22) and the definition of set Q,,,(\), a point (A,,(t),d,,(t)) € 2, () if
either (i) d,,(t) > 0 such that a feature from source m is currently in service at time t, or (ii)
Y (A (1)) < Prmopt(A) such that the threshold condition in (4.22) for sending a new feature

is not satisfied. By this, an analytical expression of set €,,,(\) is derived as

Qn(A) = {(6,d) : d > 0 or n(0) < Pm.opt(A)}, (4.66)

where according to Theorem 4.2 and Theorem 4.3, 8 = Py, opt(A) is the unique root of

Jm,l (ﬁ) + AE[Tm,l] = 07 (467)
and
Drm,it1(8)—1
t=Dp, i (B)

Because AE[T}, ] does not change with £, from Lemma 4.3, we can show that J,,1(5) is
a strictly decreasing function of § with limg_,o jm1(8) = —o0 and limg_,_ o jim1(8) = oo.
Hence, the inverse function J, ', (+) exists and from (4.67), we get J;.} (AE[T5,1]) = Drm,opt (A)-

Because the inverse function of a strictly decreasing function is strictly increasing, pp, opt(A)
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is strictly increasing function of A. Substituting this into (4.66), we get that if A\; < Ao, then
QA1) € Qn(Ag).
For dummy bandits, it is optimal in (4.15) to activate a dummy bandit when A < 0.

Hence, dummy bandits are always indexable.

4.D Proof of Theorem 4.5

By substituting (4.66) into (4.25), we obtain, if d > 0, then W,,(d,d) = —oo, and if
d = 0, then

Wy (5,0) = inf{\ < 4 (8) < Propt (M) (4.68)

Using (4.23) and (4.68), we get

W, (6,0) = og%l%fifl Wi s(9,0), (4.69)
where
Winp(9,0) = inf{\ : 7,,(5) < ﬁm,b,opt()\)}. (4.70)

Because Py, p.opt(A) s strictly increasing function of A, (4.70) implies that W,, ,(6, 0) is unique

and satisfies

Prntont(Win(5,0)) = 7n(6). (471)
By including source index m into (3.32), we get

B[S sty (A1) + ABIT,, ]

t:Dm,i (ﬁm,b,opt (A))

E [D;1(Pm.b.opt(N)) — Di(Brmpopt(N))] (4.72)

ﬁm,b,opt ()\) =

By substituting A = W,,, (6, 0) and (4.71) into (4.72). and then, re-arranging, we get (4.27).
This concludes the proof.
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4.E Proof of Theorem 4.6

Preliminaries

Policy 7 in (4.9)-(4.12) can be expressed as a sequence of actions m = (u(t))i=o.1....,
with w(t) = pm(t))M_, representing actions taken at successive time slots. Let (1*(¢))i=o.1,..
denote the optimal policy for solving (4.9)-(4.12). Given the optimal dual variable A = \*,
Theorems 4.2-4.3 imply that in the optimal policy for (4.9)-(4.12), class m bandits choose
either action fi,,,(t) = 0 or pm,(t) = b5, (A\*) + 1 at every time slot t. Therefore, the optimal
state-action frequency satisfies: ujyy , = 0 for all # 0,05 (A\*) + 1. Hence, for all class m,
only two actions can occur for every bandit in class m. Thus, our multiple-action RMAB
problem can be reduced to a binary action RMAB problem. After that, for the truncated
state space (0,d) € {1,2,...,0pouna} X {0,1,...,dpouna}, we directly use [74, Theorem 13
and Proposition 14] to prove the asymptotic optimality of our policy. Though [74, Theorem
13 and Proposition 14] is proved for a single class of bandits, we can use the results for
multiple classes of bandits because of a similar argument provided in [77, Section 5]: we
argue that having multiple classes of bandits can be represented by a single class of bandits
by considering a larger state space: the state of a bandit would be (m,d,d), where m is its

class.
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Chapter 5
Learning and Communications Co-design for Remote Inference: Feature Length Selection

and Transmission Scheduling
5.1 Introduction

In this paper, we study a learning and communications co-design problem that jointly
controls the timeliness and the length of the feature sequences. The contributions of this

paper are summarized as follows:

e We demonstrated that the inference error is a function of the Aol, whereas the function
is not necessarily monotonic. This chapter further investigates the impact of feature
length on inference error. Our information-theoretic and experimental analysis show
that the inference error is a non-increasing function of the feature length (See Figs.

2.5(a)-5.3(a), and Lemma 5.1).

e We propose a novel learning and communications co-design framework (see Section
5.2). In this framework, we adopted the “selection-from-buffer” model proposed in [12],
which is more general than the popular “generate-at-will” model that was proposed
in [20] and named in [21]. In addition, we consider both time-invariant and time-variant
feature length. Earlier studies, for example [12, 78], did not consider time-variant

feature length.

e For a single sensor-predictor pair and a single channel, this paper jointly optimizes
feature length selection and transmission scheduling to minimize the time-averaged in-
ference error. This joint optimization is formulated as an infinite time-horizon average-
cost semi-Markov decision process (SMDP). Such problems often lack analytical so-
lutions or closed-form expressions. Nevertheless, we are able to derive a closed-form
expression for an optimal scheduling policy in the case of time-invariant feature length
(Theorem 5.1). The optimal scheduling time strategy is a threshold-based policy. Our
threshold-based scheduling approach differs significantly from previous threshold-based
policies in e.g., [12,23,25-27], because our threshold function depends on both the Aol
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value and the feature length, while prior threshold functions rely solely on the Aol
value. In addition, our threshold function is not necessarily monotonic with Aol. This

is a significant difference with prior studies [23,25-27].

e We provide an optimal policy for the case of time-variant feature length. Specifically,
Theorem 5.2 presents the Bellman equation for the average-cost SMDP with time-
variant feature length. The Bellman equation can be solved by applying either relative
value iteration or policy iteration algorithms [72, Sec. 11.4.4]. Given the complexity
associated with converting the average-cost SMDP into a Markov Decision Process
(MDP) suitable for relative value iteration, we opt for the alternative: using the policy
iteration algorithm to solve our average-cost SMDP. By leveraging specific structural
properties of the SMDP, we can simplify the policy iteration algorithm to reduce its
computational complexity. The simplified policy iteration algorithm is outlined in

Algorithm 2 and Algorithm 3.

e Furthermore, we investigate the learning and communications co-design problem for
multiple sensor-predictor pairs and multiple channels. This problem is a restless multi-
armed, multi-action bandit problem that is known to be PSPACE-hard [75]. Moreover,
proving indexability condition relating to Whittle index policy [33] for our problem is
fundamentally difficult. To this end, we propose a new scheduling policy named “Net
Gain Maximization” that does not need to satisfy the indexability condition (Algorithm

5).

e Numerical evaluations demonstrate that our policies for the single source case can
achieve up to 10000 times performance gain compared to periodic updating and zero-
wait policy (see Figs. 5.5-5.6). Furthermore, our proposed multiple source policy
outperforms the maximum age-first policy (see Fig. 5.7) and is close to a lower bound

(see Fig. 5.8).

5.1.1 Related Works

The age of information (Aol) has emerged as a popular metric for analyzing and

optimizing communication networks [32, 79], control systems [27, 80], remote estimation
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(25, 45], and remote inference [11,12]. As surveyed in [43], several studies have investi-
gated sampling and scheduling policies for minimizing linear and nonlinear functions of
Aol [12,21,23,26-28,30-32,79,81-84]. In most previous works [21,23,26-28,30-32,79,81-84],
monotonic Aol penalty functions are considered. However, in a recent study [12], it is demon-
strated that the monotonic assumption is not always true for remote inference. In contrast,
the inference error is a function of Aol, but the function is not necessarily monotonic. The
present paper further investigates the impact of feature length on the inference error and
jointly optimizes Aol and feature length.

In recent years, researchers have increasingly employed information-theoretic metrics to
evaluate information freshness [11,12,23,24,36-38,85]. In [23,24,36], the authors utilized
Shannon’s mutual information to quantify the amount of information carried by received data
messages about the current source value, and used Shannon’s conditional entropy to measure
the uncertainty about the current source value after receiving these messages. These metrics
were demonstrated to be monotonic functions of the Aol when the source follows a time-
homogeneous Markov chain [23,24]. Built upon these findings, the authors of [38] extended
this framework to include hidden Markov model. Furthermore, a Shannon’s conditional en-
tropy term Hgpannon(Y:|Xi—a@) = @) was used in [37,85] to quantify information uncertainty.
However, a gap still existed between these information-theoretic metrics and the perfor-
mance of real-time applications such as remote estimation or remote inference. In our recent
works [11,12,14] and the present paper, we have bridged this gap by using a generalized condi-
tional entropy associated with a loss function L, called L-conditional entropy, to measure (or
approximate) training and inference errors in remote inference, as well as the estimation error
in remote estimation. For example, when the loss function L(y,3) is chosen as a quadratic
function ||y — g|3, the L-conditional entropy Hy (Y| Xi—aq)) = ming E[(Y; — ¢(Xi—aw))?] is
exactly the minimum mean squared estimation error in remote estimation. This approach
allows us to analyze how the Aol A(t) affects inference and estimation errors directly, in-
stead of relying on information-theoretic metrics as intermediaries for assessing application
performance. It is worth noting that Shannon’s conditional entropy is a special case of
L-conditional entropy, corresponding to the inference and estimation errors for softmax re-

gression and maximum likelihood estimation, as discussed in Section 5.2.
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The optimization of linear and non-linear functions of Aol for multiple source scheduling
can be formulated as a restless multi-armed bandit problem [12,26,86-88]. Whittle, in his
seminal work [33], proposed an index-based policy to address restless multi-armed bandit
(RMAB) problems with binary actions determining whether to select or not select a bandit.
Our multiple source scheduling problem is a RMAB problem with multiple actions. An
extension of the Whittle index policy for multiple actions was provided in [89], but it requires
to satisfy a complicated indezability condition. In [78], the authors considered joint feature
length selection and transmission scheduling, where the penalty function was assumed to
be non-decreasing in the Aol, the feature length is time-invariant, and there is only one
communication channel. Under these assumptions, [78] established the indexability condition
and developed a Whittle Index policy. Compared to [78], our work could handle both
monotonic and non-monotonic Aol penalty functions, both time-invariant and time-variant
feature lengths, and both one and multiple communication channels.

Because of (i) the time-variant feature length and non-monotonic Aol penalty function
and (ii) the fact that there exist multiple transmission actions, we could not utilize the
Whittle index theory to establish indexability for our multiple source scheduling problem. To
address this challenge, we propose a new “Net Gain Maximization” algorithm (Algorithm 5)
for multi-source feature length selection and transmission scheduling, which does not require
indexability. During the revision of this paper, we found a related study [85], where the
authors introduced a similar gain index-based policy for a RMAB problem with two actions:
to send or not to send. The “Net Gain Maximization” algorithm that we propose is more
general than the gain index-based policy in [85] due to its capacity to accommodate more

than two actions in the RMAB.

5.2 System Model and Scheduling Policy

We consider a remote inference system composed of a sensor, a transmitter, and a
receiver, as illustrated in Fig. 5.1. The sensor observes a time-varying target Y; € Y
and feeds its measurement V; € V to the transmitter. The transmitter generates features

from the sensory outputs and progressively transmits the features to the receiver through a
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Figure 5.1: A remote inference system, where Xf_b = Vi, Vicp—1y - -+, Vicp—i41) is a feature with
sequence length [.

communication channel. Within the receiver, a neural network infers the time-varying target

based on the received features.

System Model

The system is time-slotted and starts to operate at time slot t = 0. At every time
slot t, the transmitter appends the sensory output V; € V to a buffer that stores the B
most recent sensory outputs (Vi, Vi_1,...,Vi_pi1); meanwhile, the oldest output V,_p is
removed from the buffer. We assume that the buffer is full initially, containing B signal
values (Vo, Vi,...,V_py1) at time t = 0. This ensures that the buffer remains consistently
full at any time ¢.! The transmitter progressively generates a feature X! ,, where each
feature lefb = (Viep, ..., Visp_141) € V! is a temporal sequence of sensory outputs taken
from the buffer such that V' is the set of all I-tuples that take values from V, 1 <[ < B, and
0 < b < B — 1. For ease of presentation, the temporal sequence length [ of feature X! , is
called feature length and the starting position b of feature X! , in the buffer is called feature
position. If the channel is idle in time slot ¢, the transmitter can submit the feature X! , to

the channel. Due to communication delays and channel errors, the feature is not instantly

IThis assumption does not introduce any loss of generality. If the buffer is no full at time ¢ = 0, it would
not affect our results.
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Figure 5.2: Performance of wireless channel state information prediction: (a) Inference error Vs.
Feature length and (b) Inference error Vs. Aol

received. The most recently received feature is denoted as X! s = (Vi_s, Viis_1,. .., Vics_141),
where the latest observation V;_s in feature X,f_ s 1s generated ¢ time slots ago. We call §
the age of information (Aol) which represents the difference between the time stamps of the
target Y; and the latest observation V,_s in feature lef(;.

The receiver consists of B trained neural networks, each associated with a specific feature
length [ = 1,2,..., B. The neural network associated with feature length [ takes the Aol
§ € ZT and the feature X! 5 € V' as inputs and generates an output a = ¢;(6, X! ;) € A,
where the neural network is represented by the function ¢; : Z* x V! ++ A. The performance
of the neural network is measured by a loss function L : J x A +— R, where L(y, a) indicates
the incurred loss if the output a € A is used for inference when Y; = y. The loss function
L is determined by the purpose of the application. For example, in softmax regression (i.e.,
neural network based maximum likelihood classification), the output a = Qy is a distribution
of Y; and the loss function Liog(y, Qy) = —log Qy(y) is the negative log-likelihood of the
value Y; = y. In neural network based mean-squared estimation, a quadratic loss function
Ly(y,¥) = |ly — I3 is used, where the action a = ¥ is an estimate of the target value V; = y

and [|y||2 is the euclidean norm of the vector y.

Inference Error

We assume that {(Y;, X!),t € Z} is a stationary process and the processes {(V;, X}),t €
Z} and {A(t),t = 0,1,2,...} are independent for every [. Under these assumptions, given
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Aol ¢ and feature length [, the expected inference error is a function of § and [, given by

errinference((Su l) = IE’Y,XZNPY 1 |:L (K (bl (57 Xl) >:| ) (51)
X5

where Py, xi s the joint distribution of the label Y; and feature X! ; during online inference
and the function ¢; represents any trained neural network that maps from Z* x V' to A.
The inference error erriyference(9, /) can be evaluated through machine learning experiments.

In this paper, we conduct two experiments: (i) wireless channel state information (CSI)
prediction and (ii) actuator states prediction in the OpenAl CartPole-v1 task [2]. Detailed
information regarding the experimental setup for both experiments can be found in Appendix
A of the supplementary material. The code for these experiments is available in GitHub
repositories?:3.

The experimental results, presented in Figs. 5.2(a)-5.3(a), demonstrate that the infer-
ence error decreases with respect to feature length. Moreover, Figs. 5.2(b)-5.3(b) illustrate
that the inference error is not necessarily a monotonic function of Aol. These findings align
with machine learning experiments conducted in [11,12,14]. Collectively, the results from

this paper and those in [11,12,14] indicate that longer feature lengths can enhance inference

accuracy and fresher features are not always better than stale features in remote inference.

Feature Length Selection and Transmission Scheduling Policy

Because (i) fresh feature is not always better than stale feature and (ii) longer feature
can improve inference error, we adopted “selection-from-buffer” model, which is recently
proposed in [12]. In contrast to the “generate-at-will” model [20,21], where the transmitter
can only select the most recent sensory output V;, the “selection-from-buffer” model offers
greater flexibility by allowing the transmitter to pick multiple sensory outputs (which can
be stale or fresh). In other words, “selection-from-buffer” model allows the transmitter
to choose feature position b and feature length [ under the constraints 1 < [ < B — 1

and 0 < b < B — [. Feature length selection represents a trade-off between learning and

2https://github.com/Kamran0153/Channel-State-Information-Prediction
Shttps://github.com/Kamran0153/Impact-of-Data-Freshness-in-Learning
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communications: A longer feature can provide better learning performance (see Figs. 2.5-
5.3), whereas it requires more channel resources (e.g., more time slots or more frequency
resources) for sending the feature. This motivated us to study a learning-communication co-
design problem that jointly optimizes the feature length, feature position, and transmission
scheduling.

The feature length and feature position may vary across the features sent over time.
Feature transmissions over the channel are non-preemptive: the channel must finish sending
the current feature, before becoming available to transmit the next feature. Suppose that
the ¢-th feature Xlg'i_bi = (Vis,—b;s Vis,—b;—1, - - - » Vis,—b;—1,+1) 18 submitted to the channel at time
slot t = 5;, where [; is its feature length and b; is its feature position such that 1 < [; < B
and 0 < b, < B —1[;. It takes Tj(l;) > 1 time slots to send the i-th feature over the
channel. The i-th feature is delivered to the receiver at time slot D; = S; + T;(l;), where
S; < D; < Siyq. The feature transmission time 7;(l;) depends on the feature length /;. Due
to time-varying channel conditions, we assume that, given feature length I; = [, the T;(l)’s
are 7.i.d. random variables, with a finite mean 1 < E[T;(1)] < co. Once a feature is delivered,
an acknowledgment (ACK) is sent back to the transmitter, notifying that the channel has
become idle.

In time slot ¢, the i(¢)-th feature Xgi((tt>>—bi(t) is the most recently received feature, where

i(t) = max;{D; < t}. The receiver feeds the feature Xéff(tt))_b , to the neural network to

it
infer Y;. We define age of information (Aol) A(t) is defined as the difference between the

. lZ
in feature XJ<® and the current

time-stamp of the freshest sensory output Vg, , Suo—bie)

—by(1)

time ¢, i.e.,
At) =t — mZaX{Si — b D; <t} (5.2)
Because D; < D;,q, it holds that
Aty =t—S;+b;, if D; <t < D;y;. (5.3)

The initial state of the system is assumed to be Sy = 0,1y = 1,by = 0, Dy = Ty(lp), and A(0)

is a finite constant.
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Figure 5.3: Performance of actuator state prediction in the OpenAl CartPole-v1 task under me-
chanical response delay: (a) Inference error Vs. Feature length and (b) Inference error Vs. Aol.

Let m = ((S1,b1,11), (S2,b2,1s),...) represent a scheduling policy and II denote the set
of all the causal scheduling policies that satisfy the following conditions: (i) the scheduling
time .5;, the feature position b;, and the feature length [; are decided based on the current
and the historical information available at the transmitter such that 1 <[, < Band 0 <b; <
B —1;, (ii) the scheduler does not have access to the realization of the process {(Y;, X}),t =
0,1,2,...}, and (iii) the scheduler has access to the inference error function erriygerence(:) and
the distribution of T;(1) for each [ = 1,2, ..., B. We use II;,, C II to denote the set of causal

scheduling policies with time-invariant feature length, defined as
B
I—[inv = U]-_-[b (54)
=1

where I, ;= {mr €l : [ =l =--- =1}.

5.3 Preliminaries: Impacts of Feature Length and Aol on Inference Error

In this section, we adopt an information-theoretic approach that was developed recently

in [12] to show the impact of feature length [ and Aol ¢ on the inference error erriyerence (9, )-

Information-theoretic Metrics for Training and Inference Errors
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Training error erryaining(d, 1) is expressed as a function of ¢ and [, given by

errtraining((Su l) = EY,XZNPY, %l [L<Y7 (bl((sa Xl>>]7 (55)
02 _s

where ¢ a trained neural network used in (5.1) and Py, 31 S is the joint distribution of the
target Yy and the feature X s in the training dataset. The training error erriaining(d,!) is
lower bounded by

[L(Y> ¢l(57 Xl))]7 (56)

x!

H; (Yo|X",) = minE
L( 0| _5) glé% Y,XZNP{,O, »

where ® = {¢; : ZT x V' — A} is the set of all functions that map from Z* x V! to A.
Because the trained neural network ¢; in (5.5) satisfies ¢, € ®, HL(}N/O\X'Z_(;) < eITiraining (6, ).
The inference error erriyference(d, 1) can be approximated as the following L-conditional

Cross entropy

HL(PK%XL&; PY’OIXZ_JPXLJ) - Z PXé—a(x)EYNPYt\XLé:z {L (Y’ apffo)'(l_az)} ! (5'7)

rzeXx!

where the L-conditional cross entropy Hi(Py|x; Py x| Px) is defined as [12]

Hy(Pyixi Pz Px) = 3 Px(@)Eyony v [L (Y, ap?l)_(:z)] . (5.8)
zeX
If training algorithm considers sets of large and wide neural networks such that a Py 5 and
olX_s==

#1(6, z) for all § € ZT and z € X! are close to each other, then the difference between the in-

ference error erripgerence (9, ) and the L-conditional cross entropy H L(Pyt| X!

G P [ Pxi ) s

small [12]. Compared to eITipference (9, 1), the L-conditional cross entropy Hy (Py, XL Py st , ’PXL&)

are mathematically more convenient to analyze, as we will see next.

Information-theoretic Monotonicity Analysis
The following lemma interprets the monotonicity of the L-conditional entropy Hy (Y| X" ;)

and the L-conditional cross entropy Hp(Py,xt_; Py 5t §|Pth_5) with respect to the feature

8

length [.
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Lemma 5.1 The following assertions are true:

(a) Given § >0, HL(SN/O\XI_(;) is a non-increasing function of 1, i.e., for all 1 <y <y

Hy (Yol X"5) < Hi(YolX"). (5.9)
(b) Given 3> 0, if for alll =1,2,..., and x € V!

S P (@)Y (Pt () — Prys o)) < B (5.10)

reX! yey

then for all 1 <1y <y

HL(Pyt|th2_5; P370|)~(l_25’Pth2_5) S HL(PYHX?_(;; PYO\XZ_{;’PX?_(;) + O(ﬁ) (511)
Proof 5.1 Lemma 1 can be proven by using the data processing inequality for L-conditional

entropy [48, Lemma 12.1] and a local information geometric analysis. See Appendixz 5.B for

the details.

Lemma 5.1(a) demonstrates that for a given Aol value §, the L-conditional entropy
Hp(Ys|XY;) decreases as the feature length [ increases. This is due to the fact that a longer
feature provides more information, consequently leading to a lower L-conditional entropy.
Additionally, as indicated in Lemma 5.1(b), when the conditional distributions in training
and inference data are close to each other (i.e., when  in (5.10) is close to 0), the L-
conditional cross entropy Hyp(Py, X!, Py 50 s |PXL(;) is close to a non-increasing function of
the feature length [. This information-theoretic analysis clarifies the experimental results
depicted in Fig. 2.5(a) and Fig. 5.3(a), where the inference error diminishes with the

increasing feature length.

5.4 Learning and Communications Co-design: Single Source Case

Let d(t) denote the feature length of the most recently received feature in time slot ¢.

The time-averaged expected inference error under policy m = ((S1,b1,11), (S2,bs,l2),...) is
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expressed as

T-1

Pr = lim sup %Eﬂ D eringerence (A(1), d(1)) | | (5.12)

T=ro0 =0
where p, is denoted as the time-averaged inference error, and erriygerence(A(t), d(t)) is the
expected inference error at time ¢ corresponding to the system state (A(t),d(t)). In this
section, we slove two problems. The first one is to find an optimal policy that minimizes the
time-averaged expected inference error among all the causal policies in Il;,, that consider
time-invariant feature length. Another problem is to find an optimal policy that minimizes

the time-averaged expected inference error among all the causal policies in II.

5.4.1 Time-invariant Feature Length

We first find an optimal policy that minimizes the time-averaged inference error among
all causal policies with time-invariant feature length in II;,, defined in (5.4):

T-1

Pin—_inf limsup ZE, > ettt (0. d(0) (5.13)
where Py, is the optimum value of (5.13). The problem (5.13) is an infinite time-horizon
average-cost semi-Markov decision process (SMDP). Such problems are often challenging to
solve analytically or with closed-form solutions. The per-slot cost function erryyference (A(%), d(t))
in (5.13) depends on two variables: the Aol A(t) and the feature length d(t). Prior stud-
ies [21,23,25-27,29,32,45,79] have considered linear and non-linear monotonic Aol functions.
Due to the fact that (i) the cost function in (5.13) depends on two variables and (ii) is not
necessarily monotonic with respect to Aol, finding an optimal solution is challenging and
the existing scheduling policies cannot be directly applied to solve (5.13). Therefore, it is

necessary to develop a new scheduling policy that can address the complexities of (5.13).
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Surprisingly, we get a closed-form solution of (5.13). To present the solution, we define

a function 7;(d, d) as

T—1

v(d,d) := inf 1 Z E [errinference ((5 + 7+ T1(1), d)} ) (5.14)

re{1,2,.} T 4
Jj=0

Theorem 5.1 IfT;(l)’s are i.i.d. with a finite mean E[T;(1)] for each | =1,2,... B, then
there exists an optimal solution 7 = ((S7,b%,1*), (S5,05,1%),...) € Uiy to (5.13) that satis-
fies:

(a) The optimal feature position in 7* is time-invariant, i.e., b = b5 = --- = b*. The

optimal feature length I* and the optimal feature position b* in 7 are given by

(I*,0") = argmin Gy, (5.15)
IEZ,bET.
1<I<B,0<b<B—I

where By is the unique root of equation

Dit1(By,1)—1
E Z errinference(Ab(t>7 l)
t=D;(Bp,1)
By E [Dm(ﬁb,l) D] =0 (5.16)

D;i(Br1) = Si(Byy) + Ti(1), Ap(t) =t — Si(Bey) + b, the sequence (S1(Boi), Sa(Bbi)s - --)

1s determined by

Siv1(Be) = Itréi%l{t > Di(Boa) : n(Au(t), 1) > By}, (5.17)

and the function ~y(-) is defined in (5.14).

(b) The optimal scheduling time Sf,, in ©* is determined by

)

Sipy=min {¢ = 57T (1) (B (), 1)2 P }. (5.18)
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where Ay« (t) =t — SF + b* is the Aol at time t. The optimal objective value Py, of
(5.13) is

Pinv = le%l,ibrelz Bo,- (5.19)

1<I<B,0<b<B—I
We prove Theorem 5.1 in two steps: (i) We find B policies, each of which is optimal among
the set of policies II; where [ = 1,2,..., B. After that (ii) we select the policy that results
in the minimum average inference error among the B policies. See Appendix 5.C for details.
Theorem 5.1 implies that the optimal scheduling policy has a nice structure. According
to Theorem 5.1(a), the feature position b} is constant for all i-th features, i.e., bf = b5 =
... =0b*. The optimal feature length [* and the optimal feature position b* are pre-computed
by solving (5.15) and then used in real-time. The parameter (3, in (5.15) is the unique
root of (5.16), which is solved by using low-complexity algorithms, e.g., bisection search,
newtons method, and fixed point iteration [25]. Theorem 5.1(b) implies that the optimal
scheduling time S}, follows a threshold policy. Specifically, a feature is transmitted in
time-slot ¢ if the following two conditions are satisfied: (i) The channel is idle in time-slot
t and (ii) the value ;< (A(t),1*) exceeds the optimal objective value py,, of (5.13). The
optimal objective value py,, is obtained from (5.19). Our threshold-based scheduling policy
has a significant distinction from previous threshold-based policies studied in the literature,
such as [23,25,27,45]. In these prior works, the threshold function used to determine the
scheduling time is based solely on the Aol value and is non-decreasing with respect to Aol.
However, in our proposed strategy, (i) the threshold function ~;(-) depends on both the Aol
value and the feature length and (ii) the threshold function v,(-) can be non-monotonic with

respect to Aol.

Monotonic Aol Cost function

Consider a special case where the inference error erriyference(d,!) is a non-decreasing
function of § for every feature length [. A simplified solution can be derived for this specific

case of (5.13). In this scenario, the optimal feature position is b* = 0, and the threshold
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function 7;(-) defined in (5.14) becomes:

7(6,d) =E {errinference <<5 +T1(1), d)} . (5.20)

In this special case of monotonic Aol cost function, (5.18) can be rewritten as a threshold

policy of the Aol A(t) in the form of A(t) > w(l*, Py ), where w(l, 3) is defined as:

w(t,5) = {5204 E [ertusn (54 T011) | 2 5. (521)

However, when erTiyference(d, 1) is not monotonic with respect to Aol 4, (5.18) cannot be
reformulated as a threshold policy of the Aol A(t). This is a key difference with earlier
studies [23,26,27].

Connection with Restart-in-state Problem

Consider another special case in which all features take 1 time-slot for transmission. For

this special case, the threshold function ~;(-) defined in (5.14) becomes

0,d) = f E inference | 0 1,d 5.22
Y(6,d) = Te{11n2,...} . Z {efr f ( +J+ )} (5.22)
This special case of (5.13) is a restart-in-state problem [70, Chapter 2.6.4]. This is because
whenever a feature with the optimal feature length [* and from the optimal feature position
b* is transmitted, Aol value restarts from b*+1 in the next time slot. For this restart-in-state
problem, the optimal sending time follows a threshold policy [70, Chapter 2.6.4]. Specifically,

a feature is transmitted if
h(Ap+ (t 4+ 1),1%) > h(b" + 1,1%), (5.23)

where the relative value function h(d,*) of the restart-in-state problem is given by

Z

Z( rr1nfe1rence 5 + k l ) ﬁinv)

k=

h(6,I*) = min E

h(b* +1,1). 24
min +h(b"+1,17) (5.24)
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By using (5.24), we can show that (5.23) is equivalent to
Vi (Ap (), 1) = Piny- (5.25)

where the function (9, d) is defined in (5.22). This connection between the restart-in-state
problem and Aol minimization was unknown before. The original problem considers more
general T;(l), which can be considered as a restart-in-random state problem. This is because
whenever i-th feature with optimal feature length [* and from optimal feature position b* is

transmitted, Aol restarts from a random value b* + T;(I*) after T;({*) time slots.

5.4.2 Time-variant Feature Length

Now, we find an optimal scheduling policy that minimizes time-averaged inference error
among all causal policies in II:

T—1

1
Dop—1n1 1i —K inferen A757dt 9 2
Popr=10f lim sup 7 ;:0 eTTinference (A (1), d(t)) (5.26)
where eITipference (A (%), d(t)) is the inference error at time slot ¢ and p, is the optimum value

of (5.26). Because II;,, C II,
ﬁopt S pinva (527)

where Py, is the optimum value of (5.13). Like (5.13), problem (3.3) can also be expressed
as an infinite time-horizon average-cost SMDP. Note that (3.3) is more complex SMDP than
(5.13) because the feature length in (5.26) is allowed to vary over time.

The optimal policy can be determined by using a dynamic programming method asso-
ciated with the average cost SMDP [69, 72]. There exists a function h(-) such that for all
§ € ZT and 0 < d < B, the optimal objective value p,,: of (5.26) satisfies the following
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Bellman equation:

Z+T1(h)—-1
h(d,d) = i E| > (errinference(5+k,d)—popt) +E[R(Ty(1) + b,1)]. (5.28)
1€Z:1<I<B k=0
beZ:0<b<B—1

Let (Z*(0,d),1*(d,d),b*(d,d)) be the optimal solution to the Bellman equation (5.28). There
exists an optimal solution 7* = ((S}, b3, 1), (S5, 05,13),...) € II to (3.3), determined by

L = V(L) + 03, 1), (5.29)
biyy = b (T(17) + b7, 1), (5.30)
Sipn = 57 + (7)) + Z7(T(0F) + b, 1), (5.31)

where Z*(T;(IF) + bf,[}) is the optimal waiting time for sending the (i 4+ 1)-th feature after
the ¢-th feature is delivered.

To get the optimal policy 7*, we need to solve (5.28). Solving (5.28) is complex as it
requires joint optimization of three variables. Moreover, an optimal solution obtained by

the dynamic programming method provides no insight. We are able to simplify (5.28) in

Theorem 5.2 by analyzing the structure of the optimal solution.

Theorem 5.2 The following assertions are true:

(a) If T;(1)’s are i.i.d. with a finite mean E[T;(1)] for each | =1,2,..., B, then there exists
a function h(-) such that for all 6 € Z* and 0 < d < B, the optimal objective value

Popt 0f (5.26) satisfies the following Bellman equation:

h(3,d)
7 (5,d) +T4 (l)

-1
= min {IE Z <errinference(5 + k, d)—ﬁopt) + Igli%; E[A(Ty(I) + b, l)]},

I€Z. €
1<I<B k=0 0<b<B-1

(5.32)
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where h(-) is called the relative value function and the function Z;(0,d) is given by
Z)(6,d) = mi%{r >0:%(0+7,d) > Popt} (5.33)
TE

and the function ~,(0,d) is defined in (5.14).

(b) In addition, there exists an optimal solution ™ = ((S7,b5,07), (S5,03,055),...) € II to
(5.26) that is determined by

Zi(Ta (1) +07,17)
+11 (l) —1

li,, = argmin {E{ Z (errinference(A(Di) + k7)) — popt)}
ez —
1<I<B
+ min E[h(Ti(1) + 0, l)]}, (5.34)
0<b< Bt
bigy= argmin  E[(Ti(l7 ) + b, 14, (5.35)

bEZO<b<B—IF

S;K-H :It%i%l{t > Di : w;ﬂ (A(t), ll*) > ﬁopt}, (536)

where A(t) =t — Sf + b} is the Aol at time t and D; = S} + T;(I7) is the i-th feature

delivery time.

Theorem 5.2(a) simplifies the Bellman equation (5.28) to (3.22). Unlike (5.28), which in-
volves joint optimization of three variables, (5.32) is an integer optimization problem. This
simplification is possible because, for a given feature length [, the original equation (5.28) can
be separated into two separated optimization problems. The first problem involves finding
the optimal stopping time, denoted by Z;(4,d) defined in (5.33), and the second problem is
to determine the feature position b that minimizes E[h(T1(l) 4+ b,1)]. By breaking down the
original equation in this way, we can solve the problem more efficiently. Detailed proof of
Theorem 5.2 can be found in Appendix 5.D.

Furthermore, Theorem 5.2(a) provides additional insights into the solution of (5.28).
Theorem 5.2(a) implies that the optimal stopping time Z*(d,d) in (5.28) follows a threshold
policy. Specifically, if I*(5,d) = [, then Z*(9,d) equals Z,(d,d), which is defined in (5.33).
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Algorithm 2 Policy Evaluation Algorithm
1: Input: Z.(4,d), (0, d), and b,(0,d) for all (9, d).

2: Initialize h,(d,d) arbitrarily for all (d,d), except for one fixed state (¢',d’) with
he(d',d") = 0.

3: Initialize a small positive number a4 as a threshold.

4: repeat

5: 91 +— 0.

6: Determine p, using (5.37).

7 for each state (d,d) do

8: 7' Z.(6,d) + T1(1: (5, d)).

9: h;r((sa d) — E[Z;:Ol (errinference(5+k7 d)_ﬁﬂ)] +E[h7r(T1(l7r(5v d)) +b7r<57 d)7 lﬂ(5’ d))]

10: 01 + max{6,, |h;(5, d) — h.(9, d)‘}

11: end for

12: hy <= hl.

13: until 01 S aq.
14: return p, and h.(-).

Here, Z;(0,d) is the minimum positive integer value 7 for which +;(0 + 7, d) defined in (5.14)
exceeds the optimal objective value pop.

Theorem 5.2(b) provides an optimal solution 7* € II to (5.26). According to Theorem
5.2(b), by using precomputed p,, and the relative value function h(-), we can obtain the
optimal feature length I7,; from (5.34) using an exhaustive search algorithm. After obtaining
l¥,,, the optimal feature position b}, ; can be determined from (5.35). The optimal scheduling
time S}, provided in (5.36) follows a threshold policy. Specifically, the (i 4 1)-th feature is
transmitted in time-slot ¢ if two conditions are satisfied: (i) the previous feature is delivered
by time ¢, and (ii) the function v,  (A(?)
(5.26).

[¥) exceeds the optimal objective value p,, of

PR

Policy Iteration Algorithm for Computing p,,: and h(-)

To effectively implement the optimal solution 7* € II for (5.26), as outlined in Theorem
5.2, it is necessary to precompute the optimal objective value p,, and the relative value
function h(-) that satisfies the Bellman equation (5.32). The computation of p,,: and h(-) can
be achieved by employing policy iteration algorithm or relative value iteration algorithm for
SMDPs, as detailed in [72, Section 11.4.4]. To apply the relative value iteration algorithm, we

need to transform the SMDP into an equivalent MDP. However, this transformation process
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can be challenging to execute. Therefore, in this paper, we opt to utilize the policy iteration
algorithm specifically tailored for SMDPs [72, Section 11.4.4]. Algorithm 3 provides a policy
iteration algorithm for obtaining p,,: and h(-), which is composed of two steps: (i) policy
evaluation and (ii) policy improvement.

Policy Evaluation: Let h, and p, be the relative value function and the average inference
error under policy 7. Let [;(9,d), b.(6,d), and Z.(d,d) represent feature length, feature
position, and waiting time for sending the (i 4+ 1)-th feature under policy = when A(D;) =§
and d(D;) = d. Given [(d,d), bx(d,d), and Z.(6,d) for all (§,d), we can evaluate the relative
value function h,(-) and the average inference error p, using Algorithm 2. The relative
value function h, (4, d) represents relative value associated with a reference state. We can set
(0,d") as a reference state with h.(d',d’) = 0. By using h,(d',d’) = 0, the average inference
error p, is determined by

1 T—1
Pr = —— (E S etinterence(d + by @) | + Elha (Ty(1(8', d)) + be (81, ), 18, d’))]),

k=0

(5.37)

where 7 = Z,(0',d") + T1(l:(',d")). We then use an iterative procedure within Algorithm 2
to determine the relative value function h,(-).

Policy Improvement: After obtaining h, and p, from Algorithm 2, we apply Theorem
5.2 to derive an improved policy 7’ in Algorithm 3. Feature length [,/(9, d), feature position
by (0, d), and waiting time Z,.(d, d) under policy 7’ is determined by

Zl(5,d)+Tl(l)—l
l+(9,d) = argmin {E Z ITinference (0 + &, d)

1<I<B 0

— E[Z,(6,d) + T1(1)]px

+ 0<rbn<ig_l]E[h7r(T1(l) + 0, l)]}, (5.38)
b (8,d) = argmin E[hr(Ti(Ly (3, d))+b, L (0, )], (5.39)

0<b<B—1_;(6,d)
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Algorithm 3 Policy Iteration Algorithm

1. Initialize Z.(9,d), 1:(6,d), and b, (6, d) for all (9, d).
2: Initialize a small positive number a5 as threshold.

3: repeat

4: 92 + 0.

5: Obtain h.(-) and p, from Algorithm 2.

6: for all (6,d) do

7 Get L(0,d), by (6,d), Z(6,d) using (5.38)-(5.40).
8: 5 < max {6’2, |l (6,d) — 1:(6,d)|

9: + b (6,d) — b (6,d)| + | Zw (9, d) — Z (0, d)|}
10: L(6,d) < 1 (d,d).

11: br(0,d) « b (6,d).

12: Z:(0,d) «+ Z(6,d).

13: end for

14: until 6, < as.
15: return poy < pr and h < h;.

Zw(8,d) :Ter{%ilnm} {r>0:v 600 +7,d) >p:} (5.40)

Instead of a joint optimization problem (5.28), Algorithm 3 utilizes separated optimization
problems (5.38)-(5.40) based on Theorem 5.2. If the improved policy 7’ is equal to the old
policy , then the policy iteration algorithm converges. Theorem 11.4.6 in [72] establishes
the finite convergence of the policy iteration algorithm of an average cost SMDP.

Now, we discuss the time-complexity of Algorithms 2-3. To manage the infinite set of
Aol values in practice, we introduce an upper bound denoted as dpoung. Whenever § exceeds
Obound; We set h (9, d) = hy(dpouna, d) for all d. Hence, each iteration of our policy evaluation
step requires one pass through the approximated state space {1,2, ..., dpouna} X {1,2,..., B}.
Therefore, the time complexity of each iteration is O(dpounaB), assuming that the required
expected values are precomputed. Considering the bounded set {0, 1,...,dpouna} instead
of Z*, the time complexities of (5.38), (5.39), and (5.40) are O(B?), O(B), and O(Spound),
respectively, provided that the expected values in (5.38)-(5.40) are precomputed. The overall
complexity of (5.38)-(5.40) is O(max{B?, B, dpound}), Which is more efficient than the joint
optimization problem (5.28). The latter has a time complexity of O(dpounaB?). In each

iteration of the policy improvement step, the optimization problems (5.38)-(5.40) are solved
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Figure 5.4: A multiple source-predictor pairs and multiple channel remote inference system.

for all state (0,d) such that 6 = 1,2,...,0pouna and d = 1,2,..., B. Hence, the total

complexity of each iteration of the policy improvement step is O(max{B3yound; BOouna})-

5.5 Learning and Communications Co-design: Multiple Source Case

System Model

Consider a remote inference system consisting of M > 1 source-predictor pairs connected
through N > 1 shared communication channels, as illustrated in Fig. 5.4. Each source j
has a buffer that stores B; most recent signal observations at each time slot ¢. At time slot
t, a centralized scheduler determines whether to send a feature from source j with feature
length [;(t) and feature position b;(t). We denote [;(t) = 0 if the scheduler decides not to
send a feature from source j at time ¢. If a feature from source j is sent, we assume it will
be delivered to the j-th neural predictor in the next time slot using /;(¢) channel resources.
The transmission model of the multiple source system is significantly different from that
of the single source model discussed in Chapter 5.2. In the latter case, only one channel

was considered, while N communication channels are available in the former. The channels
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could be from multiple frequencies and/or time resources. For example, if the clock rate in
the multiple access control (MAC) layer is faster than that of the application layer, then
one application-layer time-slot could comprise multiple MAC-layer time-slots. A feature can
utilize multiple channels (i.e., frequency or time resources) for transmission during a single

time slot. However, the channel resource is limited, so the system must satisfy

> Lit) < N. (5.41)

The system begins operating at time ¢ = 0. Let S;; denote the sending time of the
i-th feature from the j-th source. Since we assume that a feature takes one time-slot to
transmit, the corresponding neural predictor receives the i-th feature from the j-th source

at time S;; + 1. The Aol of the source j at time slot ¢ is defined as
Aj(t) =1 Sjﬁ' + bj(Sj’Z'), if Sjﬂ' <t < Sj,i+1~ (542)

We denote d;(t) as the feature length of the most recent received feature from j-th source

by time ¢, given by

dj(t) = lj(SjJ‘), if Sj,i <t< Sj,i—&—l‘ (543)

Scheduling Policy

At time slot ¢, a centralized scheduler determines the value of the feature length /,(¢) and
the feature position b;(t) for every j-th source. A scheduling policy is denoted by 7 = (Wj)j]\/il,
where 7; = ((1;(1),b;(1)), (1;(2),b;(2)), . ..). Let II denote the set of all the causal scheduling

policies that determine [;(¢) and b;(¢) based on the current and the historical information

available at the transmitter such that 0 <,(t) + b,(t) < B;.

Problem Formulation
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Our goal is to minimize the time-averaged sum of the inference errors of the M sources,

which is formulated as

M T—1
1
inf » i E. | =) pi(A(t),d;(t 44
g3 e | 53 p (0,40 (5.44)
M
st. Y L) <N, t=0,1,2,..., (5.45)
j=1

where p;(A;(t),d;(t)) is the inference error of source j at time slot .

The problem (5.44)-(5.45) can be cast into an infinite-horizon average cost restless multi-
armed multi-action bandit problem [33,89] by viewing each source j as an arm, where a
scheduler needs to decide multiple actions (I;(t),b;(t))}L, at every time ¢ by observing state
(85(8),d;(1)):

Finding an optimal solution to the RMAB problem is PSPACE hard [75]. Whittle, in his
seminal work [33], proposed a heuristic policy for RMAB problem with binary action. In [89],
a modified Whittle index policy is proposed for the multi-action RMAB problems. Whittle
index policy is known to be asymptotically optimal [90], but the policy needs to satisfy a
complicated indexability condition. Proving indexability is challenging for our multi-action
RMAB problem because we allow (i) general penalty function p;(d,!) that is not necessarily
monotonic with respect to Aol ¢ and (ii) time-variant feature length. To this end, we propose

a low-complexity algorithm that does not need to satisfy any indexability condition.

Lagrangian Optimization of a Relaxed Problem
Similar to Whittle’s approach [33], we utilize a Lagrange relaxation of the problem
(5.44)-(5.45). We first relax the per time-slot channel constraint (5.45) as the following

time-average expected channel constraint

M T-1

Z limsup E,
T—o0

zj(t)] < N. (5.46)

Nl =

7=1 t=
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The relaxed constraint (5.46) only needs to be satisfied on average, whereas (5.45) is required

to hold at every time-slot. By this, the original problem (5.44)-(5.45) becomes

M M, 7-1
1
inf > i E. [ pi(A;(t),d;(t 4
;QH; l;njip ™ _T t:opj( i (1), dj( ))] 5 (5.47)
=
s.t. limsupE, | = ()| < N. 5 48
Z T—>oop _T =0 j< ) - ( )

The relaxed problem (5.47)-(5.48) is of interest as the optimal solution of the problem pro-
vides a lower bound to the original problem (5.44)-(5.45).

Lagrangian Dual Decomposition of (5.47)-(5.48)

To solve (5.47)-(5.48), we utilize a Lagrangian dual decomposition method [33,76]. At
first, we apply Lagrangian multiplier A > 0 to the time-average channel constraint (5.48)

and get the following Lagrangian dual function

;glfI Z limsupE,

T—o00

Tzl ( () + AL (1 ))] — AN. (5.49)

The problem (5.49) can be decomposed into M sub-problems. The sub-problem associated
with the j-th source is defined as:

T—

3 ( (1) + AL (t ))] (5.50)

where II; is the set of all causal scheduling policies 7;. The sub-problem (5.50) is an infinite

._\

p;(A) = inf hmsup E

5
i€l T 500

horizon average cost MDP, where a scheduler decides action (;(t),b;(t)) by observing state
(A;(t),d;(t)). The Lagrange multiplier A in (5.50) can be interpreted as a transmission cost:

whenever [;(t) = [, the source j has to pay cost of Al for using [ channel resources.
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The optimal solution to (5.50) can be obtained by solving the following Bellman equa-
tion:
hja(d,d) = min Q;x((6,d), (1,0)), (5.51)

leZ,be
0<I+b< B;

where h;(-) represents the relative value function of the MDP (5.50), and the function

QiA(+,-) is defined as follows

pi(8,d) — p;(N) + hjx(6 + 1,d), if 1 =0,
Q;n((6,d), (1,0)) =" ’ ’ (5.52)
p;(0,d) — p;j(A) + hja(b+1,1) + A, otherwise.

The relative value function h;,(-) can be computed using the relative value iteration algo-
rithm [69, 72].

Let 75y = (([51(1),65,(1)), ([51(2),05,(2)), .. .) be an optimal solution to (5.50), which
is derived by using (5.51) and (5.52). The optimal feature length I3 (¢) is determined by

~

(1) = argmax hyy(A(t) + 1, d(t))—=hya(ba() + 1, 10—, (5.53)

1€2:0<I<B;

where the function b; (1) is given by

bi(l) = argmin h;,\(b+1,10), 5.54
.]’ .77
bEZ:0<b< B;—1

The optimal feature position in 77, is

~

ia(t) = 0a(la(t)). (5.55)
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Algorithm 4 Dual Algorithm to Solve (5.56)
1: Input: Step size § > 0 and dual cost A(1) = 0.
2: Initialize A;(0), d;(0), [;(0), and b;(0) for all j.
3: Initialize a small positive number 6 as threshold.
4: repeat

5: for each source 57 do

6: if [;(k—1) > 0 then

7: Aj(k) <~ 1+bj(k—1),dj(k) < Lj(k—1).
8: else

9: Aj(k) «— Aj(k—1)+1,dj(k) < d;(k—1).
10: end if

11: Compute [; yx) (k) using (5.53).

12: Compute b; \) (k) using (5.55).

13: end for

14: Update A(k + 1) using (5.57).
15: until |(A(k + 1) — A(k)| < 0.
16: return \* + A(k + 1)

Lagrange Dual Problem
Next, we determine the optimal dual cost \* that solves the following Lagrange dual

problem:

max (), (5.56)

A>0

where ¢(\) is the Lagrangian dual function defined in (5.49). To get A\*, we apply the
stochastic sub-gradient ascent method [76], which iteratively updates A(k) as follows

A(k + 1) =max {)\(k:) + % (Z Liagy (k) — N) ,o}, (5.57)

where k is the iteration index, 8 > 0 determines the step size %, and 1 ) (k) is the feature
length of source j at the k-th iteration. Detailed optimization technique is provided in

Algorithm 4.
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5.6 Net Gain Maximization Policy

After getting optimal dual cost A\*, we can use policy (7;, ,\*)jj‘il for the relaxed problem
(5.47)-(5.48). But it is infeasible to implement the policy for the original problem (5.44)-
(5.45) because it may violate the scheduling constraint (5.45). Motivated by Whittle’s ap-
proach [33], we aim to select actions with higher priority, while satisfying the scheduling
constraint (5.45) at every time slot. Towards this end, we introduce “Net Gain”, denoted as

a;x(0,d,1), to measure the advantage of selecting feature length [, which is given by

aj,A((Sa d, l) = QjJ\((é? d)7 (07 I;J)\(l))) - ij\((é’ d)> <l7 l;j,)\(l)»v (558>

where the function @, is defined in (5.52) and the function b; , is defined in (5.54). Substi-
tuting (5.52) into (5.58), we get

ajn(8,d,1) = hin(6 4+ 1,d) — hjx(bjx(l) +1,1) — Al (5.59)

For a given A, the net gain «;\(9,d,l) has an economic interpretation. Given the
state (0,d) of source j, the net gain (9, d,l) measures the maximum reduction in the
loss by selecting source j with feature length [, as opposed to not selecting source j at
all. If a;\(6,d,1) is negative for all [ = 1,2,..., B;, then it better not to select source
Jo I aja(A(t),d;(t),l;) > aur(Ak(t),dr(t), ), then the feature length [; for source j is
prioritized over the feature length [ for source k. Under the constraint (5.45), we select

feature lengths that maximize “Net Gain”:

max 7P% (Aj(t),dj(t),lj(t)), (560)

0<l;(t)<B “
1 ()ELN] I

st. Y Li(t) <N (5.61)

The “Net Gain Maximization” problem (5.60) with constraint (5.61) is a bounded Knapsack
problem. By using (5.60)-(5.61), we propose a new algorithm for the problem (5.44)-(5.45)
in Algorithm 5.
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Algorithm 5 Net Gain Maximization Policy

: Input: Optimal dual variable A\* obtained in Algorithm 4.

: Compute a;x+(9,d, 1) using (5.59) for all j,4,d, .

: for each time t > 0 do
Update A;(t) and d;(t) using (5.42) and (5.43) for all source j.
Compute (1;(¢)), by solving problem (5.60)-(5.61).
(b;(£))721 4= (bjx+(15(£)))j2y by using (5.54).

end for

IR A

Algorithm 5 starts from ¢ = 0. At time ¢ = 0, the algorithm takes the dual variable
(transmission cost) A* from Algorithm 4 which is run offline before ¢ = 0. The “Net Gain”
a;+(0,d,1) is precomputed for every source j, every feature length [, and every state (6, d)
such that 6 € Z*, I,d € {1,2,..., B;}, where we approximate infinite set of Aol values Z*
by using an upper bound Spouna. We can set oz (6, d, 1) = aj x+(Obound; d, 1) if 6 > Opound-

From time ¢ > 0, Algorithm 5 solves the knapsack problem (5.60)-(5.61) at every time
slot ¢. The knapsack problem is solved by using a dynamic programming method in O(M N B)
time [?], where M is the number of sources, N is the number of channels, and B is the
maximum buffer size among all source j. The feature position b;(¢) is obtained from a look
up table that stores the value of function l;j,,\*(l) for all j and [.

Unlike the Whittle index policy [33], our policy proposed in Algorithm 5 does not need
to satisfy any indexability condition. There exists some other policies that do not need to
satisfy indexability condition [86,88]. The policies in [86,88] are developed based on linear

programming formulations, our policy does not need to solve any linear programming.

5.7 Data Driven Evaluations

In this section, we demonstrate the performance of our scheduling policies. The per-
formance evaluation is conducted using an inference error function obtained from a channel
state information (CSI) prediction experiment. In Fig. 5.2, one can observe the inference
error function of a CSI prediction experiment. The discrete-time autocorrelation function
of the generated fading channel coefficient is defined as r(k) = bJo(27w f4Ts|k|), where r(k)
represents the autocorrelation of the CSI signal process with time lag k, b signifies the vari-

ance of the process, Jy(-) denotes the zeroth-order Bessel function, T} is the channel sampling
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duration, f; = % is the maximum Doppler shift, v stands for the velocity of the source, f. is
the carrier frequency, and c represents the speed of light. In this experiment, we employed a
quadratic loss function. Although we utilize the CSI prediction experiment and a quadratic
loss function for evaluating the performance of our scheduling policies, we note that our

scheduling policies are not limited to any specific experiment, loss function, or predictor.

Single Source Scheduling Policies

We evaluate the following four single source scheduling policies.

1. Generate-at-Will, Zero Wait with Feature Length [: In this policy, S;11 = S; + Ti(Li),

b; = 0, and [; = [ for all i-th feature transmissions.

2. Optimal Policy with Time-invariant Feature Length (TIFL): The policy that we pro-

pose in Theorem 5.1.

3. Optimal Policy with Time-variant Feature Length (TVFL): The policy that we propose

in Theorem 5.2.

4. Periodic Updating with Feature Length [: After every time slot T}, the policy submits
features with feature length [ and feature position 0 to a First-Come, First-Served

communication channel.

We evaluate the performance of the above four single source scheduling policies, where
the task to infer the current CSI of a source by observing features. For generating the CSI
dataset, we set by = 1, Ts, = 1lms, v = 15 m/s, and f. = 2GHz. Additionally, we add white
noise to the feature variable with a variance of 1076.

In the single source case, we consider that the i-th feature requires T;(l) = [al]| time-
slots for transmission, where « represents the communication capacity of the channel. For
example, if the number of bits used for representing a CSI symbol is n and the bit rate of
the channel is p, then o = 2.
Fig. 5.5 shows the time-averaged inference error under different policies against the

parameter «, where o > 0. The plot is constrained to o = 1 since values of a > 1 is

impractical due to the possibility of sending CSI using fewer bits. The buffer size of the
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source is B = 10. Among the four scheduling policies, the “Optimal Policy with TVFL”
yields the best performance, while the “Optimal Policy with TIFL” outperforms the other
two policies. The findings in Figure 5.5 demonstrate that when a < 0.1, the “Optimal
Policy with TVFL” can achieve a performance improvement of 10* times compared to the
“Periodic Updating, [ = 1”7 with T, = 4 and “Generate-at-Will, Zero Wait, [ = 1” policies.
This result is not surprising since “Periodic Updating, [ = 1”7 and “Generate-at-Will, Zero
Wait, [ = 17 do not utilize longer features, despite all features with [ = 1,2,...,10 taking
only 1 time slot when a < 0.1. When « > 0.1, the average inference error of the “Periodic
Updating” and “Generate-at-Will, Zero Wait” policies are at least 10 times worse than
that of the “Optimal Policy with TVFL.” The reasons are as follows: (1) The “Periodic
Updating” policy does not transmit a feature even when the channel is available, leading to
an inefficient use of resources. In our simulation, this situation is evident as T;(1) = 1 and
T, = 4. Again, “Periodic Updating” may transmit features even when the preceding feature
has not yet been delivered, resulting in an extended waiting time for the queued feature.
This frequently leads to the receiver receiving a feature with a significantly large Aol value,
which is not good for accurate inference. (2) Conversely, the “Generate-at-Will, Zero-Wait”
policy isn’t superior because zero-wait is not advantageous, and the feature position b = 0
may not be an optimal choice since the inference error is non monotonic with respect to Aol.

The policy “Optimal Policy with TIFL” achieves an average inference error very close
to that of the “Optimal Policy with TVFL,” but it is simpler to implement. Furthermore,
the “Optimal Policy with TIFL” requires only one predictor associated with the optimal
time-invariant feature length and does not require switching the predictor.

Fig. 5.6 plots the time-averaged inference error vs. the buffer size B. In this simulation,
a = 0.2 is considered. The results show that increasing B can improve the performance
of the “Optimal Policy with TVFL” and “Optimal Policy with TIFL” compared to the
other policies. As B increases, “Optimal Policy with TVFL” and “Optimal Policy with
TIFL” outperform the others. In contrast, the “Periodic Updating” and “Generate-at-Will”
policies do not utilize the buffer and their performance remains unchanged with increasing
B. Moreover, we can notice that the buffer size B = 5 is enough for this experiment as

further increase in buffer size does not improve the performance.
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Multiple Source Scheduling Policies
In this section, we evaluate the time-averaged inference error of the following three

multiple source scheduling policies.

1. Maximum Age First (MAF), Generate-at-will, [ = 1: As the name suggests, this
policy selects the sources with maximum Aol value at each time. Specifically, under
this policy, min{ N, M } sources with maximum Aol are selected. Moreover, the feature

length and the feature position of the selected sources are 1 and 0, respectively.

2. Maximum Age First (MAF), Generate-at-will, [ = B: This policy also selects the
sources with maximum Aol values at each time, but with feature length [ = B. Under
this policy, min{|% |, M} sources with maximum Aol are selected, where B is the
buffer size of all sources, i.e., B; = B for all source j. Moreover, the feature position

of the selected sources is 0.

3. Proposed Policy: The policy in Algorithm 5.

The performance of three multiple source scheduling policies is illustrated in Fig. 5.7,
where each source sends its observed CSI to the corresponding predictor. In this simulation,
three types of sources are considered: (i) type 1 source with a velocity of v; = 15 m/s and a
CSI variance of by = 0.5, (ii) type 2 sources with a velocity of vo = 20 m/s and a CSI variance
of by = 0.1, and (iii) type 3 sources with a velocity of v3 = 25 m/s and a CSI variance of
by = 1.

Fig. 5.7 illustrates the normalized average inference error (the total time-averaged
inference error divided by the number of sources) plotted against the number of sources M,
with N = 100 and B = 10. We can observe from Fig. 5.7 that when the number of sources
is less, the normalized average inference error of our proposed policy is 10* times better than
“MAF, Generate-at-will, [ = 1.” However, “MAF, Generate-at-will, [ = B” is close to the
proposed policy. But, When number of sources is more than 400, the normalized average
inference error becomes 4 times lower than that of the “MAF, Generate-at-will, [ = B”
policy. As the number of sources increases, the normalized average inference error obtained
by “MAF, Generate-at-will, [ = 1”7 becomes close to the normalized average inference error

of the proposed policy.
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Fig. 5.8 compares the time-averaged inference error of the proposed policy and a lower
bound from a relaxed problem. The lower bound is achieved by selecting feature length and
feature position by using (5.53) and (5.55), respectively under dual cost A = A* obtained
from Algorithm 4. For this evaluation, we have taken step size 107*/(kr) at each iteration
kE In Algorithm 4. In Fig. 5.8, we consider N = 10r channels and M = 3r sources, where r
represents the system scale. Observing Fig. 5.8, it becomes evident that our proposed policy

converges towards the lower bound as the system scale r increases.
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5.A Experimental Setup for ML Experiments in Chapter 5.2

In the first machine learning (ML) experiment: wireless channel state information (CSI)
prediction, our objective is to infer the CSI of a source at time ¢ by observing a feature
consisting of a sequence of stale and noisy CSls. Specifically, we consider a Rayleigh fading-
based CSI. The dataset is generated by using the Jakes model [91]. In the Jakes fading
channel model, the CSI can be expressed as a Gaussian random process. Due to the joint
Gaussian distribution of the target and feature random variables, the optimal inference error
performance is achieved by a linear MMSE estimator. Hence, a linear regression algorithm
is adopted in our simulation. Nonetheless, our study can be readily applied to other neural
network-based predictors.

In the second experiment: actuator state prediction, we employ a neural network based
predictor. In this experiment, we use an OpenAl CartPole-v1 task [2] to generate a dataset,
where a DQN reinforcement learning algorithm [61] is utilized to control the force on a cart
and keep the pole attached to the cart from falling over. Our goal is to predict the pole
angle at time ¢ based on a sequence of stale information of cart velocity with length [. The
predictor in this experiment is an LSTM neural network that consists of one input layer, one
hidden layer with 64 LSTM cells, and a fully connected output layer. Additional experiments
can be found in Chapter 3, including (a) video prediction and (b) robot state prediction.

5.B Proof of Lemma 5.1

Part (a): Consider the sequence Xl_6 = (‘7_5, Vi1, .. ,‘7_5_1+1). It can be demon-
strated that for any 1 < [y < [y, the Markov chain }70 > leé > lea holds. This is due to the
fact that for 1 < I; < Iy, the sequence Xl_25 = (‘7_5, Vst f/_(;_llﬂ, \7_5_11, ey Vesip41)
includes Xl_lé = (‘7,5, Viostsn. ., V,g,llﬂ) as well as (‘7,5,[1, . XN/,(HQH). By applying the

data processing inequality [48, Lemma 12.1] for L-conditional entropy, we can deduce that

Hp (Yol X"5) < Hi (Yol X"). (5.62)
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Part (b): Assuming that (5.10) holds for all [ = 1,2, ... and # € V', and employing [12,
Lemma 3], [14] yields

Hi(Py,xi i Pryse [ Pxi ) = Hy(YiX[_5) + O(B). (5.63)

=

Combining (5.63) with (5.62), we deduce that

HL(PyﬂXZ ) y|Xl2 |P 12 ) HL(Yt|X;2—6> +O(6>
< HL(Yt|thi5) +0(B)

¢ |P iy )+ O(f). (5.64)
This concludes the proof.

5.C Proof of Theorem 5.1

Optimal Feature Length Determination: To find the optimal feature length for
the time-invariant scheduling problem (5.13), we undertake a two-step process:
1. Calculation of p;: Given a feature length [, we start by determining p;, defined as

T-1

1
p; = inf limsup TE Zerrinference(A(t)7l) ) (5.65)

el T 00 —0

where II; represents the set of admissible policies for feature length [. This step quan-

tifies the optimal objective value for each specific feature length.

2. Optimal Feature Length and Objective Value: Having obtained p; for all relevant [, the

optimal feature length [* can be determined by solving

[* = argmin p, (5.66)
I€Z:1<I<B
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where B represents an upper bound on the feature length. Additionally, the optimal

objective value is given by

Dy =  Min _ py. (5.67)

1€2:1<I<B

These steps collectively identify the most suitable feature length and its corresponding

objective value.

We aim to solve the problem (5.13) by addressing the sub problems (5.65)-(5.66). Let’s

begin by solving (5.65) using [12, Theorem 4.2], restated below for completeness.

Theorem 5.3 [12, Theorem 4.2] If the transmission times T;(l)’s are i.i.d. with a finite
mean E[T;(1)], then there exists an optimal solution 77 = ((S7(1),b5(1),1), (S5(1),b5(1),1),...) €
II; to (5.65) that satisfies:

(a) The optimal feature position in wf is time-invariant, i.e., bj(l) = b3(l) = --- = b*(1).

The optimal feature position b*(1) in 7} is given by

b*(l) = argmin S, (5.68)

0<b<B-I
where By is the unique root of equation (5.16).

(b) The optimal scheduling time S}, () in 7} is determined by

S;i1(1) = min {t > SH) + Ti(1) = mi(Ap(t), 1) > ﬁl}, (5.69)

teZ

where Ay(t) =t — SH(l) + b*(1) is the Aol at time t. The optimal objective value p; of

(5.65) is
D= Oéfgg_lﬂm- (5.70)
Using Theorem 5.3, we obtain values of p; for all [ = 1,2,..., B. We can then determine

I* and py,y using (5.66) and (5.67), respectively. Substituting [* and py,, into the policy 7.
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established in Theorem 5.3, we derive the optimal policy 7*, as asserted in Theorem 5.C.

This completes the proof.

5.D Proof of Theorem 5.2

The infinite time-horizon average cost problem (5.26) can be cast as an average cost
semi-Markov decision process (SMDP) [69,72]. To describe the SMDP, we define decision

times, action, state, state transition, and cost of the SMDP.

Decision Times and Waiting Time

Each i-th feature delivery time D; = S; + T;(l;) is considered a decision time. Let Z;
denote the waiting time between the i-th feature delivery time D; and the (i + 1)-th feature

sending time S; 1, given by:
Z/L'Jrl = S,L'Jrl - Dz (571)

With Sy = 0, we can express S;.; = 22:0 Ti(lg) + Zgy1. Thus, given (Ty,T1,...), we
can uniquely determine (S, Ss,...) from (Z;, Zs,...). Consequently, a policy in II can be
represented as ™ = ((Z1, b1,11), (Zs,bs,15),...), where at time D;, (Z;11,bi+1,li11) represents

the action.

State and State Transition

At time D;, the state is (A(D;),d(D;)). The Aol process A(t) evolves as:

Ti(L;) + b, ift=D0; i=0,1,...,
A(t) = (5.72)

A(t—1)+1, otherwise.

The feature length d(t) evolves as:

141



Hence, at the decision time D;, the state value is (A(D;),d(D;)) = (T;(L;) + b, ;).

Cost

The expected time between two decision times, D; and D, 1, is given by:
E[Dis1 — D] = E[Ziy1 + Tiga (liga)]- (5.74)

Given A(D;) = § and d(D;) = d, the expected cost within the interval [D;, D;.1) is:

Di+171

t:ZD Ol Tinference (A@), d(t))

Zig1+Tip1(lig1)—1

—E Z €ITipference (5 +k, d) ) (5.75)

k=0

E

Solution via Dynamic Programming: To solve the SMDP, we employ the dynamic
programming method [69,72]. Initially, we define a o-field and a stopping time set for the
state process (A(t),d(t)).

Define o-field

Fl=0o((At+k),d(t+k)): ke {0,1,...,s}), (5.76)

which is the set of events whose occurrence are determined by the realization of the process
{(A(t + k),d(t + k) : k € {0,1,...,s}} from time slot ¢ up to time slot ¢ + s. Then,
{Fi, k€{0,1,...}} is the filtration of the process {S(t+ k) : k € {0,1,...}}. We define M
as the set of all stopping times by

M={v>0:{v=Fk}eF ke{0,1,2,...}} (5.77)
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Given (A(D;),d(D;)) = (0,d), the optimal action (Z},,l* ,, b5, ) satisfies the following

)

Bellman optimality equation for the SMDP (5.26):

Z+T¢+1(l)71
h(s,d)= min {IEJ > erlingerence(d + K, d)
zezfggB k=0
beZ:0<b<B-I

—Mz+ﬂmmﬁm+EWEﬂm+am}

Z+Ti(1)—1

- IZnenglt {E Z €ITinference (6 + k7 d)
1€7:1<I<B k=0
beZ:0<b<B-I
—EV+TMHmm+HMﬂ@+hM}, (5.78)

where 9 is the set of stopping times defined in (5.77), and the last equality holds because
T;(1)’s are independent and identically distributed.

The Bellman optimality equation (5.78) is complex due to the need to jointly optimize
three parameters: feature length [, feature position b, and waiting time Z. If Z;(4, d) defined
in (5.33) represents the optimal waiting time for a given feature length [, then equation

(5.78) can be simplified as follows:

Zy (5,d)+T1 (l) —1

h(5, d) = min {E Z (errinference((S + ka d) - pOpt>

IEZ
1<I<B k=0
4+ min E[h(Tl(l)—{—b,l)]}, (5.79)
0<bSB—1

which leads to (5.32) and (5.34).
Now, we need to prove that Z;(, d) is the optimal waiting time for a given feature length

[. This is true if Z;(4,d) is the optimal solution to the following optimization problem:

Z+T1 (l)—l

minE | ) (errinfereme((s +k,d) - popt) : (5.80)

zZem
k=0
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Simplification of the Problem (5.80) The problem (5.80) poses a challenge due to
its nature as an optimal stopping time problem. However, we can simplify the problem by
exploiting a property of the state transition. Let v* € 9T represent the optimal stopping time
that solves (5.80). For any k& < v*, it holds that A(D;+k) = A(D;)+k and d(D;+k) = d(D;).
Consequently, the set {(A(D;+k),d(D;+k)) : k=1,2,...,v*} is entirely determined by the
initial value (A(D;),d(D;)). Additionally, for all k < v*, the o-field F” can be simplified as
]-",? "= 0((A(D;),d(D;)). Thus, any stopping time in 9t corresponds to a deterministic time.
As a result, problem (5.80) can be further simplified into the following integer optimization

problem:

Z+T1(l)—1

I E inference 0 k7d — Do . 5.81
i kz_o (err terence(0 + ki, d) — B pt) (5.81)
We aim to demonstrate that Z;(d, d) is the optimal solution for (5.81).

Optimal Waiting Time Determination: By utilizing (5.81), we can determine that

waiting time Z = 0 is optimal if the following inequality holds:

Z+Ti(H)—-1
ZEI{I%,IQ%} E kzzo (errinference<(S + k? d) - popt)
Ti(l)—1
Z E Z (errinference(5 + ]{f, d) - popt) . (582)
k=0

In scenarios where Z = 0 is not optimal, the optimal choice becomes Z = 1 if the

following condition is satisfied:

Z+T1 (1)1

I E inference 5 k?, d) — _0
LS % (err ference (0 + K, d) — P pt)
1+T1 (1)1
2 E Z (errinference(5 + ka d) - ﬁopt) . (583>
k=0
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Following a similar argument, if Z = 0,1,...,7—1 are not optimal, then Z = 7 becomes

optimal when

Z+Ti(1)-1

min E Z (errinference<5 + kv d) - ﬁopt)

zZe{r+1,74+2...}

k=0
T+T1(1)—1
>E| > (errinfereme((s +k,d) - popt) : (5.84)
k=0

Hence, we deduce that the optimal waiting time is the least integer value 7 that satisfies

(5.84). This inequality can be equivalently expressed as

1
I in erence 5 Ti(1),d) — 70 Z . .
jer{rig.l} ;<err f +7+7+Ti(1),d) ppt) 0 (5.85)
Similar to Lemma 7 in [25], the following lemma holds.
Lemma 5.2 The following inequality holds
7j—1
min (errmference 5 + 7+ ] + Tl (l) d) - popt) 2 07 (586>
je{1,2.. } o
if and only if
13-
E inference d Ti(1 d 2 Popt- 5.87
I LU ) I

The left hand side of (5.87) is exactly 7,(d + 7, d) defined in (5.14).
To conclude the proof, the optimal waiting time corresponds to the least integer value

7 that satisfies 7;(6 4+ 7, d) > Popr. This optimal waiting time leads to (5.33).
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Chapter 6
Concluding Remarks and Future Works

Next-generation communications (Next-G), such as 6G, are expected to enhance perfor-
mance, coverage, capacity, and energy efficiency by orders of magnitude compared to exist-
ing cellular infrastructures. This objective accompanies the demand for networked intelligent
applications including remote monitoring, control, and inference over networks. For the in-
creasing numbers of the networked intelligent applications, the scalability of the network
architecture requires a paradigm shift in the communication strategies—from maximizing
data transmission rates to extracting and transmitting the right piece of information (often
referred to as semantic information) to accomplish specific tasks such as accurate infer-
ence (e.g., the location of vehicles) or control (e.g., navigation) [14-19, 34]. We will refer
to this paradigm as Semantic communication. Recent activities in the communication and
control communities illustrate the value of such an approach in reducing communication
requirements for a given level of application performance [18,19]. In this dissertation, by
considering “Freshness” as a “Semantic” property of information, we focus on the design of

communication systems to improve the performance of a remote inference system.

Summary of Contributions

In Chapter 1, we introduce a remote inference system and its applications for networked
intelligence. Moreover, we define Age of Information (Aol) as the measure of information
freshness in a remote inference system. We found inference error can be expressed as a
function of Aol. We use inference error as the performance metric and Aol as the seman-
tic metric to design timely communication protocols. In Chapter 2, we interpret how to
evaluate the importance of fresh information in a remote inference system by using a new
information-theoretic tool called e-Markov chain. We found that fresher data is always better
for Markovian data sequences, but fresher data is NOT necessarily better for non-Markovian
data sequences. Based on these insights, in Chapter 3, we propose a new “Selection-from-
Buffer” status updating model that has the option to select the most important feature

among the features stored in the source buffer. We design optimal selection-from-buffer
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scheduling policies for single-source and single-channel remote inference networks. Further-
more, in Chapter 4, we design an asymptotically optimal selection-from-buffer scheduling
policy for multiple-source and multiple-channel remote inference networks by integrating the
Whittle index and a duality-based feature selection algorithm. In Chapter 5, we analyzed
the joint impact of timeliness and feature sequence length in a remote inference system. We
develop learning and communications co-designs that jointly control the timeliness and the
length of the feature sequences. For a single source-predictor pair and a single channel, we
develop optimal co-designs for both time-invariant and time-varying feature lengths. For
multiple source-predictor pairs and multiple channels, we develop learning and communica-

tion co-design by using a new gain index.

Future Works

The following research problems could be interesting directions based on our findings.

e How to design a semantic encoder and predictor/controller?—Sensor measurements can
be of high dimensional and can require huge communication resources. Instead of
sending high-dimensional sensor measurements, we can design a neural network that
extracts low-dimensional information from high-dimensional measurements. In the
future, we will jointly optimize a neural network (NN)-based semantic encoder and a
NN-based predictor/controller for end-to-end communications. This problem requires

to address high-dimensional parameter spaces and dynamic environments.

e Online scheduling problem for remote inference/control: When the statistics of the
communication channel are unknown, it is required to formulate a robust online learn-
ing algorithm. Moreover, an online learning algorithm is necessary for the case of
non-stationary data sequences. The structure of our optimal scheduling policies is

useful for designing online scheduling algorithms.

e Reinforcement Learning-based Scheduler: For the multi-source setting, we need to
answer: which sources to select? and what information to send (from the selected

sources)? This scheduling decision is a multi-action restless multi-armed bandit (RMAB)
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problem [12,14,26,33,34,87|, which is PSPACE-hard [75]. Our works [12,14,34] intro-
duced new asymptotically optimal policies using gain inder and Whittle index. The
indices are difficult to compute for high dimensional state space and non-stationary en-
vironment [92,93]. We will design deep reinforcement learning (RL)-based scheduling
algorithms, which are best-suited for decision problems with high dimensional state

space and changing environments.
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