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Abstract

We examine the homotopy types of Vietoris-Rips complexes on different collections of
subsets of [m] = {1,2,...,m} equipped with the symmetric difference metric. More specifi-
cally, we prove that the Vietoris-Rips complexes VR(F'; 2) and VR(F' U Fy' ;2) are either
contractible or homotopy equivalent to a wedge sum of S?’s. We also show that the complexes
VR(Fy U Fiis;2) and VR(F,'_ 4;2) are homotopy equivalent to a wedge sum of S*’s. We
found a more intuitive proof of the result of Adamamszek and Adams in [2] about Vietoris-Rips
complexes of hypercube graphs with scale 2.

We also define Cech complexes on the finite union of finite metric spaces at scales 2, 3
equipped with symmetric difference metric. We prove that the Cech complexes
N(FrUFL L UF,;2) and N (FUFRL UF L ,; 3) are either contractible or homotopy
equivalent to a wedge sum of 5?’s and that the complex N'(F}' U F}, ;2) is homotopy equiv-
alent to a wedge sum of S*’s. We also establish that the complex N (F{' U F7* U Fy' U F5; 3)
for n = 0 is homotopy equivalent to a wedge sum of S*’s. We provide (inductive) formulae for

all these homotopy types.
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Chapter 1

Introduction

Topological Data Analysis (TDA) is an emerging field that leverages techniques from topology
to study the shape and structure of data. Rather than working with the raw data directly, TDA
aims to extract the shape and structure of the data. The key idea behind TDA is to use topolog-
ical features, such as connected components, loops, voids, and higher-dimensional structures,
to gain insights into the underlying data space. A natural way to highlight some topological
structure out of data is to “connect” data points that are close to each other in order to exhibit
a global continuous shape underlying the data ([19]). Connecting pairs of nearby data points
by edges leads to the standard notion of neighboring graph from which the connectivity of the
data can be analyzed ([19]).

The key idea is just not to build a graph but to build a higher-dimensional graph equivalent
by connecting more than two nearby data points- resulting in simplicial complexes. Simplicial
complexes are mathematical objects that are both topological and combinatorial, a property
making them particularly useful for TDA. They can be seen as higher dimensional general-
ization of graphs. There are different ways to build a simplicial complex on a metric space
including Vietoris-Rips Complexes, C'ech complexes. These complexes when built on a data
set provide insights into the underlying topology of point clouds. Additionally, these kinds
of complexes have been intensively used in computational topology as a simplicial model for
the sensor networks ([28, 33, 34]), as a tool for image processing ([35]) and in approximating
object shapes in digital images ([10]).

The reason for using Vietoris—Rips and Cech complexes in data analysis is their ability to

capture the topological characteristics of an unknown sample space underlying the data. Along
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with the development of topological data analysis [16, 27], determining the homotopy types of
Vietoris-Rips complex and C'ech complex of finite metric spaces has become crucial in applied
topology. In fact, the idea behind persistent homology is to compute the (co)homology of a
Vietoris-Rips complex filtration built on data, which is typically a finite metric space in high
dimensions ([13]). The Clech complexes are also used to approximate the shape of a dataset
([16]). The two main methods from TDA, persistent homology and mapper, both use Cech
complexes in their construction ([35]). Nevertheless, very less is known about the homology
of Vietoris-Rips complexes and C'ech complexes of manifolds or simple graphs at large scale

parameters.

1.1 Vietoris-Rips Complexes

In recent times, a lot of study was conducted on the homotopy types of Vietoris-Rips complexes
of different metric spaces, like, circles ([1]) and ellipses ([5]), geodesic spaces([38, 39]), planar
point sets, hypercube graphs ([2, 9, 18, 22, 23, 36]), and about the homotopy connectivity of VR
complexes of spheres ([7]). The homotopy type of VR(F;r) for r > 0 is closely related to the
study of the independence complex of Kneser graphs in [12] and the Vietoris-Rips complexes
of hypercube graphs in [2]. Note that the independence complex of a Kneser graph (KG,, ;) is
identical to the Vietoris-Rips complex VR(F2""*:2n — 1), where F"" denotes the collection
of all n-subsets of [m]. Our result on the homotopy types of VR(F";2) (Corollary 3.1) is a
generalization of Barmak’s result [12], which is, the independence complex KGs , = I(KGs )
is homotopy equivalent to \/ S?. When m = 2n, the complex VR(F™;m — 2) has (")
(*3°)

vertices and is the boundary of a cross-polytope, so it is homotopy equivalent to .S 2 (7)1,

The interest in the shape of Vietoris—Rips complexes of hypercube graphs initially emerged
from the work of mathematical biologists who applied topology to study medial recombination
and genetic trees ([15, 18]). The hypercube graph is a graph whose vertices are all binary
strings of length m, denoted by (),,,, and whose edges are given by pairs of such strings with

Hamming distance 1. The Hamming distance between any two binary strings with the same

length is defined as the number of positions in which their entries differ. Therefore, @),, is



a metric space equipped with the Hamming distance metric. Note that each binary string of
length m can also be represented as a subset of [m] = 1,2, ..., m, so another representation of
Qm is the P[m] equipped with the symmetric difference metric. We can consider the hypercube
graph (Q),,,) as a metric space equipped with the Hamming distance, and then the hypercube
graph can be identified as the complex VR (Q,,;1). Adamaszek and Adams investigated the
Vietoris-Rips complexes VR(Q,,; ) at scales 7 = 0, 1, 2 in their recent work [2]. The complex
VR(Qm; 0) is homotopy equivalent to a wedge sum of (2™ — 1)-many S%’s, and VR(Q,,; 1)
is homotopy equivalent to a wedge sum of ((m — 2)2™~! + 1)-many S'’s. Their main result
is that the complex VR(Q,,; 2) is homotopy equivalent to a wedge sum of ¢, copies of S%’s,
where ¢, is given by ¢, = >, (5 +1)(277% = 271,

Each binary string of length m can also be considered as the characteristic function of
a subset of [m]. Hence, there is a natural isometric map between the metric spaces (),, and
P([m]), where P(|m]) is the collection of all subsets of [m] equipped with the symmetric
difference metric d. Notice that P([m]) contains the empty set () as an element. Hence, the
result about the homotopy type of VR(Q,,;2) by Adamaszek and Adams is a special case
of Theorem 3.4 which gives a deeper understanding on how its homotopy type is formed.
Adamaszek and Adams in [2] used Polymake [25] and Ripser++ [40] to compute the reduced
homology groups of VR(P[m];3) for m = 5,6,...,9, with coefficients Z or Z/27. They
found that these homology groups are nontrivial only in dimensions 4 and 7, indicating that
the complex VR(P[m]; 3) is a wedge sum of copies of S*’s and S™s. This suggests that the
homotopy type of the complex VR(P[m/; 3) is more complicated than that of the complexes
VR(P[m];r) with r = 0,1, 2. Shukla [36] subsequently proved that for m > 5, the reduced
homology group H;(VR(P([m)]);3)) is nontrivial if and only if i € {4, 7}. Feng [22] then, was
able to prove that for m > 5, the complex VR(Q,,,; 3) is homotopy equivalent to a wedge sum
of 2"~*. () many S”’s and %1 -2174. (1) many S*’s.

Here, we examine the h(l)jrilotopy type of Vietoris-Rips complexes of finite metric spaces at
scale 2. In chapter-3, we study the homotopy types of the Vietoris-Rips complexes, VR (F"; 2)
(Section 3.2), VR(FZ; 2) (Section 3.3), and VR (F* UF}}; 2) (Section 3.4), where F", FZ,

and F,* U F are all collections of subsets of [m]. We show that:



i) the complexes VR(F,";2) and VR(F,;" U F;" ;2) are either contractible or homotopy

equivalent to a wedge sum of S?’s;

ii) the complexes VR(FZy;2) and VR(F" U F",; 2) are either contractible or homotopy

equivalent to a wedge sum of S®’s.

Furthermore, we identify inductive formulas for determining the homotopy types of these com-

plexes.

1.2 Cech Complexes

Compared to Vietoris-Rips complexes, C'ech complexes are more complicated to compute than
Vietoris-Rips complexes ([27]) but C'ech complexes offer more topological guarantee than the
Rips complexes [41]. Few works on the Cech complexes include the studies of hypercube
graphs([8]), circular arcs ([3]), metric gluings ([4]) and also on approximating Cech complexes
in low and high dimensions ([30]). More elaborately, the Cech complexes of cycle graphs are
explored in [3] in which they proved that the nerve complex and the clique complex of any finite
collection of arcs in the circle are homotopy equivalent to either a point, an odd-dimensional
sphere, or a wedge sum of spheres of the same even dimension. Furthermore, in [4], they
showed that the Cech (resp. Vietoris—Rips) complex of the metric wedge sum is homotopy
equivalent to the wedge sum of the Cech (resp. Vietoris—Rips) complexes. And in [30], they
presented a linear-sized approximation of the filtration of Cech complex of S, where S is a
fixed dimensional point set.

In all these studies, a Cech complex on X has been defined in multiple ways. Here, we
define the Cech complex as the nerve of all balls with centers in X. And in order to come up
with our main results, we construct the Cech complexes on graphs. For (G, a finite connected
graph, unlike the Vietoris-Rips complex of G, it is often easier to produce a list of the finite
maximal simplices in a Cech complex of G. Using this definition, in their recent work, Adams,
Shukla, and Singh studied about the Cech complexes of the metric space Q,, at scales 2 and
3 ([8]). They proved that the Cech complex N (Qm;2) for m > 2 is homotopy equivalent

to a wedge sum of 2-dimensional spheres. They also showed that the N(Q,,; 3) is homotopy
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equivalent to a simplicial complex of dimension at most 4 and that for n > 4, the reduced
homology is nonzero only in dimensions 3, 4.

Using the lemma from [8], we define the list of the finite maximal simplices in a Cech
complex built on the finite metric spaces. Based of on those simplices we have investigated the
homotopy types of these complexes. Following is an overview of our study of C'ech complexes
of certain finite metric spaces at scales 2, 3.

In chapter - 4 we study the homotopy types of Cech complexes N (Fy' U Fy+; 2) (Section-
4.1), N(FyUF 1 UFos;2) (Section-4.2). We show that:

(i) the complexes N(F}' UF}Y ;2) are either contractible or homotopy equivalent to S*’s.

(i) the complexes N (F} UF,, UFy,,;2) are either contractible or homotopy equivalent

to S?’s.

Additionally, we establish inductive formulas to determine the homotopy types of these com-
plexes. Just as in the case of Vietoris-Rips complexes, the study of the homotopy types of
N( LkJ fmr) for v > 2, is strongly linked to the study of the Cech complexes of hypercube
gra;lls in [8]. We show that the Cech complex of a hypercube graph Q,, with scale 2 is equiv-
alent to the Cech complex of a union of m — r finite metric spaces with scale 2.

Using the inductive formulae for the homotopy type of N (Fy UFy,; UF . ,;2) and
N (FRUFL,;2), we derived a precise formula for the number of S*’s that N'(Q,,, 2) is ho-
motopy equivalent to.

In Chapter-5, we show that the complexes N (F U F L UF ) ,;3) (Section- 5.1) are
homotopy equivalent to a wedge sum of S2’s. Table-1.1 below gives the homotopy types in few

instances.

’N(fofnm+1U,7-—nm+2;3)‘m:4‘m:5‘m:6‘m:7‘ng‘

n=1 S2 \/452 \/1082 \/2052 \/35S2
n =2 * \/452 \/1952 \/5552 \/12532
n=23 * * \/1052 \/5552 \/21052
n=4 * * * \/2052 \/21652

Table 1.1: Homotopy types of N (F' U Fp UF 1 ,;3)



We also show that the complexes N (Fy' U F7" U F5 UFy; 3)(Section- 5.2) are homo-

topy equivalent to a wedge sum of S*’s. For 0 < n < 4 and 3 < m < 7, computer computa-

tions using Polymake [25] give us the following reduced homology groups:

[ (nm) [i=3[i=4]i#34]
L4 | o [ z=2 0
(1,5) Z VA 0
(2,6) VAN 0
(2’7) Z29 2630 0
(3’7) Z15 Z420 0

Table 1.2: ﬁl(./\/(}"ﬁlu}"ﬁﬂrl U}—nm+2 Ufnm+3;3))

( NFRUFR UFR L, UF33) [m=3] m=4 [m=5 |m=6 [m="7
n=20 \/354 \/1284 \/3054 \/6054 \/10554

n=1 * Pa=12| B3 =1; | B3=5; B3 = 15;

By =160 | B4 =180 B4 = 420

n=2 * * Bs =30 | B3 =05; B3 = 29;

B4 = 180 B4 = 630

n=3 * * * B4 = 60 B3 = 15;

B4 = 420

Table 1.3: Homotopy types or Betti numbers of N (F.' U F

U~7:§+2U~7:§1+333)

For n > 1, based on proof techniques used to prove other results and the above com-

putations, we conjectured that N (F}' U F

U FnioUFni s 3) is homotopy equivalent to a

wedge sum of S%’s and S*’s. We have an explicit formula for the number of S®’s and S*’s.




Chapter 2

Notations and Preliminary Results

We now introduce few notations and lemmas that will be used consistently throughout the work.
Topological Spaces and Wedge Sums: Consider two topological spaces X, Y. The wedge
sum X VY is the space obtained by gluing the spaces X and Y at a point. And a function
f : X — Y is said to be null-homotopic when f is homotopic to a constant map. X ~ YV
denotes that the spaces X and Y are homotopy equivalent. ) © X is the suspension of the space
X. S™ denotes a n-dimensional sphere and for any S™, > S™ is homeomorphic to S™ .

A cross-polytope with 2n vertices is a regular, convex polytope that exists in a n-dimensional
Euclidean space. It is homeomorphic to the unit ball in R™ whose boundary is homeomorphic
to S L.

Any two metric spaces (X, dx) and (Y, dy) are said to be isometric if there exists a map

g : X — Y which is bijective and distance-preserving, that is; dx (z1, x2) = dy (g(x1), gy (22))
for any x1, x5 € X.
Graph: Let G = (V(G), E(G)) be a finite simple connected graph and suppose we equip the
vertex set V' (G) with the distance metric, d. v ~ w denotes that the two distinct vertices v, w are
adjacent. For v € V(Q), the open neighborhood of v is Ng(v) = {w € V(G)|v ~ w}. Forv €
V(G),r > 0, the closed r-neighborhood of v is defined to be N ,[v] = {w € V(G)|d(w,v) <
r}. We drop the subscript GG, when the graph G is clear from the context. Note that v is not an
element of N¢(v), but v is an element of N¢ ,.[v]. For radius r = 1, N;[v] = N(v) U {v}.

Letn, k > 1 be two natural numbers. K G, ;, denotes a Kneser graph with a total of 2n + &
elements and each vertex corresponding to a n- element subset of the 2n + k elements. Any

two vertices v, v are adjacent in the Kneser graph if and only if {v} N {v'} = 0.
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Simplicial Complexes: An abstract simplicial complex is a collection K of finite non-empty
sets, such that if A is an element of K, so is every element of A. The element A of K is called a
simplex of K; its dimension is one less than the number of its elements. Each non-empty subset
of A is called a face of A. The dimension of K is the largest dimension of all its simplices.
The 0-dimension simplices of K are called its vertices. A sub-collection of K which itself
is a complex is called a sub-complex of K. S is a full subcomplex of K if it contains all the
simplicies in K spanned by the vertices in S.

For a simplicial complex K, K denotes the n-skeleton of the complex K which is a
sub-complex of K. We say a simplex o to be maximal (facet) if it is not the face of any other
simplex in K. All the simplicial complexes that we work with are finite.

Let o be a simplex. Then o can be extended to a simplicial complex, the collection of all
subsets of o. In this dissertation, we also use o to represent the simplicial complex generated
by itself.

For a vertex v in simplicial complex K, the star of v in K is defined as the subcomplex
stg(v) ={r € K| vUrt € K}. The link of vis lkx(v) ={r € K|v ¢ Tand 7 U {v} € K},
and K \ v is the induced simplicial complex with simplices that are obtained by removing the
vertex v. Thus, the st (v) is always a cone with the vertex v, namely v x [kx (v), and therefore
contractible.

Following are two results that help us in studying about the homotopy types of a complex.
Following lemma which helps in investigating the homotopy type of a complex by splitting into

two subcomplexes has been proved in [26].

Lemma 2.1. If the simplicial complex K = K, U K, satisfies the conditions that the inclusion
maps v, : K1 N Ky — Ky and 15 : K1 N Ky — Ky are null-homotopies, then the complex

K~ K1 V K2 V Z(Kl N KQ)
The following lemma ([2]) is an easy corollary of the above mentioned result.

Lemma 2.2. Let K be a simplicial complex and v a vertex in K. If the inclusion map 1 :

lkk(v) — K is null-homotopic, then K is homotopic to (K \ v) V > lkk(v).



Proof. For any vertex v € K, stk (v) is the collection of all simplices that contain v, hence,
we can write the complex K as K = K \ v U stk (v). Using the facts that K \ v N stx(v) =
lkk(v) and st (v) is contractible, we get the inclusion map ¢ : lkx(v) — stx(v) to be null-
homotopic. And in the hypothesis, we assumed the inclusion map ¢; : lkx(v) — K \ v to be

null-homotopic. Thus, by lemma-2.1, K ~ K \ vV Y lkg(v). O

The star cluster of any simplex o in K is defined as the subcomplex SCk (0) = |J stk (v).
Given a simplicial complex K and its vertex set V, if ¢ € K for any finite set UUEEU V' with
{v,w} € K for every v,w € o, then K is called a clique. The clique complex of a graph G is
an abstract simplicial complex with all its simplices as the cliques of the graph G. Let CI(G)
denote the clique complex of G. Note that C/(G) is the maximal simplicial complex with 1-
skeleton equal to G. Given a graph G with vertex set V' and edge set F/, then the complementary
graph G is the graph with vertex set V and {u, v} an edge in G if and only if {u,v} ¢ E. For a
graph G, the independence complex I1(G) is defined to be the clique complex of complementary
graph G, that is; I(G) = CI(G). The independence complex of the Kneser Graph K G, . is the
clique of the KG,, 1, that is; it is the simplicial complex with vertex set of 2n + k elements with

each vertex corresponding to a n-element subset of the 2n + k elements. {v,w} € I(KG,x)

if and only if {v} N {w} # 0.

Lemma 2.3. If 0 is a k-simplex and K, is the simplicial complex generated by o, then K, ((,n) is

homotopy equivalent to a wedge sum of (nil) -many of S™ for any n < k.

Proof. Assume o = {uvg,vq, ..., v} and K, is the simplicial complex generated by o. Denote

K = K™ Notice that there are ( k

. H)—many n-simplices which don’t contain vy. List such

n-simplices as T Tas oy T K Y- Then K = stx(vo) U U{K,, 4= 1,2,...,( ")} where

1 n+1

K., is the simplicial complex generated by 7; for each i. Next we show that K ~ \/ S™ by

(1)

induction.
First notice that stx (vg) N K, is the boundary of 71, and hence is homotopy equivalent to

Sm~1. Since both sty (vg) and K, are contractible, the inclusion maps from their intersection



to each of them are null-homotopic. By Lemma 2.2, st (vg) U K, ~ > S""! ~ S". Then

inductively, K ~ \/ S™. O
(n-kH)

Nerve: Let X be a topological space, and let i = {U, };c; be a covering of X. Then, the nerve
of U, denoted by N (U), is the abstract simplicial complex with vertex set  and a k-simplex
{i0,%1,...,1x} if and only if (k] U; # 0.
Symmetric Difference metlii:c0 and Finite Metric Spaces: Let F be a collection of subsets
of [m] for some m € N, where [m| = {1,2,...,m}. We define a metric d on F such that,
for any A and B in F, d(A, B) = |AAB|, where AAB denotes the symmetric difference of
Aand B, ie., (A\ B)U (B\ A). Hence, (F,d) is a finite metric space. Define the space
Fir={A:AC [m]A|A| =n} equipped with a symmetric difference metric.

Let’s define a total ordering < on P[m]. For any A C [m] with |A| = n, we represent
A = {iq,19,13,...,0,} @S iqisl3 . . .1, Where i; < iy < i3 < ... < i,. Forany A, B C [m] with

A =iyiy...1,, and B = j1J5...J, we say A < B when one of the following holds:
LAl <|Bl;
2. if |A| = | B, then there exists 1 < k < n, such that i, < ji and i; = j; for any | < k.

Clearly, this is a total order on P([m]) and for any subcollection F of P([m]), (F, <)

is also a total order. For any A C [m], we denote 7y = {B : B < AA B C [m]} and

24 = FZ,4U{A}. Notice that the set [m] is the maximal elements in P([m]); hence if
A = [m], then, FZ, = P([m]).

From next section on, each vertex is a subset of [m| and we will use A, B, C, D to represent
these subsets of [m]. To specify these vertices as subsets of [m], we interchangeably use A or
{A}. We will use notations like A, B, C, P to denote a set of vertices. The finite metric space
F" has only one element which is the empty set. In the upcoming chapters, we will either use
() or 0 to denote the element of F(" .

Vietoris-Rips Complex: The Vietoris-Rips complex of X at scale r, VR(X;r), of a metric

space (X, d) with r > 0, is the simplicial complex with vertex set X and a finite subset o as a

simplex if and only if diam(o) < r.
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Recent work has focused on studying the Vietoris-Rips complexes of circles, geodesics,
hypercube graphs, etc. In the next chapter, we examine the homotopy type of the Vietoris-Rips
complex VR (F, ) of a specific class of finite metric spaces with scale 2.

Cech Simplicial complex of graph G: For a finite, simple, connected graph G and r > 0,
the Cech simplicial complex at scale r is the nerve of all closed balls of radius g centered at
vertices of GG.

In [8], for a finite, simple, connected graph G and integer r > 0, the Clech complex of
graph N (G;r) was equivalently defined as follows: let V(G) be the vertex set, the maximal
simplices are defined as follows: if r is even then the simplices are generated by the closed
neighborhoods Nz [v] for any vertex v and if r is odd then the simplices are generated by the
sets N1 [v]UN 1 [w] for all the adjacent vertices v, w in the graph G. From here on, we will
use the above definition to generate the maximal simplices of C'ech complex.

Note that for n > 0, m > 1, the symmetric distance between any two arbitrary vertices in
the space F is at least 2. Therefore, we cannot define a Cech simplicial complex with scales
2 or 3 on the space F,' since the maximal simplices are generated by closed 1-neighborhoods,
resulting in a disconnected graph. Instead, we construct a graph by taking a finite union of
finite metric spaces, nok F" for k > 1, where the vertices are the elements of the union and
any two vertices are ;z;acent if their symmetric distance is 1. We then define a Cech complex
on this graph. We extend the total ordering < defined above on the union spaces as follows.

n+k
For any two elements A, B € |J F*, with A € F*, B € F7" andi # j then A < B when

10 J
=n

1 < j.If both A, B are from F7", then A < B as defined above.
Following is the isometric lemma that we use in almost every proof to find the homotopy

type of a desired complex.

Lemma 2.4. XY are topological spaces which are isometric, then the following holds true

forany r > 0:
1. VR(X;r) is homeomorphic to VR(Y;r)

2. N(X;r) is homeomorphic to N (Y ;)

11



For convenience, we set zb: f(i) = 0 when b < a, where f is a function on the set of
i=a
natural numbers.
In the following proofs, we adopt an inductive process to study these complexes and
our approach is potentially applicable to the investigation of these complexes at larger scales.
Firstly, we take a sub-complex of the main complex and then inductively add the remaining

vertices. We examine how the addition of each vertex alters the homotopy type of the entire

complex.
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Chapter 3

Vietoris-Rips Complex with Scale 2

We start with introducing notations for certain collections of subsets of [m]. Forn < m, let 7,
be the collection of all subsets of [m| with cardinality < n. It is easy to see that the complex
VR(FZ.;r) is contractible since it is a cone with the cone vertex being the empty set (). We
now proceed to define a total ordering < on P([m]) to facilitate the conduction of induction
process. For each A C [m] with |A| = n, we represent A = {iy,1s,...,4,} as 14y - - - 3, with

iy <9 < -+ <i,. Forany A, B C [m], we say A < B if one of the followings holds:
i) [A] <[B];

ii) there is a k € N such that i, < jj and iy = j, for any ¢ < k, when n = |A| = |B],

A =1y i, and B = jijo -+ jn.

Clearly this is a total order on P([m]) and for any subcollection F of P([m]), (F, <) is also

a total order. For any A C [m], we denote 77y = {B : B < Aand B C [m]} and FZ; =
7, U {A}. Notice that the set [m] is the maximal elements in P([m]); hence if A = [m],
n, = P((ml).

We start with some easy observations of the homotopy types of such complexes. For any
collection F of subsets of [m], VR(F;0) is a complex with | F|-many disjoint vertices. Also,
forany 1 < n < m — 1, VR(F™; 1) is the space of (™) disjoint vertices since d(A, B) > 2
for any two different subsets A, B with cardinality n. And for each i = 0,1,...,m, the met-
ric space F;" is isometric to F,"_, since the complementary mapping with ¢(A) = [m] \ A

preserves the symmetric distance from F; to F/" .. Therefore, VR(F";r) is homotopy

13



equivalent to VR(F)_,;r) for each » > 0. We see that the complexes VR(F(";2) and

VR(F™_,;2) are contractible because each pair of their vertices has distance 2. Hence, the
complex VR(F}*;2) is contractible when n = 0,1,m — 1, or m. Similarly, the complex
VR(F U F";2)is contractible if n = 0 or m — 1

In this chapter, we investigate the homotopy type of the Vietoris-Rips complex VR (F;2)
of a specific class of finite metric spaces with scale 2. We study the homotopy types of the

Vietoris-Rips complexes, VR(F}';2), VR(FZ4;2), and VR(F,' U F7;2) where F)', FZ,,

and F,' U F,; are all collections of subsets of [m]. We show that:

i) the complexes VR(F';2) and VR(F,' UF,' ;2) are either contractible or homotopy

equivalent to a wedge sum of S%’s;

i) the complexes VR(FZ;2) and VR(F,' U F " ,;2) are either contractible or homotopy

equivalent to a wedge sum of S3’s.

In the Kneser graph KG,, ;. any two vertices v, v" are adjacent if and only if {v} N {v'} =
(. In other words, any two vertices in KG,, ; are not disjoint if and only if their symmetric
difference distance is at most 2n—1. Therefore, the independence complex of KG,, , is identical
to the Vietoris-Rips complex VR(F>"™:2n — 1), where F"" denotes the collection of all -
subsets of [m].

Barmak proved in [12] (Theorem 4.11) that the independence complex of KGy 1., I(KG ),
is homotopy equivalent to k\/g S%. For any m > 4, note that VR(FJ';2) = VR(FY;3) =

+

[(KGg,,,_4); thus, the comp(lgx)VR(]-"g”; 2) is homotopy equivalent to a wedge sum of (";")
copies of S2. Our result on the homotopy types of VR (F1';2) is a generalization of Barmak’s

result. When m = 2n, the complex VR(F';m — 2) has (™) vertices and is the boundary of a

. . 1(m)_
cross-polytope, so it is homotopy equivalent to .52 (-1,

3.1 Star Cluster of a Subcomplex

The star cluster of a simplex is a powerful tool used in different papers to prove various results
of the independence complex of graphs. Extending this idea, we now define the star cluster of

a subcomplex L in a simplicial complex K :

14



SCx(L) = | J stx(v)

veLO
In a clique complex K, Barmak proved that the star cluster of any simplex SCg (o) is
contractible, and therefore, homotopy equivalent to o. But in general, given a subcomplex L of

K. SCk(L) is not homotopy equivalent to L as can be seen in the excample below.

Example 3.1. Let K be the VR(P([2]); 1) and L a full subcomplex whose vertices are {(), {1}, {2}}.

Then, the SCx (L) = K which is homotopy equivalent to S* while L itself is contractible.

We are now going to add few more conditions and extend the result that Barmak proved

regarding a star cluster.

Lemma 3.1. Let K be a clique complex and L a clique subcomplex of K. Suppose (sty(v) N
sti(w)) \ L # 0 for any (v,w) € L, then the following hold true:

1. L is a full subcomplex of K.

2. for any collection of vertices, vy, s, ..., vy in L, the complex L' = L U Ule st (v;)) is

homotopy equivalent to L.

In particular, (2) implies that SC (L) is homotopy equivalent to L.
Proof. First, let us prove (1) by proof of contradiction.

1. Assume L is not a full subcomplex of K. Then, for some simplex o = {wq, w1, ..., wg}
in K, all the vertices w; foreach j = 0,1, ..., k are in L but for some arbitrary pair w;, w;:
of vertices from o with j # j’ the edge {w;,w}} ¢ L. As the 1-simplex {w;, v} € K,
it is in both stx (w;) and stx (wy ), implying, (stx (w;) N stx(w?)) \ L # (). Hence, by
our hypothesis, {w;,w’} € L, which is a contradiction. Therefore, each pair of vertices
in o form an edge in L and L is a clique complex, implying o € L. Thus, L is a full

subcomplex of K.

We next prove (2) by induction.
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2. Consider a set of vertices vy, vo, ..., v;_1 in L and define

k-1

Li—y = LU | {stic(vi)}

=1

For k = 1,Ly = L and the result follows. Suppose the statement holds true for the

k — 1 set of vertices, that is, Ly_; ~ L. Consider a new vertex vy € L and say, L =

Ly_1 Ustg(vy). We will show that Ly, ~ L.

Firstly, we claim that Ly_; N stg(vgy) = stg,_,(vg). One side inclusion st (vg) C

Lj—1 N stg(vg) is clear from definition. To prove that Ly_; N st (vg) C sty (vk),

consider a simplex 7 € Ly_1Nstx (vy). ThenT € Ly_qand T € stg(vy).7 € Ly implies

that 7 € Lor7 € (J{stx(v;) : i = 1,2,...,k — 1}. We’ll prove that 7 € st;,  (vx) in

either of the two cases:

Case (a):

Case (b):

Suppose 7 € L, that is, all the vertices of 7 are in L. As 7 € sty (vg), 7 U {vi} isa
simplex in K" whose vertices are in L. Then by (1), TU{vy} € L C Lj_4, implying,

T € Sth71 (Uk)

Suppose 7 € |J{stx(v;) : i = 1,2,...,k — 1}, then there exists at least one k
with 1 < kg < k — 1 such that 7 € stx(vg,). Then 7 U {vy,} is a simplex in K.
We also have that 7 € sty (vy), implying, 7 U {vx} is also a simplex in K. Note
that 7 € (stg(vg,) U sti(vg)) \ L. By our assumption {vy,, vy} is an edge in L.
Since K is a clique complex, 7 U {vg,, vx } is a simplex in K’; and this simplex is in
stx(vg,) € Ly—1. Hence the simplex 7 U {vg,, vx} € str,(vg) which implies that

T € sty (’Uk)

Thus, we now have that L;_; N stg(vy) = sty ,(vk). Note that both sty (vs) and

stz,_, (vx) are contractible, and so is ) (st ,(v;)). And the inclusion maps are null-

homotopies. Hence, by Lemma 2.1 and the inductive assumption,

Lk = Lk—l U StK(Uk) ~ Lk—l V StK(Uk) V Z(Sthfl(Uk)) ~ LO ~ L.
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]

Next is a result that splits a complex K into a union of two sub-complexes using the
concept of star cluster. Based on this split, we can then apply Lemma 2.1 to investigate the

homotopy type of the complex K.
Lemma 3.2. Let K be a simplicial complex and K, K5 be subcomplexes of K such that
i) KO =Kk"uKY;
ii) Ky is afull subcomplex of K.
Then K = SCi (K1) U K.
Proof. Let o be a simplex of K. If one of o’s vertices, namely v, is in K7, then o € stx(v) C
SCk (K); otherwise, o € K3 by the assumption. O

3.2 Vietoris-Rips Complex VR(F"; 2)

From hereon, each vertex of a complex is a subset of [m| and we’ll use A, B, C, or D to
represent them. For any subset C' of [m], denote N[C] ={A € P([m]) : C C Aand |[A\C| =
1}and L[C] ={A € P(m]) : AC Cand |C\ A| = 1}.

Fix n,m € N withn < m. For any {iy,is,... 0, int1} € [m] with iy < i < ... <1, <

int1, We get that
N[il,ig, .. ,in_l] = {A € f;n : {’il,ig, c. 72.71—1} C A}, and

Lliv, iz, ying1) = {ivia. . i .. ing1 2 J € {1,..,n+ 1}},

here, 7115 . .. z; .. .ip41 18 defined to be {41, 4o, ..., 0y, int1} \ {4;} for each j.

Lemma 3.3. Assume that m > n + 2 with n > 2 and {iy,i2,...,in1} C [m]. Then
Nliy,igy .yin_1] and L[iy, i, . . ., iny1] are maximal simplices in the complex VR(F'; 2).
Proof. One can easily verify that N[iy, s, ... ,7,_1] is an (m — n)-simplex and
Lli1, 19, ..., in+1] is an n-simplex in VR(F)'; 2).

17



(i) Nliy,is,...,i, 1] is a maximal simplex in VR(F."; 2):

Let A be an n-subset of [m] such that A ¢ Nliy,d,...,4,_1]. Without loss of gener-
ality, we assume that i1 ¢ A, then we pick i,j € A\ {iy,42,...,i, 1} and k € [m] \
{i,4,11,%2,...,in_1}. Let B = {iy, s, ...,4,_1, k} whichis clearly in N[iy,is, ..., 4, 1]
Clearly, d(A, B) > 4 since {i,j,k,i1} € AAB. Hence Niy, i, ..,1,—1] is @ maximal
simplex in VR(F}'; 2).

(ii) Lliy,i9,...,0,11] is @ maximal simplex in VR(F'; 2):

Let A be an n-subset of [m] such that A ¢ Ll[iy,is,...,%,+1]. Then there is an ¢ €
[m] \ {i1,42,...,9,41} such that i € A. Suppose A N {i1,ia,...,in11} # 0. Then we
can pick B € Lliq,1s,...,i,.1] such that ({i1,79,...,i,01} \A) C B. Then |A\ B| > 1
sincei € A\ B. Also, |B\ A| > 2 since at least 2 elements in {iy, iy, ...,%,,1} are
not in A. So d(A,B) > 3. If AN {i1,i9,...,ins1} = 0, d(A,B) > 2n > 4 for any

B € Lliy, s, ...,in41). Hence Liq, io, . .., i,41] is @ maximal simplex in VR(F'; 2).

]

For convenience in this paper, we will use N[iy,ds,...,%, 1] or L[i1,is,...,i,.1] to rep-
resent both a simplex and the subcomplex generated by the simplex in VR (F'; 2) or any other
complexes containing them.

For a complex K, let M(K) be the collection of maximal simplices in K. Clearly
K = |JM(K). Hence, it is important to understand the collection of maximal simplices in

a complex. Next, we show that these two are the only maximal simplices in VR(F,'; 2).

Lemma 3.4. Fixn,m € Nwith 1 <n < m. Let K be the complex VR(F,'; 2).

i) Any maximal simplex o in K is either Niy, s, ..,1i,_1| or L]iy, ia, .., iny1] for iy, is, is, ...,

in+1 € [m] with i1 < iy < ... < i, < in+1.

ii) Forany k > 2 and {Ay, Ay, ..., Agi1} being a k-simplex in K such that |} A <

n — 1, the only maximal simplex containing { Ay, Ao, ..., Axi1} as aface is LA U As).
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Proof. To prove 1), we pick a maximal simplex o in the complex K.

Note that the vertices of K are subsets of [m]|. Hence, o is a collection of subsets of
[m] and (Yo C [m]. If |[)o| = n — 1, then clearly o is one of the simplices in the form
NTiy, in, .. in1]-

We claim that the size of the set () o can’t be greater than 0 and less than n — 1. For the
purpose of contradiction, we suppose that 0 < |()o| < n — 1. Let|[o| = kwith0 < k <
n — 1 and list (o as {i1,42,...,i}. Pick A € o such that A\ (o = {j1, 02, -, Jn—k}
For each ¢ = 1,2,...,n — k, pick B, € o such that j, ¢ B,. Also |B;\ A| = 1 because
d(By, A) = 2 for each ¢. Since k < n — 1, n — k > 2. Then we let iy be the number in
By \ A and jy be the number in By \ A. If ig # jo, then the B;ABy = {1, 40, j2, jo} whichis a
contradiction. So ig = jo. Therefore, by induction, B, \ A = {ig} foreach/ =1,2,... , n—k.
Then if C' = {ig, 92, ..., 0k, J1,- - Jn_r}> then CAA = {iy,i;} and CAB, = {iy, jo} for each
(=1,2,...,n—k,ie,d(C,A) =2and d(C,By) = 2foreach/ =1,2,...,n— k. If C'isin
o, then iy ¢ ()o; and if C' is not in o, then o is not a maximal simplex. These contradictions
show that it is impossible that 0 < |[o| <n — 1.

Now we suppose that (Jo = (). Pick A € o and represent A as iyiy...7,. For each
¢=1,2,...,n, there exists By € o such that i, ¢ B,. Using the argument above, we can show
that By \ A = By \ A foreach ¢,/ = 1,2,...,n. Denote B; \ A = {i,;1}. Then clearly
o = L[i1, 9, ..., int1].

To prove ii), we start with a k-simplex {A;, Ay, ..., A1} in K such that |} A,| <
n — 1 and k > 2. Then if o is a maximal simplex in K such that {A;, A, ..., Ax11} C o,
then (o = 0 by the argument above, and hence ¢ is in the form L[iy, s, ..., 4,41]. Clearly
Ay U As C {iy,da,...,0,+1} which means A; U Ay = {iy,49,...,79,41} because |A; U Ag| =

n + 1. It is clear that no other maximal simplex contains this simplex. U

We need one more result before the discussion of the homotopy types of the complex
VR(F,';2). Assumen > 1. Fix anumber a € [m],letS, = {A: A€ F,' anda € A}. There

is a natural isometric mapping between the metric spaces 77~} and S,. Hence, VR(F™'; 2)

n—1"
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is homeomorphic to VR(S,;2). Next, we show that the homotopy type of the star cluster of

the latter in K remains the same.

Lemma 3.5. Let n,m be in N such that n < m. Define S; = {A C [m]: |A| =nand1 € A}
and let L be the complex VR (S1;2). Then

SCVR(]—';{L;Q) (L) ~ L.

Proof. Let K = VR(F)';2). We’ll show that the condition in Lemma 3.1 is satisfied. Then
the result follows.

Pick vertices A and B in L such that { A, B} is not an edge in L, i.e., |[AAB]| > 4. Hence
there exist natural numbers i1, i, j1, and j, such that {i1,i2} C A\ B and {j;,75.} C B\ A.
Suppose, for contradiction, that (stx(A) Nstx(B)) \ L # (). We pick a vertex C' € (stx(A) N
stg(B)) \ L. Clearly 1 ¢ C. We claim that A \ {1} C C, otherwise there exists iy # 1 such
that ip € A\ C, whence |A \ C| > 2 which is a contradiction. Similarly, B \ {1} C C.
Therefore, {i1,1i2,j1,j2} C C. Notice that (A N B) \ {1} has size < n — 3. Suppose that
(AN B) \ {1}| = n — 3. Then the vertex C' has n + 1 elements because (AN B) \ {1} C C
and {i1, 12, j1,J2} C C. This means that C has at least n + 1 elements which is a contradiction.

This finishes the proof. ]
Now we are ready to give a complete characterization of the homotopy types of VR(F'; 2).

Theorem 3.1. Suppose that 1 < n < m — 1. The complex VR(F";2) is homotopy equivalent

to a wedge sum of spheres. Specifically,

VR(F2)~( \/ S VVR(FH:2).
(n)-(3)
Proof. Notice that the complex VR(F7"';2) is contractible. Hence the result holds when
n = 2 by Barmak’s result mentioned above.
Assume that n > 2 and VR(F™';2) is homotopic to a wedge sum of spheres S2. We

n—1>

denote K = VR(F)';2). Asin Lemma 3.5, let S; = {A C [m] : |A| = nand1 € A} and
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L be the complex VR(S;;2). Then, the complex L is homotopy equivalent to VR(F7'; 2)
which is a wedge sum of S?’s by the assumption. Also by Lemma 3.5, the star cluster SC (L)
is homotopy equivalent to L.

Now we examine the collection of maximal simplices in K to decide which of them is not
in SCk (L). Notice that any maximal simplex in the form N[iy, ia, ..., in,_1] or L[1,d1, ..., 1p)

contains at least one vertex containing 1 for any i1, is, . .., i, € [m]; hence any such simplex is

in SCx (L). Therefore in the complement of SCx (L), namely K \ SCx (L), there is only one

kind of maximal simplicies in the form L[iy, o, ..., ip 1] With iy # 1forany k = 1,2,... ,n+

1; and there are (’;1;11) -many such simplices and list them as {0y, 09, . . . ,O-(m—l)}. Here, K,
n+1

is the complex generated by o, for each £ = 1,2,..., (7}).

Foreach/withl </ < (:’:11) , we denote L, to be the complex whose maximal simplices
are {o; : j = 1,2,...,¢}. Hence the complex L(mfl) is the complex VR (Ss;2) where Ss is
n+1

the collection of n-subsets of [m| not containing 1. Therefore, K = SCx (L) U L (mo)-
n+1

We claim that SCx (L) U L, is homotopic to (\/z( ) S2) v VR(F™;2) for each £ =

n n—1>
2

1,2,..., (™). This claim finishes the proof. Next, we'll prove this claim by induction. For
convenience, denote Ly = ().

Suppose, for induction, that

SCk(L)ULii~( \/ S VVR(FI2).
(=1)-(3)
This holds when ¢ = 1 since Ly = (). Then SCx (L) U Ly = SCx(L) U L,y U {K,,}. Denote
o¢ to be Lliy,ia,...,0,.1] where ¢, # 1 for each k = 1,2,...,n + 1. Next we’ll find the
homotopy type of (SCx (L) U Ly—1) N{K,,}.

For any vertex B € K,,, B € L[{1} U B] C SCk(L). Hence the O-skeleton of K, is
contained in SCx (L). Let { By, B2} be a 1-simplex in K,,. Then |B; N By| = n — 1. Because
N[B1NByisin SCk (L), the edge { By, B2} is in SCk[L]. So the 1-skeleton K& of K,, is also
contained in SCx (L). Moreover, any k-simplex with £ > 2in K, is not in SCx (L); otherwise
such a k-simplex would be contained in a maximal simplex which has a vertex containing 1

and hence is different from o,. This leads to a contradiction by ii) in Lemma 3.4. For any
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¢ =1,2,...,0—1, the intersection of the complexes K, , and K, contains at most one vertex
because of their definitions. Therefore, (SCx (L) U L,—1) N K,, = K. Recall that o, is an
n-simplex, hence K((T? is homotopy equivalent to a wedge sum of (Z)—many copies of S'’s by
Lemma 2.3.

Notice that K((,? is null-homotopic in K, because K, is contractible. Also, Kg) 1s null-
homotopic in SC (L) U L,_; because the homotopy type of former is a wedge sum of S'’s and
the homotopy type of latter is a wedge sum of S?’s. Therefore by Lemma 2.1, SCx (L) U L,
is homotopy equivalent to Z(\/@ S1 vV (SCk (L) U Ly_1) which is by inductive assumption

(\/é(n)SQ) V SCk (L). This finishes the proof because SCx (L) ~ L ~ VR(F";2). O

2

By an inductive calculation, we obtain the following corollary.

Corollary 3.1. Suppose that 1 < n < m — 1. The complex VR(F';2) is homotopy equivalent

m+k—1—n

e ) (5)-many copies of S*’s.

to a wedge sum of > (
k=2

3.3 Vietoris-Rips Complex VR (FZ%,;2)

In this section, we’ll determine the homotopy type of VR (F<4;2) for A € P([m]) with |A| =
n.
As in the discussion in Section 2, VR(FZ,;r) is a cone with cone vertex being the empty

set, hence contractible; and similarly VR(FZ,,_,;

r) is also contractible. Hence, for any A C
[m] with |A| < 2, the complex VR(FZ4;2) is contractible. So in this section, we will discuss
the homotopy type of VR(FZ 4;2) with [A] > 3.

The following lemma is easy to prove, but heavily used in the discussion of VR (FZ,;2).

Lemma 3.6. For any A, B € P[m] with |A| < |B

, d(A,B) < 2ifandonly if A C B and
|IB\ Al <2.

Proof. If AC Band |B\ A| <2,thend(A,B) =|(A\B)U(B\ A)| <2.
Now we suppose A\ B # 0, i.e. |A\ B| > 1. Since |A| < |B|, |B\ A| > 2, therefore
d(A,B) > 3. f A C Band |B\ A| > 2, then d(A,B) = |B\ A| > 2. This finishes the

proof. ]
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Next, we’ll discuss the homotopy type of VR(F," U F," ;2) using a similar approach as

in the proof of Theorem 3.1.

Theorem 3.2. Suppose that 1 < n < m—1. Then the complex VR(F,' UF ", ;2) is homotopy

equivalent to a wedge sum of (3" _, (me;ll R (g) + (n’j:Q) : (”;1) )-many copies of S>.

Proof. Let K = VR(F,'UF'1;2) and Ky = VR(F,';2). By Corollary 3.1, the complex

m+k—1—n

r ) (5)-many copies of S2’s.

K is homotopy equivalent to a wedge sum of ), _, (

We claim that SCk (Ky) ~ Ky. We proceed to show that the condition in Lemma 3.1
is satisfied. Hence this claim holds. Take a B € F'., such that B € stx (D) N stx(D’) for
D,D" € F;'. Then d(B, D) = d(B, D’) = 2, hence by Lemma 3.6, D, D’ are both subsets of
B which implies that d(D, D’) = 2. This finishes the proof of the claim.

By Lemma 3.4, there are two types of maximal simplicies in VR(F,',,;2). If o is a
maximal simplex VR(F., ;;2) which can be represented in the form N i1, 4o, ..., ,], clearly
{irig...in} U Nliy,ig,...,1,] is a simplex in K; hence Nliy,is,...,i,] € SCx(K)p).

Now we look at the second type of maximal simplices in VR(F7", ;;:2). There are (nT2) -
many type of maximal simplicies in VR(F", ;; 2) which are in the form L[i1, %5, . .., in42]; and
list such (n + 1)-simplicies as {07, 09, ... ,0(7:12)}. Denote L, = SCk(Ky) U Uf,:l K,, for
C=1,2,..., (nTQ) Recall that the complex K, is the complex generated by the simplex o

for j = 1,2,...,(71’12).

Assume for induction that L, ; is homotopic to

\/ S2.

Siea (M) () He=n("5)

This is clearly true when ¢ = 1. We claim that L, ; N K,, = ((,P which is homotopic to

\/(n+1) S* and hence is null-homotopic in both L,_; and K,,. By Lemma 2.1, this implies that
2

L, is homotopy equivalent to a wedge sum of (D ,_, (m+,f;11 E (’;) + ¢ ("+"))-many S

This finishes the proof. Next, we’ll prove our claim.
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By part ii) of Lemma 3.4, any 2-simplex in K, isnotin L,_;. Let { By, By} be a 1-simplex
in K,,. Then By N By is an n-subset, i.e., a vertex in Ky; so { By, By, B; N By} is a 2-simplex

in K which means { By, By} € stx(B; N By). This shows that L, N K,, = ((,? O

To identify the homotopy types of K = VR(FZ ,;2) with |[A| > 3, we’ll use Lemma 2.2
by taking the vertex A so that K = (K \ A) Ustx(A). So the key is to understand the link of
Ain K, Ikg(A). Next lemma shows that Ik (A) is a wedge sum of S?’s.

Note that when n = 3, Zz;g (g) 1s set to be 0 as introduced in Section 2.

Lemma 3.7. Suppose that m > n > 2 and A = iyis .. .1, € P([m]).

Denote ig = —1 and define dy = iy — (14— + 1) foreach ¢ = 1,2, ... ,n. Then

lkyr(Fm ,2)(A) ~ \/ S2.
Sros 5+ de (M)

Proof. Let K = VR(F%,;2). Note that for any B with [B| < n — 3, d(4, B) > 3. Next we
divide the vertices in the link of the vertex A in K, lkx (A), into the following pairwise disjoint

collections G, for k = 0,1, ..., 1. These collections are defined as the following:
i) Go={B€P:|Bl<nandd(B,A) =2},

ii) fork € {1,2,...,0p-1} \ {i1,%2,...,9n—1} , G contains all the B’s with |B| = n such

that B contains k, all ¢;’s with 7; < £, all but one of i;’s with 7; > k;

iii) G;,_, contains all the B’s with | B| = n such that {i, 43, ...,i,_1} C B and B contains

any other number between 7,,_; and 7,,.
iv) G;, =0 forj =1,2,...,n — 2 for the purpose of convenience.

By Lemma 3.6, Gy contains all the B’s such that B C A and |[B| =n — 1 orn — 2. Also, it is
clear that | "~} G\, contains all the B’s such that B < A, d(A, B) = 2, and |B| = n. Hence
kg (A) = VR(UZ’;‘(; Gr;2). Foreachk = 0,1, ...,4,_,, we define K, = VR(Gy;2) if G # 0
and K<, = VR(UL, Gi; 2). Hence kg (A) = K<y, _,.

Since Gy is the collection of all (n — 2)-subsets and (n — 1)-subsets of the n-set A, the

complex K is homeomorphic to VR(F, _,UF, _;;2); hence by Theorem 3.2, the complex

24



K, = K<, is homotopy equivalent to a wedge sum of ( Z;; (g) + (ngl))—many copies of
S%’s. Since Qij =(forj=1,2,...,n— 2, the complex K<;; is same as K<;, ; for such j.
Now we investigate the complex K with & > 1 and the collection G, # (). Fix k
such that 1 < k < 4, 1 and G, # (). Then there exists an ¢ in the set {1,2,...,n — 1}
such that 7,1 < k < 4,. Then, the complex K} is the complex generated by a proper face
of L[iy,...,ip_1,k, 4, ...,i,] which consists of all B which contains {i1,...,i,1,k} and

all but one of {iy,...,i,}; hence it is an (n — ¢)-simplex. And K, _, is a proper face of

n—1
Nliy,ig, ..., i,—1] which includes all B’s which contains {7y, s, ...,%,_1} and another num-
ber between i,,_; and i,,; hence it is a complex generated by a (d,, — 1)-simplex.

Next we determine the homotopy type of K<, ,. If there is no k such that k& € [i,,_o] \
{i1,42,...,ip—2}, thend; = 1 and ds, ..., d,_» are all zeroes and the complex K<, , = K
which is clearly homotopy equivalent \/22;22 ()52 () S2. Now we suppose otherwise
and fix k suchthat1 < k <, sandiy_; < k < i,forsomel =1,2,...,n—2, here we define
ip = 0. Suppose, for induction, that K< 1) is homotopy equivalent to a wedge sum of S*’s.
This holds when £ is the minimal natural number different from ¢4, i», . .. ,_o in which case
K<, is homotopy equivalent to K. By Lemma 3.2, K<}, = SCk_, (K<(x—1)) U K. We'll
prove the following two claims and these two claims imply that K<, ~ K< 1) V (\/(ge) S?)

by Lemma 2.1 and the inductive assumption.

Claim l) SCng (Kg(k—l)) ~ Kg(kz—l)-
Claim ii) SCr, (K<(u-)) N Ki = V/(noy S

Proof of Claim i): We’ll verify that the condition in Lemma 3.1 is satisfied. Then the
result follows. We’ll show that d(C1, Cy) < 2 for Cy,Cy € K1) whenever stx_, (C1) N
sti.,(C2) \ K<r—1) # 0. Pick a vertex D in K}. Then D contains k and an (n — 1)-subset of
A, denoted by C'. Then for any vertex B € K<(_1), D € stx_, (B) if and only if B is one of
the following: a) C' C B and B contains one of 1,2,...,k — 1 notin A; b) C; ¢) any (n — 2)
subset of C'. Any pair of such vertices have distance 2; hence they form a 1-simplex in K<(;_y).

This finishes the proof of Claim 1).
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Proof of Claim ii): Since the complex K}, is generated by an (n — ¢)-simplex, K ,gl) is
homotopy equivalent to \/(nge) S1 by Lemma 2.3. We’ll show that SCr_, (K<—1)) N K} =
K ,(91). Pick any pair of vertices, By, By, in Kj. Then, By N B, contains the number £ and an
(n — 2)-subset of A, denoted by D. Note that D is a vertex in the complex Ky C K<j_1;
therefore, the 1-simplex {Bi, By} € stx_, (D). Hence K,gl) C SCr_, (K<(r-1)) N K. Itis
straightforward to verity that for any B € G; withi = 1,2,...,k — 1, stg_ (B) N K} is a
complex containing only one vertex because any vertex in this complex must contains B N A
and the number k. Similarly, for any B € G, with |B| = n — 1, there is at most 1 vertex
in K}, containing B as a subset, i.e. having a distance < 2 from B; and if B € G, with
|B| = n — 2, then there are at most two vertices in K which have distance 2 from B. Hence,
stx<k(B) N Ky C K,gl) for any vertex B in the complex K<(_1). This finishes the proof of
Claim ii).

By an inductive calculation, we have proved that the complex K<; , is homotopy equiv-
alent to a wedge sum of ( Z;g (’5) + 22;12 dy - (”;g))—many S%’s. Next, we show that
the complex K<(;,_,_1) is homotopy equivalent to K<;, ,. If d,_; = 0, then K.; , =
K<;,_,; otherwise we fix k£ with ¢, o < k < i,_; and suppose that K<_1) ~ K< _,.
The collection G;, contains two vertices 715 . . . i, _oki, and i1is . . .7, oki, 1; and the simplex
{ivig. .. ipn_okin,iris.. .15 oki, 1} isin Stk ) (D) where D = iyig...0n—2 € K<(j_1).
Hence SCk_, (K<(-1)) = K<;. By a similar discussion as in the proof of claim i), we can
verify that the complex K<, and its subcomplex K<(;_1) satisfy the condition in Lemma 3.1.
Therefore, SCg - (K S(k,l)) ~ K<(-1). Hence the complex K< is homotopy equivalent to
K;,_,. Therefore by induction, the complex K<(;, _,_1) is homotopy equivalent to K<; _,.

In the last part, we show that the complex K<; , = lkx(A) is also homotopy equiv-
alent to K<;, ,. Again it is straightforward to verify that K<; , and K<, _,_1) satisfy the
condition in Lemma 3.1. Hence, SCx_,  (K<(, ,-1)) ~ K<, ,-1). Recall that K;,_, isa
complex generated by a proper face of the simplex N[iyiy . ..4,_1]. Note that iyis...7,_; is a

vertex in K<(;,_,—1); and also, {i1iy... 01} UG, _, is a simplex in K<; . So, K; , C

n—1

StKSin_l (ilig Ce Z'nfl); and hence SCKSin_l (Kg(in,l—l)) = Kﬁin—l' And this finishes the

proof. O]
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Motivated by the lemma above, we define a natural number r4 for each A C [m] in the
following way. For each A = idyiy...4, C [m] with d; = i; and d; = iy — (ip_1 + 1) for

(=23,...,n, we define

Theorem 3.3. Suppose that m > n > 2 and A = iyis...1,, € P([m]). Then the complex
VR(FZ 4;2) is homotopy equivalent to a wedge sum of S3s.

More specifically, if A is the vertex {1,2,3} C [m],
VR(FZ,;2) ~ S3.
And for any other vertex A with {1,2,3} < A,

VR(FZ4:2) ~ (\/ $*) VVR(F74:2).
TA

Therefore if A € P(|m]) with |A| > 3, VR(FZ;2) is homotopy equivalent to the wedge sum
of > {rp : {1,2,3} X B < A}-many copies of S>.
Proof. Let K = VR(FZ%,;2) and L = VR(F7,;2). Suppose A = {1,2,3}. Thenry = 1,
hence 1k (A) is homotopic to S? by Lemma 3.7. Because the complex L is contractible, the
complex K is homotopy equivalent to S by Lemma 2.2.

Fix A with {1,2,3} < A and suppose for induction that L is homotopy equivalent to a
wedge sum of S3’s. Again by Lemma 3.7, Ikx (A) is homotopic to a wedge sum of 7 4-many
S%’s. Hence the inclusion map from lkx (A) to L is null-homotopic. Therefore, the general

result holds due to again Lemma 2.2. O
The following result is a direct application of Lemma 2.1, Lemma 3.7, and Theorem 3.3.
Theorem 3.4. Suppose that m > n > 2. For each n, we define

tn = Z TA.

AC[m] with |A|=n
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Then,
VR(FZ,:2) ~\/ S*VVR(FZ, ;;2).

tn
Therefore, VR(FZ,;2) is homotopy equivalent to the wedge sum of (Y _,t;)-many

copies of S>.

Adamaszek and Adams in [2] proved that VR(Qm;2) = VR(FZ,,;2) ~ \/,, S° for any

m > 2, where ¢, = > i (7 +1)(277% — 2'71). By Theorem 3.4, c,, = >} 5 t; where

t, is defined as in the statement of Theorem 3.4.

3.4 Vietoris-Rips Complex VR(F,' U F,;2)

In this section, we’ll investigate the homotopy types of VR(F ' UF:;2) with n,n’ € N.
Clearly when |n — n/| > 3, then VR(F,'UF;;2) is a disjoint union of VR(F";2) and
VR(F);2); then by the discussion in Section 3.2, its homotopy type is clear. The homotopy
types of the complex VR(F,' U F,". ,;2) are discussed in Section 3.3 (see Theorem 3.2).

In the following, we’ll find the homotopy types of the Vietoris-Rips complexes VR (F.' U
Fito;2) forn +2 < m. Clearly for m > 3, VR(Fy'UF3;2) and VR(F,, UF,._,;2) are
contractible because both of them are cones. Next, we’ll discuss the complexes VR(F ' U

nio;2) in general.

The next result can be obtained by applying the proof of Lemma 3.7 with small modifica-
tions; next we’ll go through the difference of the proofs. For each A = 4yi5...1, € F," with

cg =11 —land ¢, =iy — (ip—1 + 1) for { =2,3,...,n, we define

n—2 n—2
Z k n—=¥
k=2 =1

Note that for any A C [m] with |A| =n, 74 = s4 + (”;1)

Lemma 3.8. Suppose that 4 < n < m — 1 and A = iyiy...i, C [m] withi; > 2. Let
K = VR(F™,UF™2) N VR(F,:2).

Then,
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lkic(A) ~\/ 5°

Proof. As in the proof of Lemma 3.7, we divide the vertices in lkx (A) into pairwise disjoint

collections G for k = 0,1,...,7,_1. For k > 1, G is exactly defined in the same way as

in the proof of Lemma 3.7. Note that the vertices in K have either size n — 2 or n. Then G

contains all the subsets of A with size n — 2. The complexes K} and K are defined in the

same ways as in the proof of Lemma 3.7 for k = 0,1, ..., 4,_1. Hence K is homeomorphic to
n—2

VR(F,_5;2); hence by Corollary 3.1, it is homotopy equivalent to >, (g) -many copies of

S2°s. Then the rest of the proof is same as the proof of Lemma 3.7. ]

Theorem 3.5. Suppose that 1 < n < m—3. Then the complex VR(F,' U F " 5;2) is homotopy
equivalent to a wedge sum of S*’s.

More specifically,

VR(FPUFy;2) ~ \/ S%
(%)
and for n > 2, we define 0y, , = > {sa: A € F,' ., with min A > 2} and then

VR(FPUF:2) ~ VR(Fr uFrs2) v \/ 82

Om,n

Therefore, VR(F . UF ', 4;2) is homotopy equivalent to (3} _y omik—ny + ("5, 7"))-

many copies of S3.

Proof. We firstly prove that K = VR(F|' U F5';2) ~ V(T) S3. Let Ly = VR(FT";2) which
is a complex generated by a simplex because each pair of singleton subsets of [m] has distance
2. Hence by Lemma 3.1, SC (L) is contractible. By Lemma 3.4, there are two types of max-
imal simplices in VR(F%';2), namely Niy,is] and L[iy, i, i3, 14] for some iy,...,i4 € [m];
clearly {i,} U NJiy,i5|} is a simplex in K. Hence N|iy,is] € SCx(Lg) for each iy, iy € [m].
Within VR (F%'; 2), there are (" )-many simplices in the form Ll[i1, 45, i3, 4] and the intersec-

4

tion of each pair of such simplices contains at most one vertex. We list such simplices as
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{oc:0=1,2,...,(7)} and define L, = SCx(Lo) U Ule os. We see that o, ¢ SCg(Lg) for
eachl =1,2,..., () because otherwise there is a number in No, which is a contradiction; and
because each of o,’s proper faces has an nonempty intersection, we get that 0152) C SCx(Ly).
Hence Ly, Noy; = 022) ~ 52 Therefore, by Lemma 2.1, L; ~ S and inductively L, ~ \/, 5.
This finishes the proof of first part.

Now we assume that n > 2 and VR(F™ ' U ]_—nm+—11; 2) is homotopy equivalent to a wedge
sum of S*’s. Let Gy = {B € F) UF", : 1 € B} and Ky = VR(Go; 2); by a straightforward
isometric mapping, we see that Ky = VR(F™ ' UF ﬁ_ll; 2) which is homotopy equivalent to
a wedge sum of S*’s by the assumption. Let G, = {B € F UF,', : |B|=norl € B} and
K, =VR(G;2).

Next, we show that K; = SCg, (Ky) ~ K. Let o be a simplex in K; consisting of vertices
not containing 1. Then o is a face of either Niy, s, ... 4, 1] or L[i, is, ..., 4,1] with all the
numbers > 1. Since 1414y ...4,—1 € NJiy,i2,...,0n_1], N|i1,d2,...,in_1] € SCk, (Kp). Also
notice that {1i1is ... 4,1} U L[i1,4s, ..., 4,41] is a simplex in K;; hence Lliq, o, ..., 0,11] €
SCk, (Kp). Therefore, K1 = SCkg, (Kj).

Next we show that the condition in Lemma 3.1 is satisfied which implies that SC, (Kj) =~
K. Pick a vertex B = iyiz .. .1, in F' not containing 1 such that B € sty (D) N stg, (Do)

with Dy, Dy € Gy. There are three cases to discuss.

Case 1: Suppose |D;| = | D3| = n + 2. Then by Lemma 3.6, B C D; and B C D,. Since both

Dy and D, contain 1, | Dy N Dy| = n + 1 and therefore {D;, Dy} € K.

Case 2: Suppose |D;| = n and |D,| = n + 2. Then D; contains an (n — 1)-subset of B and 1;
hence D; C D,. By Lemma 3.6, d(D;, D5) = 2 and therefore { D1, D>} € K.

Case 3: Suppose |D;| = |D3| = n. Then both D, and D, contains an (n — 1)-subset of B and 1
and hence |Dy N Dy| =n — 1, i.e., d(Dy, Dy) = 2. Therefore { Dy, D2} € K.
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Now fix A € F)",, withmin A > 2 and assume for induction that VR ({ B € F, U F ., :

B < A};2) is homotopy equivalent to

VR(FIM ' UF™ L 2) v \/ CE
ZBE]—'ZL+2 with min B>2and B<A 5B
which is a wedge sum of $%’s. If A = min_{C' : C' € F}',, and minC' = 2}, then the set
{B:B e F', withminB > 2and B < A} is empty; so the inductive assumption holds
since VR({B € FI' UF : B < A};2) ~ VR(FI+ UFI';2) by the discussion above.
Let L = VR({B € F,',UF,' : B = A};2). Then by Lemma 3.8, 1k (A) is homotopy
equivalent to \/_ S which is clearly contractible in L \ {A}. Hence by Lemma 2.2, L is

homotopy equivalent to

VR(]:nH U-anJr_11§2)V \/ 53\/2(\/52),
EBG}';"+2 with min B>2and B<A 5B s
1.e.

VR(FRA U 2) v V 5%,

ZBE]—':{LJFQ with min B>2and B<A 5B

This finishes the proof. O]

We conclude this section by showing that the vertices F,",; in the complex VR(F," U
Fol i UF i 5;2) don’t contribute to its homotopy type which means that it is homotopy equiv-

alent to VR(F," U F " 5;2).

Theorem 3.6. Suppose that 1 < n < m — 3 withm > 4. Then,
VR(FyUF  UF T 0:2) 2 VR(FUF 5;2).

Proof. Let K = VR(FUF ' UF " 5:2) and Ky = VR(F UF"4;2). Then we claim
that K = SCK(K()) and SCK(K()) ~ K().
It is clear that SC (Ky) C K. Take a simplex o in K such that none of its vertices is in

Koy; hence all its vertices are in F" ;. By Lemma 3.4, o is a face of either Nliy,ig, ..., i,) Or
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Lliy,is, ..., in42]. Note that {iyis. .., } UN[iy,ia,...,10,] is a simplex in K with iyiy .. .4, €
Koy; therefore NYiy, s, ..., i, € SCx(Ko). Also {iyis...in4o} U L[i1,da,...,0i,42] is a sim-
plexin K with iyiy ... 4,12 € Ko;hence, Lliy, ia, ..., in1o] € SCx(Ky). Therefore, SCx (Ky) =
K.

Take D € F,',, with D € stx(B;) N stx(B2) where By, B, are vertices in K. Using
a similar discussion as in the proof of Theorem 3.5, { B1, By} € K,. Hence the condition of
Lemma 3.1 is satisfied which implies that SCx (Ky) ~ K.

Therefore, we conclude that X ~ K. O]
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Chapter 4

Cech complex with Scale 2

In this chapter, we investigate the homotopy types of C'ech complexes, N (F™ U F i1 2) and
N(FRUFR UF,;2). We will show that the complex N (Fy' U Fy;2) is either con-
tractible or homotopy equivalent to a wedge sum of S*’s and that the complex NV (F}' U F} U
Fii0;2) is either contractible or homotopy equivalent to a wedge sum of S 2’s. Using these
results, we provide a different proof of the homotopy types of the Cech complexes on the
hypercube graph with scale 2.

We start with the complex NV (Fy' U F7 4 2).

4.1 Cech Complex N (F2UF™Y, ;2)
The vertices of the C'ech complex N (F2 U F™, |; 2) are the subsets of [m] with size n or n+ 1.
By the definition, the facets of this complex are generated by the following collections:

N[A]={B:AC B} when A € F},

Ni[A]={B:B C A} when A € F},.

For scale » = 2, we deal with the closed 1-neighborhood of vertices and for convenience,
we omit 1 in the subscript here on. We denote that N(A) = N|[A] \ {4} for any A C [m].
We use N[A] to denote the maximal simplex in N'(Fy' U F}, ; 2) generated by itself. We also
use N[A] to denote the simplicial complex generated by this simplex. Notice that the complex

N(FFUFT;2) is an m-simplex and hence is contractible.
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An inductive formula for the homotopy type of the complex N (Fy' U F1, ;2) is given in

the result below.

Theorem 4.1. Fixm € Nandn > 0 withm > n+ 1. The Cech complex N'(F* U F* 1;2) is

either contractible or homotopy equivalent to a wedge sum of circles. Specifically,

NFPUFL ) = NFSuF S v | ) s
n ()
Proof. The result holds for n = 0 since N (F(' U F7'; 2) is contractible.

Now we fix n > 1 and assume that the complex N (F™ ' U F™~!: 2) is either contractible
or homotopy equivalent to a wedge sum of S'’s. And we prove that the inductive formula holds
for the complex N (F' U Fy 45 2).

We define By = {A € FyUFy, : 1 € A}. Itis straightforward to see that By is
isometric to F"' ; U F' and hence by the inductive assumption, the complex N(B; 2) is either
contractible or homotopy equivalent to a wedge sum of S'’s.

Now fix A € F)' with 1 ¢ A and let A_ be the predecessor of A in the ordering <. Denote
Pa=BiU{B € F': B < A} and the collection P,_ is defined in the same way. Note that
if 1 € A_, then P, \ {A} = By. We claim that N (Pa;2) ~ N(P4_;2). This implies that
N(By U Fy;2) ~ N(By; 2) by induction.

We assume that P4_ is either contractible or homotopy equivalent to a wedge sum of
S'’s. This is true when 1 € A_. In the complex N (P4;2), there are two maximal simplices
containing A, namely N[A] and N[1A]. Notice that N[A] = {4, 1A}; hence N (Pa_;2) U
{Np,[A]\{A}} = N(P4_;2) which means that the maximal simplex introduced by A doesn’t
change the complex N (P4_;2). Also, it is straightforward to verify that the link of A in the
complex N (P4;2) is N(1A) which is clearly contractible. Hence, the inclusion map is null-

homotopic. By Lemma-2.1,

N(PA; 2) ~ N(PA_; 2).

Hence, we obtain that A/(B; U F}';2) is also contractible or homotopy equivalent to a

wedge sum of S'’s. Now we consider the complex N (FZ,;2) with A € F' | and FZ, =
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{Be FyUF, : B = A} Fix Ae F, and A_ to be the predecessor of A. Assume that
N (FZ, ;2) is contractible or homotopy equivalent to a wedge sum of S 5. This is true when
1 € A_ in which case N (FZ, ;2) = N(By U F}';2). In the complex N (FZ; 2) the follow-
ing maximal simplices contain the vertex A: N(A) and N(B) for each B € N(A). Note that
in this case N(B) = {C € F,, : B C Cand C' < A} and A has (n + 1)-many subsets with
size n. Itis clear that N'(F7Z,;2) \ A = N(FZ, ;2) U{N(A)}. Itis straightforward to verify
that N'(F7%,_;2) N N(A) is a complex with (n + 1)-many isolated vertices, hence homotopy
equivalent to V,,S°. By the assumption N’ (FZ4_;2) is either contractible or homotopy equiv-
alent to a wedge sum of S*’s, the inclusion map from V' (FZ%, ;2) N N(A) to N (FZ, ;2)is

null-homotopic. By Lemma 2.1 and N (A) being contractible,

NFZD\ A= N(F2, 52)V N(C) v SN (FL, 1) 0 N(O)
N vZ(\/S0>
)

To get the homotopy type of N (FZ4;2), we investigate the link of A. We denote K =

N (F7%4;2) for convenience in this part. It is clear that

Ikie(A) = N(A)U( |J (VBI\A)).

BEN(A)

We claim that 1k (A) is contractible. List the vertices in N(A) as By, By, ..., B,41. No-
tice that for i # ¢, N[B;] N N[By] = {A}, hence (N[B;]\ A) N (N[By]\ A) = (); and also for
eachi, N(A)N(N[B;]\ A) = B;. Itis straightforward to verify that N (A)U(U;,(N[B;)]\ 4))
is homotopy equivalent to N (A) U (U;<;_,(N[B;)] \ A)) by Lemma 2.1. Hence by induc-
tion Ik (A) is contractible. Therefore the inclusion map from lkx (A) to N(FZ ,;2) is null-
homotopic.

Then applying Lemma 2.2, we obtain that
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iz airzs o (ys)

There are ( -many vertices in /) | not containing 1, hence, by induction

i)

NFRUFL 2~ NFH RS2 v\ S
(i)

]

Then we get the following result for the homotopy type of the complex N (Fy' U Fy 4 2).

Corollary 4.1. Suppose that n > 1, and m > n + 2. The Cech complex N (F™ U F™, 1;2) is

m—n+k—1

A )—many copies of circles.

homotopy equivalent to a wedge sum of >k - (
k=1

42 Cech Complex N (Fy UFp  UF5;2)

The vertices of the Cech complex NV/(F2 U F U Fr,,;2) are the subsets of [m] with size n,
n + 1, or n + 2. By the definition of Clech complex, the facets of this complex are the ones

generated by the following collections:

N[A|={B:ACBand B e FyUF,. } when A € F,
N[A|={B:ACBorBCAand B e FyUF},} when A € F.,,

NA|={B:BCAand B e F}, | UF,} when A e F,,.
Recall that N(A) = N[A] \ {A}. We start with obtaining the homotopy type of the complex
N(Fg UFTUFY;2) in the following result.
Theorem 4.2. Form > 2, the Cech complex N'(Fy' U F7" U Fy'; 2) is homotopy equivalent to

the wedge sum of spheres. More specifically,

N(FFUFTUFy:2)~\/ $°
(%)
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Proof. Recall that the complex N (Fy'UF7';2) is contractible. For each A € F}', define
={B:B X AandB € FyUF"} and FZ, = FZ5,\{A}. Fix A € Fy'. We
will prove the result holds by an induction on the total ordering <. For induction, we assume

N (F74;2) is either contractible or homotopy equivalent to a wedge sum of spheres. This is

true when A = {1, 2} since FZ; 5, = Fi' U F7". We claim that
N(FZx52) = N(FLyi2) vV S°.

Since there are (’;) -many vertices with size 2, by induction the result in the theorem holds.
Next we prove that the claim holds.

Denote A = iyiy and Ay = {i1}, Ay = {ip}. In the complex N (FZ;2), the maximal
simplices that contain the element A are N[A;], N[A,], and N[A]. Note that for j = 1,2, in
the simplex /N [A,] the vertices with size 2 are the ones < A and contain A; as a subset.

The complex N (FZ,:2) \ A = N(FZ,;2) U{N(A)}. Notice that the N (FZ,;2) N
{N(A)} is the 1-simplex with vertices A; and A, which is clearly contractible. Hence by
Lemma 2.1, N'(F%,;2) \ A is homotopy equivalent to N'(F7 4; 2).

Now we denote that X' = N (FZ;2). The link of A in K is

Tk (A) = (N[AL] \ 4) U (N[As] \ 4) U N(A).

It is straightforward to verify that (N[A;]\ A) U (N[A2] \ A) is contractible directly using
Lemma 2.1. Also the intersection of (N[A;] \ A) U (N[Ay] \ A) and N(A) is two isolated
vertices A; and A, which clearly homotopy equivalent to Sy. Again by Lemma 2.1, Tk (A) is
homotopy equivalent to the suspension of S°, i.e. S*. Then using Lemma 2.2, the complex K
is homotopy equivalent to N'(F",;2) vV S2. This finishes the proof of the claim.

Then by induction, we obtain that:
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Next, we determine the homotopy types of the complex, N'(Fy' UF 1 UF,;2), for

general n and m > n + 2. To do this, we need two lemmas.

Lemma4.1. Fixn > landm > n+2. Forany A € F,, define Py = {B € Fy' UF ) UF i,

1 € B or B =% A}. Then the following holds true for A with 1 ¢ A:

1. the complex N'(Pa;2) \ A is homotopy equivalent to N'(Pa_;2) where A_ is the prede-

cessor of A in the total ordering <;

2. the link of A in the complex N'(P4;2) is homotopy equivalent to \/ S*.
n+1

Proof. Note that if 1 € A, then Py = {B € FyUFL UFL, : 1 € B}UF,. Fix
A e Fpl, with 1 ¢ A. Observe that compared to the complex N (PA_;2), there is exactly

one new simplex, namely N (A), in the complex N'(P4;2) \ A. Hence,
N(Pa;2) \ A=N(Pa_;2) UN(A).

Here, N(A) represents the simplicial complex generated by itself. Notice that in P, there is
only one vertex containing A, namely 1 A. Hence in the metric space P4, N(A) = {1A}U{B €
Fi:BC A}

The vertices in the intersection N'(P4_;2) N N(A) are the vertices of N(A). Clearly any
pair of different n-subsets of A is disjoint in the complex N'(P4_;2). Any n-subset B of A is
connected to 1A by the maximal simplex N[1B]in N (Pa_;2). Asaresult N (P4_;2) NN (A)
is a graph with n + 2 vertices of which one is connected to all the others by one edge, implying,

it is contractible. Therefore, by Lemma 2.1,

N(Ps;2)\A=N(Pa_;2) UN(A)
N(Pa;2)\ A= N(Pa_;2) )V (N(Pa_;2)NN(A))
NPy 2) \ A= N(Pa_;2).
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Next, we investigate the homotopy type of the link of A in N (P4;2). For convenience,

we denote K = N (Py;2). By the definition of link,

kg (A) = N(A) U U VBN A) | uWV[LA]\ 4).
BCAand BEF™®

We claim that Ik (A) is homotopy equivalent to a wedge sum of (n + 1)-many copies
of S'. List the vertices in N(A) N F™ as {B; : i = 1,2,...,n + 1} in the ordering of
<. It is straightforward to see that N[B;] N N[B,;] = {A} for any pair ¢ # j. Hence,
(N[B;] \ A) N (N[B;] \ A) = 0. Also, N(A) N (N[B;] \ A) = {B;}. Hence, by induc-
tion and Lemma 2.1, the complex N(A) U (UBcA and perm N[B] \A) is contractible. For
convenience, denote L = N(A) U (U BcAand erm NV [B]\ A). To get the homotopy type of
Ik (A), we need to determine the homotopy type of the complex L N (N[1A]\ A). Clearly, the
vertices in the complex L N (NV[1A]\ A) are {1A} U{1B;:i=1,2,...,n+ 1}. Itis straight-
forward to see that all these vertices are disjoint from each other in L. Hence L N (N[1A] \ A)

is homotopy equivalent to a wedge sum of (n + 1)-many S°. Therefore, by Lemma 2.1,

ki (A) ~ > (\/ %) ~\/ s

n+1 n+1

]

Lemma4.2. Fixn > landm > n+2. Forany A € F).,, define Py = {B € Fy' UF ) UF i,

1 € B or B < A}. Then the following are true for Awith 1 ¢ A:

1. the complex N (Pa_;2) N N(A) is homotopy equivalent to a wedge sum of (";1) -many

copies of S* where A_ is the predecessor of A in the total ordering <;

2. the link of A in the complex N'(P4;2) is homotopy equivalent to \/ S*.
("3)
Proof. Fix A € F'\, with 1 ¢ A and A_ being the predecessor of A in the total ordering
<. In the metric space Fp UFy,  UFnis N(A) = {B € Fi.; : B C A} and we list
the vertices in N(A) as {B; : ¢ = 1,2,...,n + 2} in the ordering <. Clearly, {B; : i =

1,2,...,n+ 2} is the collection of vertices in the complex N'(P4_;2) N N(A). Notice that for
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any pair 4, j € [n+2], B;N B, is an n-subset of [m/], i.e. N[B;N B;] is a simplex containing both
B; and Bj;. Furthermore, the intersection of any subcollection of {B; : « = 1,2,...,n + 2}
with more than 2 vertices contains < n-many numbers which means any subcollection of
{B; : i =1,2,...,n + 2} with more than 2 vertices can only belong to the simplex N (A)
which is not in A'(P4_;2). Hence, the complex N (P4_;2) N N(A) is a complete graph with

n+1>

(n + 2)-many vertices which is homotopy equivalent to a wedge sum of ( , )-many S g,

For convenience, we denote K = N (P4;2). By the definition of link,
n+2
Ik (A) = (U N(B > .
Next, we prove the second statement using induction. We claim that

(U N[Bj]\ A) Vs
i (i-1)

It is straightforward to see that N(A) N (N[By] \ A) = {B:}. Hence by Lemma 2.1, N(A) U
(N[Bi] \ A) is contractible. This shows that the claim hold when £ = 1. Now we assume
that the claim holds for & — 1, i.e. N(A) U (Uf;ll N[B;] \ A) o~ \/Zfz—ll(i_l) S1. Denote that
L=N(A)U (Uf;l [Bi] \ A) To determine the homotopy type of L U N[By] \ A, we need
to know the homotopy type of the complex L N (N[Bg] \ A). It is straightforward to verify that
the vertices of the complex L N (N[By] \ A) are By N By, ..., Bx—1 N By, and By. Notice that
any pair of these vertices are disjoint in L. Hence, the complex L N (N[By] \ A) is homotopy
equivalent to a wedge sum of (k—1)-many S°. Clearly, the inclusion map from LN (N [B]\ A)
to L is null-homotopic and same is true for the inclusion map from LN(N[Bg]\ A) to N[By]\ A.
By Lemma 2.1, L U (N[By] \ A) is homotopy equivalent to \/s~ ;) S".

Since S0 2(i — 1) = S0 i = ("1?), we obtain that

lkx (A \/ St
("3?)
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Now we are ready to discuss the homotopy type of the complex N (F,' U Fpl U Fro;2).

Theorem 4.3. For n > 1 and m > n + 2, the Cech complex N(FPUF L UFL5:2) is

homotopy equivalent to the wedge sum of spheres. In particular,

N(FRUFR UFR,:2) ~ N(Fr uFrtuFrh2) v \/ S?

(7Z+11> (”+1)+< n+2) (n+1)?

Proof. Fixn > 1and m > n + 2. Assume that N'(F' UF U Fr 1 2) is homotopy
equivalent to a wedge sum of spheres. This holds when n = 1 by Theorem 4.2.

Denote B = {A € Fy UFL UF, - 1 € A}. By an isometric mapping, N (B1;2) ~
N(FrtuFr-tuFr 2). Hence the complex N (By; 2) is homotopy equivalent to a wedge
sum of spheres. Firstly, we will show that N (B;UF™;2) is homotopy equivalent to the
complex N (B1;2). We list the vertices not containing 1 in F}' as {A;} in the total order-
ing <. It is sufficient to show that N'(B; U{A; : ¢ < k};2) is homotopy equivalent to
N(BiU{A; : i < k};2). Notice that in the space B; U{A; : i < k}, N(Ay) = {1A;}
and N[1A] is the only other maximal simplex containing A;. Applying Lemma 2.1 and
Lemma 2.2, the result holds.

Forany A € F}; with 1 ¢ A, by Lemma 4.1, the complex N (B,U{B : B < A};2)\ Ais
homotopy equivalent to N (B, U{B : B < A};2) and the link of Ain N (B,U{B : B =< A};2)
is homotopy equivalent to a wedge sum of (n+ 1)-many copies of S*. For induction we assume
that N'(B; U {B : B < A};2) is homotopy equivalent to a wedge sum of spheres. This is true
when 1 € A_. Thereasonbeing, when1 € A_, N (ByU{B: B < A};2) = N(B,UF,;2) ~
N (By;2). Then by Lemma 2.2,

N(BiU{B:B=A};2)~N(BU{B:B=<A}2)v\/ 5

n+1
Note that there are ( il ) -many vertices in )" ; which doesn’t contain 1. Hence by induction,
NBUFPUFR:2) ~NBi2) v\ S~
(nii)-(nt1)
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Lastly, we discuss the homotopy type of N (B, U{B : B = A};2) with A € F},, and
1 ¢ A. Foreach A € F,',, with 1 ¢ A, by Lemma 4.2, we know that: 1) N (B, U{B : B <
A};2) N N(A) is homotopy equivalent to a wedge sum of ("}")-many S'’s; 2) the link of A
in N(B;U{B : B < A};2) is homotopy equivalent to a wedge sum of (”;2) -many S'’s. For
induction we assume that N'(B; U {B : B < A};2) is homotopy equivalent to a wedge sum of

spheres. Clearly by the result, this is true when 1 € A_. Then by Lemma 2.1 and 1),

NBU{B:B=AE2)\A=N(B,U{B: B < A};2)UN(A)

N(BIU{B:B= A2\ A~N(B U{B:B=<A}2) v (\/ ).
("3")

Then by Lemma 2.2 and 2),

N(BIU{B:B=A};2) ~N(BU{B:B<AE2)v(\ $*)v(\ ).
("3") ("3?)

Notice that there are ( +2) -many vertices in ', , not containing 1. Using induction, we obtain
that
N(FRUF™ UFR,:2) ~ N (By;2) V ( \/ S?).
() et () C3)+ (27D
Notice that ("}') + ("#?) = (n + 1)2. This finishes the proof. O

By an inductive calculation, we have the following corollary:

Corollary 4.2. Forn > 0 and m > n + 2, the Cech complex N (FI'UF"  UFT ,;2) is

homotopy equivalent to the wedge of ("™,") + i ((mi’;ll*") (i 4+1)+ (mt:;*") (i +1)?)-
i=1

many copies of spheres.

Now we are ready discuss the homotopy types of the C'ech complex of the hypercube
graph Q,,, with m > 2. We can decompose N (Q,,; 2) as a union of subcomplexes that we have

discussed.
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Theorem 4.4. For m > 2,

m—2
N(@mi2) = | JN(FPUF UFL:2).
n=0

Also, for any n € [m — 3] withm > 3,
N(FSLUFTU U‘Fn+27 )mN(‘Fn—f—lU‘Fn—i-QU‘/—_‘m—i-:%? ) N<Fm+1U‘Fn+2u )

Then using Lemma 2.1 and induction, we obtain the homotopy type of the complex
N(Q.;2) in a different representation. Fix m > 2. For any n with 0 < n < m — 2, we

define that
m—n & m+i—1—-mn , m+i—1—-mn , 9
= (M) () e (M) )
And for any n with 1 < n < m — 2, we define that
_ m—-—n-+it—1
Opn = ) - .
("I

Corollary 4.3. For m > 3, the complex N (Q,; 2) is homotopy equivalent to a wedge sum of

(Zn 0 Tnt Zm ) n)-many copies of spheres.
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Chapter 5

Cech complex with Scale 3

In this chapter, we explore the homotopy types of Cech complexes, N (F™ U F i UF L0 3)
and N (F'UFp UFDL, UF 5 3). With the scale being an odd number, there is a different
form of the collections of vertices which generate the maximal simplices in the complex. The
maximal simplices are generated by the union of the closed neighborhoods of adjacent vertices.
We construct the complex on the graph nok F", where vertices are all the elements of the union,
and any two vertices are adjacent if thle;rn symmetric distance is 1. For example, in the graph
FrUF L UFL,, vertex A € F', is adjacent to vertices B € F,', with B D A and
vertices C' € F)' with C C A.

In this chapter, for convenience, we denote

We will show that NV (K3; 3) is either contractible or homotopy equivalent to a wedge sums of
S%s and that N'(F[' U F7" U F5UF5; 3) is either contractible or homotopy equivalent to a
wedge sums of S*’s. To find these homotopy types, we will use similar technique as the proofs
in the previous chapters but with the help of two new total orders x, < where X is defined on

the space K3 and < is defined on /.
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5.1 Cech Complex N (Ks;3)

In this section we determine the homotopy types of the complex A (K3;3). For convenience,
we also consider K3 as a graph with vertices to be the elements in /3 and any pair of vertices
being adjacent if their symmetric difference distance is 1.

In the Cech complex N (KC3; 3), the maximal simplices are generated by the following

collections of vertices:

1) forany A € Fy'and B € F'\; with A ~ B, N1[A,B] ={C € F' : C C B}U{C €
FuatAcClu{CeFl,:BCC}k

2) forany A € F'\,and B € F)',, with A~ B, N,[B,A|={C e Fy:CcCB}U{C e
1 CCcAtu{CeFy,:BCC}.

Recall that for C'ech complex with scale 2, the 1-neighborhoods of the vertices generates
the maximal simplices. Therefore, another way of representing these collection which gener-

ates maximal simplex in N (K3; 3) is:

Nl[A, B] = {C € IC3 :C e N1[A] or Nl[B]}a

where AAB = 1.

From here on, for convenience, we will omit 1 in the subscript. Also, we denote a maximal
simplex in N'(KC3; 3) by N[A, B] with A and B being adjacent. The same notation is also used
to denote the simplicial complex generated by the simplex. Denote N[A, B) = N[A, B]\ {B},
N(A,B] = N[A,B]\ {A},and N(A, B) = N[A, B]\ {A, B}.

Let us define the total order x on the collection K3. For any pair A, B € K3 with A =

i11g - - - 1p, and B = jyjo - - - jq, We say A x B if one of the following holds:
1. |A| =|B|and A < B;
2. Ac Fyand B € '  \UF o
3. AB¢ F
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(i) ix = jpforall 1 <k <mnandippi...% < Jng1---Jg

(1) 2 # jJr forsome 1 < k < mnandiis...0, < J1J2--- Jn-

It is straightforward to verify that x is a well-defined total ordering on /3. To determine
the homotopy type of the respective complex, we use a similar method as in the previous
chapter. We track the change of the homotopy types when bringing in new vertex in the total
order x. This total order is crucial in our method because bringing in vertices in this manner
facilitates an inductive approach to achieving the homotopy types of the complex. Here, we
give an example of this order. In the space F35' U F5' U F)", consider the element {2,3,4,5} €
F'. Though {2,3,4},{2,3,5}, {2,4,5},{3,4,5} are all subsets of {2,3,4,5}. However,
{2,3,4} x{2,3,5} x{2,3,4,5} x {2,4,5} x {3,4,5}. Hence, we introduce {2, 3,4, 5} before
{2,4,5},{3,4,5}.

Lemma 5.1. For any definable m, the C'ech complex N'(F§'U F[* U F3'; 3) is contractible.

Proof. Notice that in the complex N (Fg' UF" UF3; 3), forany A € F7* and B € F5' with
A ~ B, N[A, B] C N[0, A]. Hence the complex N (Fy'UF"UF5';3) is generated by the
collection of maximal simplices { N[0, A] : A € F7"*}. This means that the complex is a cone

with vertex () and is therefore, contractible. ]

Lemma 5.2. Consider the space K3 form > n+3. For A € F', denote A_ as the predecessor
of A in the total ordering x. Define By = {B € K3:1€ B}, Ba. =B, U{B e F, : Bx A}
and By = B U{A}. Then, the complex N (B a; 3) is homotopy equivalent N'(B4_; 3).

Proof. Notice that in the metric space B4, 1A is the only element whose distance from A
is 1. Hence, there is only one simplex generated by A in the complex N (B4;3) which is
N[A, 1A]. Notice that in By, N[A,1A] = N[1A]. Other maximal simplices which include
Aare N[B,1A] and N[1A,C] where B € F}' with B C 1A and C € F}!, with 1A C C.
Hence in B4, N[A,1A] = N[1A] is a subset of any other simplex with 1A being a generator.
Therefore, N'(Ba;3) \ A=N(Ba_;3) UN(A, 1A = N (B4_;3).
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Next, we denote L = N (B4;3) and determine the homotopy type of the link of A in K.
We define

Ly = U N[B,1A]\ Aand L, = U N[14,C]\ A.
BC1Aand BEFD CeF™, , and 1ACC

Then by the definition of link, Ik, (A) = L; U Lo.

First, we claim that L, is contractible. Notice that for any pair B and B’ in F7", in the space
Ba_, N[B,1A]N N[B',1A] = N[1A]. This holds because the only element in 77", ; which is
adjacent to both B and B’ is 1A. Therefore, by an inductive argument using Lemma 2.1, L, is
contractible.

Then, we claim that lk;,(A) = L; U L is contractible. By Lemma 2.2, this implies that the
complex N (By; 3) is homotopy equivalent N'(B,4_;3). To show that L; U Ly is contractible,
we list all the supersets of 14 in F', as {C1,Cs, ..., C,} in the ordering of x. Notice that
q=m —n— 1. We prove that L, U (Ji_, N[1A4,C;]) \ A is contractible for any k < ¢. Since
the only vertex adjacent to both C; and Cy is 14, so N[1A,C;] N N[1A,Cy] = N[1A] in By,.
Assume that the complex L; U (i~ N[14,C;]) \ A is contractible. We denote K = L; U
(U] N[14, C;])\ A for convenience. Now, we look at the intersection of K and N|[14, Cy]\ A.
The common vertices are all the ones in N[1A, C] \ A. Notice that for each vertex D in
N[1A,Ci] \ N[1A4], D contains 1 as D € B4 and D is adjacent to a subset B = D N 1A of
1A; each pair of such vertices are not adjacent. Hence the intersection of KX and N[1A4, Cy]\ A
consists of a simplex N[1A] and all the vertices being subsets of C} containing 1 each of which
is connected to /N [1 A] uniquely by a subset of 1 A. Hence this complex obtained by intersection
is contractible. And this shows that KUN[1A, Cy] is contractible by Lemma 2.1. Hence L, ULy

1s contractible.

The following corollary is clear using the lemma above.
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Corollary 5.1. For m > n+ 2, denote By to be { D € K3|1 € D}. Then the complex N (By; 3)

is homotopy equivalent to N (B, U Fy'; 3). Furthermore, by an isometric mapping,
N(BUFR3) ~ N(FrtuFrtuFmih3).

We also need the following result to determine the homotopy type of the complex N (K3; 3).

Lemma 5.3. Consider the space K3 for m > n + 2. For any D € Fy. | with 1 ¢ D, define
Bp. = FyU{D' € Fi \UFy,|D'xD}and Bp = Bp_ U{ D} where D_ is the predecessor
of D. Suppose that the complex N (Bp_; 3) is homotopy equivalent to a wedge sum of spheres.

Then, for any D = iyisy .. .in41 € Foyq with 1 ¢ D, the following holds:
N(Bp;3) ~N(Bp_;3) v \/ 52,

where,

& 1
.
k=1

Proof. Fix D = i1iy...0,41 € ]—"fﬂ with 1 ¢ D which means i; > 1. First we give notations
for all the vertices in K3 which are adjacent to D. Define C}, = i1is. .. %n+2_p el =
D\ {inso—p}, forp e {1,2,...,n+ 1}. Then C, € F}' and each C, would be adjacent to D.
Note that C x Cy % ... X (), X Cpqq. Foreach ¢ € {1,2,...,4, —n}, let j, be an integer
between 1 and 4, — 1 with j, ¢ D and define D, = D U {j,}. Then D, is a vertex in F’,,
which is adjacent to D. Also in the total ordering x, Dy X Dy X ... x D; _, X D. Therefore,
the 1-closed neighborhood of D in Bp is N[D] = {C,...Cpy1,D, D1 ..., D;, _,}. Then the

maximal simplices that contain D in the C'ech complex N (Bp, 3) are:

1) forallp € {1,2,...,n+ 1}, N[C,, D] = N, [C,] U Np,[D] where, Nz, [C,] = {A €
ni1|Cp CAVAX Dor A= D}

2) forall g € {1,2,...,in — n}, N[D, D,] = N3, [D,] U Ng, [D] where Ny, [D,] = {B €
F™ ., |Bc D,V Bx = D}

3) for all p and for each A € N, [C,] \ D : N, [Cy, A] = Ng,, [C,, A]U{D}

48



4) for all g and for each B € N, [D,|\ D : Ng,[B, D,] = Ng,, [B,D,U{D}

Note that the maximal simplices in the forms of 1) and 2) are the new maximal simplices with
the vertex D as a generator. And the maximal simplices in the forms of 3) and 4) are the

maximal simplices containing D but generated by other vertices.

n+1 in—"n
Define L, = |J N[C,, D) and Ly = |J N(D, D,]. Then, we can write
p=1 q=1

N(BD,B)\D :N(BD_;3) U (Ll ULQ).

We claim that L; U Ly is contractible. For any pair p;, ps € [n + 1], it is straightforward
to see that N[C,,, D) N N[C,,, D) = N(D). This implies that L, is contractible. Based on the
order in which the vertices were added, for any ¢ € {1,2,...,4, —n}, the closed neighborhood
of D, in N(Bp;3)is N(D,) = {Dt € Fly : D? = Dy \ {iny2p} and D, x D forp € [n +
1]} U{D}. And it is straightforward to see that Cp C D?, which implies that D? € Nj,[C), A)
for each p € [n + 1] with D? x D. As a result, for any arbitrary ¢, the intersection would be
LinN(D, D] = U, epns1] ana DExD N(D)U{Dr}. Using a similar approach as in the proof of
Lemma-5.2, we get that the complex L; U Lo is contractible.

Denote the intersection N'(Bp_;3) N (L; U Ls) by Zp. Notice that for any p, p’ € [n + 1]
the only kind of maximal simplicies containing both C), and C), are the ones whose generators
including the vertex D. Also for any ¢,q' € [i,, — n| the only kind of maximal simplicies
containing both D, and D, are the ones whose generators including the vertex D.

Notice that the vertices of the intersection Zp, are the vertices in the complexes N (D),
U{NIC,] \ D} A and U{N[D,] \ D}.x5"}. We denote Sp to be full subcomplex of Zp with
vertices from the complex N (D), i.e. {C), }”Jrl U {Dq}ln "

We claim that, for any p € {2,...,n,n + 1}, C, is connected to the first i, 412, — (n +
2 — p) many D,’s in the complex A (Bp_;3). By the definition of maximal simplex in Cech
complexes with scale 3, a vertex in F)' is connected to another vertex in 7, , only through a
maximal simplex one of whose generators is an vertex in F . ; . Therefore, let us look at the
elements in Bp_ that would connect them. For some p, let C, be adjacent to A € F} | such

that C, C Aand A x D. Say, A = C, U {j}. Recall that C, = D \ {i;42,}. Since A x D,
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J has to be less than 4,2, and j € D. Hence, there are ¢, 15, — (n + 2 — p) many such A’s
that are less than D in the ordering of . For each such j, we define AY = C}, U {j} and then
AZU{iny9-p} would be some D, with i, = j. Thus, C,, shares an edge with i, 1o, — (n+2—p)
many D,’s in N'(Bp_; 3) by the maximal simplices N[C,, AY].

Observe that as p keeps increasing, it is the initial 7;’s that are being removed which are
smaller, implying, the number of options for j decrease. Also, one of the j values would always
be 1 as 1 ¢ D. Based on our notation, D; = 1D. So, when j = 1, each C,, is connected to D;.
And on arranging the j values for each C), in an increasing order, it is easy to see that the C), is
connected to the first (i,19-, — (n + 2 — p))-many D,’s.

For C, which is the smallest of all C}’s, j has to be less than ¢,, and not 4,,4,. This is
because based on the order x, every element in B must have the element in their n'* position
less than or equal to 7,,. And using a similar reasoning as above, ('} is connected to the first
(i, —n)-many D,’s.

Therefore, in Sp, each C), is connected to (4,42, — (n+2 — p))-many D,’s while no pair
of the C}’s are adjacent to each other and no pair of the D,’s are adjacent to each other. Hence

the subcomplex Sp is a simple, connected graph with n + 1 4 ¢,, — n = ,, + 1 vertices, and
n+1

in—n+ Y (int2—p — (n + 2 — p)) edges. The Euler’s characteristic of the complex Sp is
p=2
n+1
Xtp =1=(V=E)=1-(in+1—in+n— (ing2p— (n+2—p)))
p=2
=1-1-n+> ir—> k
k=1 k=1

u 1
— 3 - nn+l)
2
k=1

It is a routine process to verify that the homotopy type doesn’t change when we bring
other maximal simplices in the intersection Zp, to the subcomplex Sp. Hence, Zp is homotopy
equivalent to Sp, i.e. homotopy equivalent to a wedge sum of S1’s. And then using the fact that
that L.; U L, is contractible and the assumption that N (Bp_; 3) homotopy equivalent to a wedge

sum of spheres, we obtain that the inclusion maps ¢y : Zp < N (Bp_;3), 12 : Ip < L1 U Ly
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are null-homotopic. Therefore,
N(Bp:3)\{D} ~ N(Bp_:3) V(L1 U Ly) VY _(Ip)
Since L; U L4 is contractible,
N (Bp;3)\{D} =~ N(Bp_;3) v \/5*

where « is as defined above.

Now, let us look at the link of D in the complex N (Bp;3). Denote K = N (Bp;3).
Then the link of the vertex D in K, lkx (D), is the complex whose maximal simplices are
the ones from collections {(Ng,[Cp, A]) \ {D} : p € [n+1],C, C Aand A € Fy,,} and
{(Ng,[B, D)) \{D} : ¢ € [in —n],B C Dyand B € Fy,,}. Foreachp € [n+ 1],
define M, to be the complex generated by the maximal simplices { (N, [C;, A]) \ {D} : C, C
Aand A € F}'/;}. Notice that pairwise intersection of complexes generated by these simplices
is N[C,] \ D. Therefore by an induction and Lemma 2.1, M, is contractible for each p. Also,
by the definition of M,, for each pair p,p’ € [n + 1], the intersection of M, and M,, is N(D);
hence using the same argument, Upe[n ] M, is contractible.

For each ¢ € [i,, — n], we define W, to be the complex generated by the collection of
maximal simplices {(Ng,[B,D,]) \ {D} : B C D,and B € F},} which is contractible
using the same arguments above. Notice that for each pair ¢, ¢’ € [i,, — n], the intersection of

W, and W, is N(D) in N (Bp; 3) and the intersection of W, and | M,, is the union of

pE[n+1]
complexes generated by N[B] \ D, with B C D,. This is a collection of simplies with only
one common vertex [J,, hence their union is a cone which is clearly contractible. Therefore,

by an induction and Lemma 2.1, the complex Upe[n ] M,ulJ ¢€[in—n] W, is contractible, i.e.

Ik (D) is contractible.
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Therefor, by Lemma-2.2,

N(Bp;3) >~ N(Bp;3)\ DV > (lkns,s)(D))

N(Bp;3) ~N(Bp_;3)V \/SQ,Where a= sz _nntl) n.

2
k=1
U

Theorem 5.1. For m > n + 2 and n > 1, the Cech complexes N(FPUF L UF 0 3) is

homotopy equivalent to a wedge sum of spheres of dimension 2. More specifically,

N(FPUFR UFR 53) 2 N(Fr P UFT U FT L 3) vV \/ S?,

aA

AE]:g] | and1¢ A

+

n 1
where ay = Y iy — M

2 5 —nfor A=iyiy. .. inp € F .

Proof. The result trivial holds when n = 0 because N (F' U Fy'; UF.,,;3) is contractible
in this case.
Let By = {C € FPUF®  UF™,|1 € C} and consider its Cech complex N (Bi; 3).

Then, the metric spaces By and F' ' U F " U Fr ! are isometric and hence by Lemma-2.4,
N(By;3) =~ N(FrtuFrtuFr:3).

We assume that N (By; 3) is either contractible or homotopy equivalent to a wedge sum of
spheres. This is true when n = 1 because N (B1; 3) is contractible when n = 1.
We discuss the homotopy type of N'(Fy' UF},, UFy,;3) by bringing vertex in follow-

ing the total ordering x. By Lemma 5.1,

N(BLUF™;3) ~ N (By;3).
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Then we proceed by adding vertices from 77!, ;. Then by induction and Lemma 5.3,

N(BUFPUFR;3) ~ \/ S2.

ZAeFm

h1 and1¢ A XA

Lastly, we claim that adding the vertices from F} , to By U F ' U F} | yields a complex
whose homotopy doesn’t change. This finishes the proof.

Fix D € F}',, with 1 ¢ D and D_ is the predecessor of D based on the order x. Denote
By =F U{Ade Fil,UF,: 1€ A}, Bp. =By U{A e F)' ,UF,,: Ax = D} and
Bp = Bp_ U{D}. We claim that N (Bp; 3) ~ N (Bp_; 3).

We introduce a few notations about D first. Let D = 4145 ... ty0n1tn12, Do = 112 . . . iy,
Dy :=iyiy. . . ipint1, and Dy 1= i109 . . . iplipio.

Based on the order X, Dyj is in Bp_ for any j € {i,41,...,m}. Note that Dy X D; X
D, x D_. Notice that there are a total of n + 2 subsets of D in F, ;; but only D; and D, are
x D_. This implies N[D] = {D;, Dy, D} in Bp. We list the maximal simplices in the complex
N (Bp; 3) which contains D below:

1) N[Dy, D] = Ng,[Dy] U N[D]
2) N[Dy, D] = Ng,[Ds] UN[D]
3) N[A, D] forall A€ N(D;)\ and N[B, D] forall B € N(Ds) \ D.

Notice that maximal simplices in form 1) and 2) are the only ones with D as one of the gener-
ators.

First, we show that the complex N (Bp;3) \ D is homotopy equivalent to N (Bp_; 3).
Note that

N(Bp;3)\ D = N(Bp_:3) UN[Dy, D) UN[Dy, D).

We define a new complex L, to be the complex generated by the maximal simplices { N[D1, D),
N[Dsy, D)}. The intersection of the complexes generated by these two simplices is the set

{Dy, D1, Dy} which is simplex in both of the complexes. Therefore, by lemma-2.1, Lp is
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contractible. Therefore by Lemma-2.1,
N(BD; 3) \ D ~ N(BD,; 3)

Then we determine the homotopy type of the link of D in N (Bp;3). We start from

defining the complexes

L= |J NADJ\DandL,= | N[A D\ D
AeN(D1) AeN(D2)
Notice that here we use the simplex to represent the complex generated by this simplex. Then,
the link of D in N (Bp;3) is L U Lo. Notice that Dy is in all the maximal simplexes involved,
hence L, U L, is a cone with vertex V{. Therefore, L, U L5 is contractible. Consequently, by

Lemma 2.2,

N(Bp;3) ~ N(Bp;3)\ DV Y (kysps(D)) ~ N(Bp_;3).

5.2 Cech Complex N (F2UF™  UF® ,UFT 5:3)

In this section, we will determine the homotopy type of the complex N (F(' U F' U Fy' U Fy'; 3)
for general m > 3. We’ll introduce a new total order on the space, Ky = FJ UF  UF L, UF D 5
and with the help of this ordering, we prove our main result in this section.

In the complex N (KC4; 3), the maximal faces are generated by the following sets:
forany A, B € Ky, with A ~ B, N1[A, B] = N;[A] U N[B]

where N;[A], N;[B] are the closed 1-neighborhood maximal simplex generators. For conve-
nience, we will omit 1 in the subscript. Also, we will use the same notation N[A, B), N(A, B|,

and N (A, B) as in the previous section.
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Next, we define the total order < on k4. Forany A, B € K4 with A = 4145+ -+ 1), and B =

J1j2 -+ Jg» we say A < B if only of the following holds:

—

. |A| = |B|and A < B;

2. Ace Fyand Be F)L  UF L, UF

(98]

A B¢ Fy or Filg,and Ax Bin Fyl UF UF L
4. Be Fllgand Ae FyUF  UF,.
We need the following result first.

Lemma 5.4. Let {A, gzl be a collection of vertices. Define the complexes K1, Ko, K3 using

their maximal simplices as follows:
1) the maximal simplices of Ky are { A1, Ay, Az, Ay}, { A1, As, A3, As}and { Ay, As, Ay, As},
2) the maximal simplice of Ko are { Ay, As, Ay, As}, { A1, As, As, Ag} and { As, Ay, As, A},
3) the maximal simplice of K3 are { Ay, As, Ay, As}, { A1, As, As, As}, and {As, Ay, As, Ag}.
Then, the complex K, U K, U K is homotopy equivalent to S,

Proof. Notice that K| K5, and K3 are all cones hence they are contractible. Let us consider
the space K7 U K5. The 0-simplices that are common in both the spaces are A;, A5, A4 and As.

Therefore, the maximal simplices in the complex K N K are

{A17 A27 A4}7 {Ah A27 A5}7 {A27 A47 A5}

which is cone with vertex A, hence contractible. By Lemma 2.1, K; U K, contractible.

Let Ly, Ly and L3 be the complexes generated by the maximal simplices in K3 respec-
tively. Now, consider (K U K5) U L. Then their intersection is {{ Ay, As, A}, {A1, A4, A }}
and it is contractible. This means that (/K U K,)U L4 is contractible. Similarly, it is straightfor-
ward to verify that (K;UK,)UL;ULs is contractible. Next, notice that (K;UK,ULULy)N L3 is

the complex generated by the collection {{ A3, Ay, A5}, {43, Ay, As}, {As, As, A}, {As, A5, A6}}
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which is a boundary of the 3-simplex {Ajs, Ay, As, Ag}. Hence, the intersection is homotopy
equivalent to the sphere S2. The inclusion maps are also null-homotopic clearly. Then by

Lemma 2.1, K3 U Ko U K3 ~ Y (5%) ~ S5 O

We need the following result to determine the homotopy type of the complex

N(FFUFTUFFUFS,3).

Lemma 5.5. Fix m > 3 and A € Fy'. Denote By = {B € FJUF'UFFUFYT :

B<aAor B= A} Denote K = N (Ba; 3). Then,

lhyc(A) ~ \/S°.

Proof. Represent A as iyi9i3. Then denote A; = {i;} for j = 1,2,3 and also A5 = A;A,,
A3 = A1 As, Ays = Ay As. Notice that A; <A< A13< A3 <A< Az <A

Then the maximal simplices with A as a generator are N[A;2, A|, N[A;3, A], and [Nag, Al.
Other maximal simplices in K containing A are N[A;, A1o], N[Ay, Ao, N[A1, A1), N[As, As),
N[Ajy, Agz], N[As, Ass]. Then the link of A in K is the complex generated by all these sim-
plices with the vertex A removed.

Let L be the complex whose maximal simplices are N[A;, Aqa], N[Ag, A12], N[A1, As3],
N[Asz, Aj3], N[Ag, Ags], N[A3, Agz] with A removed. Notice that the emptyset () is in all of
them. Hence L; is a cone. So it is contractible.

Let M be the complex generated by the simplex N[Aj5, A); M, be the complex generated
by N[A;3, A); and M3 be the complex generated by [Nz, A).

By going through simplices in the intersections of M; and Ly, L; U M, is contractible.
Then using similar discussion, L; U M; U M, is homotopy equivalent to S* and then (L; U

M, U M) U Mj is homotopy equivalen to VS3. O

Theorem 5.2. For any m > 3, the Cech complex N (Fi' U F™ U F3 U F3:3) is homotopy

equivalent to a wedge sum of S*’s. Specifically,

NFFUFTUFyUFy:3) ~ \/ S
(3)3
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Proof. The complex N (Fy'UF"UFy; 3) is contractible by Lemma 5.1. Fix A = iyiqiz €
F3'. We use the same notations, Ay, Az, A3, Aj2, A3, Ass, and B4 as in the proof of
Lemma 5.5. We define B4 = B4 \{A}.

We assume, for induction, that \/ (B 4_;3) is either contractible or homotopy equivalent to
S*%. This is true when A_ € F3'. Let M; be the complex generated by the simplex N|[A;o, A);
M, be the complex generated by N[A;3, A); and M3 be the complex generated by [Ny, A).
Then

N(Ba;3)\A=N(Ba_;3)UM; U MyU Ms.

Going through the maximal simplices in NV (B4_;3)NM; and (N (B4_; 3)UM;)N Mo, itis
straightforward to see that both of them are contractible; therefore by Lemma 2.1, the complex
N(Ba_;3) U M; U M, is homotopy equivalent to N (B4_;3). Then the intersection of the
complex N'(B4_;3)UM; UM, and Ms is homotopy equivalent to S® using Lemma 5.4. Hence
by Lemma 2.1 again, the complex N'(B.4;3) \ A is homotopy equivalent to N'(B4_;3) V S*.

By Lemma 5.5, the link of A in the complex N (B4;3) is homotopy equivalent to V553
which is clearly null-homotopic in N'(B; 3) by the inductive assumption. By Lemma 2.2, the
complex N (B ; 3) is homotopy equivalent to N (B4 _;3) V \/, S*.

Because there are (’?) -many vertices in F5', by an inductive process, we obtain the homo-

3

topy type of N'(Fy' UFT U Fy U Fy; 3) which is \/3_(m) S*. This finishes the proof. O
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Chapter 6

Conclusion and Future Work

The Vietoris-Rips complexes and Cech complexes are commonly used in the fields of compu-
tational and applied topology. However, little is known about these complexes at larger scales
and for different spaces. We end with some open questions that have been asked in [23] about
the Vietoris-Rips complex of a finite metric space.

Suppose 2 < n < m — 2. For any pair of subsets By, By of [m| with |B;| = |Bs| = n,
d(B1, By) < 2k + 1 is equivalent to d(By, By) < 2k for any non negative integer k. Hence,
the Vietoris-Rips complex VR(F"; 3) is identical with VR(F";2). Little is known for r >
4. The complex VR(FY;4) is the boundary of a cross-polytope on 20 vertices, hence, it is
homotopy equivalent to S°. Using polymake [25], we found that the reduced homology groups
of VR(FI;4) is trivial when n # 6 or 9; and, Hg(VR(FI;4)) = Z*° and Hy(VR(FI;4)) =
Z". Observe that the complex VR (FZ"; 4) is identical with VR(FZ";5); and both of them are
equal to the independence complex of the Kneser graph KGs ,,,_¢ with m > 6. Therefore, the
complex VR(F*; 4) for general 2n < m is very likely to be homotopy equivalent to a wedge
sum of spheres with different dimensions. Following are some open questions based on the

above computations:
Question 6.1. What are the homotopy types of the complex VR(FL';r) for r > 47

Question 6.2. Assume that 2n < m. Are the complexes VR(Fy'; 4) with 2n < m homotopy

equivalent to a wedge sum of spheres S°’s and S°’s?

Regarding Clech complexes, using the results that we proved so far, we can extend the

result of Adams, Shukla and Singh in [8] about the Cech complexes of hypercube graphs
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(@) for r > 2. Assume m = 3,r = 2, then Q,, consists of 2> = 8 vertices. There
are two ways of representing these vertices: either {000,001,010,011, 100,101,110, 111}
or {0,{1},{2},{3},{1,2},{1,3},{2,3},{1,2,3}}. The first representation with the Ham-
ming distance is the notation used by Adams, Shukla and Singh in [8]. Like mentioned
in Chapter 1, each binary string of length m can be represented as a subset of [m]. In this
example, 00 is represented either by ) or 0,01 is represented by {1}, 10 is represented by
{2}, 11 by {1,2}, and so on. As the scale is 2 (even), by definition, the maximal sim-
plices of the complex N (Q3;2) are generated by the sets N;[A] for any A in the vertex set.
Meaning, elements which differ by 1 element are connected. Now consider the complexes
Ki=N(FyuFUFs;2)and Ky = N(FSUF5UF3;2). A union of these two complexes
would also have the above mentioned 8 vertices and their maximal simplices are also 1-closed
neighborhood of all the vertices. An element A from 73 in K, is connected to 0 € Fj as
well as to the elements in 3" which have A as a subset. While in the complex Ko, A is only
connected to the elements in F5" which have A as a subset. So, when we take the union
K = K1 UKy, Nc[A] = Nk, [A] U Ni,[A] = N, [A]. Based on a similar reasoning, for any
B € F3', N¢|B| = Nk, [B] U Ni,[B] = Ni,|[B]. And the other maximal simplices would be
the same, that is, Ni[0] = Nk, [0] and N [{123}] = N,[{123}]. As a result, one can say that
N (Q2, 3) is equivalent to /C, the union of a finite union metric spaces.

Next, let us look at the intersection space of the two complexes Zx = K1 N Ky. We have
already seen that for any A € F7", Ni,[A] C Nk, [A] and for any B € F3', Ni, [B] C N,[B].
While the element 0 is in Ky but not in /Cy and the element {123} is in Ky but not in K’y . Hence,
it is immediate that the intersection N (Fy U Fj U F3;2) NN (F; U F3 U Fs;2) is homotopy

equivalent to N'(F2 U F3; 2). Using the inductive formulae in Theorems 4.1, 4.2, 4.3, we have:

N(FUF2) ~ 8"

N(FJUFIUFS2) ~ /5
3

N(FUFUFL2) ~ /52
3
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Since the inclusion of S! into S? is null-homotopic, the inclusion maps
L N(FRUFS2) = N(FoUFTUFS2) and 1ot N(F3UF3;2) = N(FPUFSUFS2)

are null-homotopic., implying, by Lemma 2.1,

N(Q3:2) ~ N(FRUFSUTFS2) VN(FIUFUFS2) v Y - (M(FIUFS2)

N(Qs;2) \/SQ\/\/SQ\/Z (s =\/s
7

In [8] Adams, Shukla and Singh have proved that the Cech complex N (Qm; 2) is homo-
topy equivalent to a wedge sum of 22 (m?2 +3m —4) — 1 spheres of dimension 2. In particular,
when m = 3, then, 237%(3? + 3(3) — 4) — 1 = 7. Based on the above example, it is natural to

state that:

Conjecture 6.1. Suppose m > 2, and m > r, then,

N(Qum;7) :mL]T/\/‘(f?UfﬁlU...Ufﬁr;r).
=0

Conjecture 6.2. Form > 2, and m > r,

N(FPUFL U UFL ) NN (FLL UF, UL UFT ) 2 N(FTL UL UF ).

These conjectures provide a new approach to investigate the homotopy type or other topo-
logical properties of the complexes N (Q,,; r') for general m and scale r.
Based on the computations provided in Chapter 1 and using similar proof techniques as

used in Chapters 4, 5, we conjecture the following result for general n and r = 3.

Question 6.3. For n > 1 and m > 4, the Cech complex on F" U F™ U F ™, UF™, . with

scale 3 is homotopy equivalent to a wedge sum of S®’s and S*’s, that is;

N(FRUF UFR L UFR 53) = N(FR UFT U UFTE ) \/\/53\/\/54
b+c

where,a = (73) - (27, andb =3+ (271) 3+ (120) - ()

n+3 n+3 n

c=3- ﬁA
A€FY ) and 1¢A

fOl" A= ilig Ce in+1.
k=1 2
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More interesting questions related to the C'ech complexes are:

Question 6.4. In what dimensions, and for what scales is the reduced homology of the complex
N(Q.n; ) non-trivial?

r+1
Question 6.5. What are the homotopy types of the complex N' ( U Fr; T) forr > 37
=0
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