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Abstract

While statistical uncertainty is observable in many real-world systems and data, its incorpo-
ration into numerical prediction and optimization algorithms presents numerous challenges
in terms of accuracy, efficiency and storage costs. In this dissertation, we make two contri-
butions to numerical algorithms that account for uncertainties.

In the first part, we discuss the statistical simulation of a known physical system with
spatially varying random model parameters. The resulting ensembles of model outputs can
be used to determine statistical properties, such as means and confidence bounds, of related
quantities of interest. In these simulations, the complexity (dimensionality) of the system
parameter’s statistical description, which often reflects the spatial scale at which the pa-
rameters are resolved, may affect both the statistical accuracy of resulting outputs and the
spatial accuracy of the model solution, especially when the parameter fields are rough. In
particular, very low-complexity models, while amenable to efficient sampling methods, may
introduce a statistical modeling error by underestimating the true variation in the output.
On the other hand, high-dimensional parameter representations, while more detailed, may
result in model responses that require a higher resolution computational mesh, thereby in-
creasing the computational cost. We propose a method to generate high-complexity samples
conditional from low-complexity ones by means of a conditional variational autoencoder.

In the second part of the dissertation, we propose GeoAdaler, a new stochastic opti-
mization algorithm, whose step length selection is based on a scalar measure of steepness of
the objective function’s sample gradient, based on the angle of its normal vector with the
horizontal plane. We show how the resulting family of algorithms relate to existing adaptive

steplength selection techniques and establish regret bounds in the case of convex functions.
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We also demonstrate numerically that GeoAdaLer is capable of being extended to nonconvex

settings.
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Chapter 1

Introduction and Problem Statement

1.1 Multiscale Uncertainty in Computational Science and Engineering

Many contemporary models in materials science, geophysics, subsurface flow, and energy
systems are governed by partial differential equations (PDEs) whose coefficients are only
partially known. Uncertain model parameters are often modeled statistically, either as ran-
dom variables in the case of scalar parameters, or as random fields in the case of spatially
varying ones. A random field is a collection of random variables indexed over a multidimen-
sional domain [33, 1, 74, 56]. Spatial fluctuations in permeability [3], thermal conductivity
[55], or elastic moduli [2] act across several characteristic lengths. When such coefficients are
modeled as hierarchical statistical parametrizations, such as Karhunen-Loeve expansions or
in a hierarchy of spatial scales, these can be truncated to obtain a simplified representation,
giving rise to hierarchical parameter systems. An accepted statistical parametrization is the
Karhunen-Loeve (KL) expansion [71]. Truncating this expansion after the first K dominant
modes produces a low parameter complexity (LPC) representation that is computationally
convenient, yet the neglected high parameter complexity (HPC) tail may still drive crucial
fine scale solution features.

Solving a stochastic forward problem on the full HPC field with classical finite element or
finite volume method [3, 17] quickly becomes super expensive since (i) the mesh must resolve
the smallest spatial correlation length (ii) intrusively coupled Stochastic Galerkin solvers
could cost as high as O(NM?) for direct solvers and O(NM?) when the sparsity structures
are efficiently exploited, where M is the sample size and N is the number of spatial degrees
of freedom [19, 81] and (iii) each additional KL mode increases dimensionality, exacerbating

the curse of dimensionality. Homogenization and representative element methods [39, 0]



alleviate this by working on coarser parameter scales, but inevitably smear out the HPC

influence.

1.2 Stochastic Multiscale Methods

Stochastic multiscale methods are used to solve PDEs whose random coefficients have a
correlation length much smaller than the domain scale. Directly resolving every microscale
fluctuation for each Monte-Carlo sample needed to estimate expectations or variances or
moments of quantities of interest becomes prohibitively expensive. Homogenization, multi-
scale finite elements, variational-multiscale closures, multilevel Monte Carlo, and emerging
operator-learning surrogates all reduce this cost by exploiting scale separation while preserv-
ing accuracy in the desired statistics [0, 30, 23].

Homogenization. Classical (periodic or statistical) homogenization replaces a highly
oscillatory coefficient field by a single effective tensor obtained from cell or representative-
volume problems [38]. Because the effective tensor is independent of a particular realization,
homogenization is accurate for ensemble averages but cannot reproduce pathwise fine-scale
variability; hence no guarantee for quantification of the uncertainty induced by neglected
high modes.

Multiscale finite elements (MsFEM). The MsFEM and its generalized variants
construct local basis functions by solving fine-scale problems inside each coarse element,
thereby adapting the space to the coefficient field and achieving high pathwise accuracy [40,

]. However, the local problems must be recomputed for every stochastic sample, producing
a deterministic surrogate with no intrinsic uncertainty quantification and an offline cost that
grows linearly with the number of required realizations.

Variational multiscale (VMS) closure. Variational multiscale formulations embed
unresolved scales through fine-scale Green’s functions, preserving the governing physics [12].
Stochastic VMS extensions inherit this fidelity but require an explicit closure for each coef-

ficient realization, again leading to costs proportional to the number of KL modes.



Data-driven operator learning. Neural operators such as DeepONet and the Fourier
Neural Operator learn a global map ¢ — u, offering mesh-independent inference [57, 19].
Conditional generative variants incorporate epistemic uncertainty [30]. Because these net-
works ingest the entire field, both training and inference costs scale with every additional
KL mode, and no use is made of inexpensive low parameter complexity (LPC) information
already available in many workflows.

Multilevel Monte Carlo (MLMC). MLMC reduces uncertainty quantification costs
by sampling on a hierarchy of mesh resolutions. It performs many cheap simulations on
coarse grids, progressively fewer on intermediate grids, and only a handful on the finest grid
that captures the low frequency features of the medium. By carefully combining the results
from each level, MLMC attains a target root mean square accuracy with a computational
effort that grows roughly like the inverse square of the desired error, yet it still needs only
a small number of fully resolved solves to anchor the estimate [30]. This variance reduction
strategy complements model side techniques such as homogenization, MsFEM, VMS, and
neural operator surrogates by exploiting scale separation purely through smart sampling in

discretization space.

1.3 Contributions

We develop a fully probabilistic pipeline centered on a conditional variational autoen-
coder (CVAE) for quantifying the influence of the high parameter complexity (HPC) tail in

elliptic problems with random coefficients. We write the random field as a Karhunen-Loeve

series and distinguish the LPC ¢ and the HPC correction ¢ derived from ¢ = ¢ — ¢*.

H — 4L 4+ /. Unlike mesh-based “coarse-fine”

The solution inherits the decomposition u
decompositions, this partition is purely statistical. It helps us separate the error made by

truncating the KL expansion from all other numerical errors.



Using the weak form, we obtain an exact residual equation for v’ whose forcing involves
the inexpensive solution u” and the correction coefficient ¢’. This mirrors residual formula-
tions in variational multiscale (VMS) theory but is expressed entirely in parameter space,
providing a clean analytic framework for learning u/'.

Building on the CVAE framework of [73], we train a CVAE model that maps the low
complexity solution u” to a distribution over u’. Because the input to the network contains
only information from the coarse modes, the network’s dimensionality and its evaluation time
grow with the LPC truncation level but are independent of the HPC modes. Conditioning
on u* anchors every sample to a physics-consistent baseline, giving calibrated uncertainty
bands for the reconstructed fine scales.

We anticipate that there are other ways to achieve this same goal such as learning the fine
scale stiffness operator associated with (2.1) in latent form and apply GMRES to obtain «’
while preserving Galerkin structure. Inspired by the variational multiscale (VMS) framework
of Hughes [12], one could also embed physics directly into a neural super-resolution of the
Green’s function, capturing nonlocal HPC effects. While the last two ideas are promising,
we do not pursue them further in this work.

All HPC solves are performed once, offline, to populate the training set, an investment
comparable to that required by other data-driven surrogates. During inference, each new
realization needs only (i) one deterministic LPC finite-element solve and (ii) a single network
evaluation. Compared with plain Monte-Carlo sampling on the full HPC mesh, this residual
strategy removes repeated high fidelity solves altogether and, in our numerical experiments,
cuts wall-time by one to two orders of magnitude while preserving the accuracy of quantities
of interest. The saving is conceptually akin to that achieved by Multilevel Monte Carlo
method, where only a handful of fine meshes are sampled to delineates hierarchy, but achieved
here through learned reconstruction rather than variance reduction.

Additionally, we foresee further computational savings from expanding on hardware

that cheaply evaluates our trained CVAE model during inference. Modern inference chips



designed for large language model chat bots favor exactly the dense matrix multiplications
that dominate a forward pass through our trained CVAE. Authors of [11] report that a
single second generation Tensor Processing Unit (TPU) sustains tens of tera operations per
second while drawing only a few hundred watts, giving an order of magnitude advantage in
throughput-per-watt over general purpose CPUs for the same dense workload. Running the
CVAE on such hardware therefore adds almost no marginal cost once the low complexity
finite element solve is finished.

Classical high resolution finite element calculations do not benefit to the same degree.
Their kernels are dominated by sparse matrix assembly and irregular memory access. Careful
GPU implementations still reach only a small fraction of the nominal peak performance. As
shown in [12] for low order elements and in [!] for high order elements, there is GPU speed
up of at most a few times over CPU baselines, largely constrained by memory bandwidth
rather than arithmetic capability. In short, the inductive bias that makes the finite element
method flexible on unstructured meshes also limits its ability to exploit the newest inference

hardware, whereas our CVAE surrogate is naturally aligned with it.

1.4 Outline of the Dissertation

The remainder of this dissertation is organized as follows. In Chapter 2, we review func-
tional analysis and finite element foundations, introduce the variational multiscale (VMS)
decomposition, and position multifidelity variance reduction within stochastic PDE theory.
In Chapter 3, we formalize a physics regularized conditional variational autoencoder (CVAE)
that reconstructs high precision fine fields guided by low precision inputs and demonstrate
its effectiveness through detailed numerical studies.

In Chapter 4, we present GeoAdaLer, a geometry aware adaptive stochastic gradient
algorithm that drives deep learning training pipelines and comes with proven deterministic

and stochastic convergence guarantees. In Chapter 5, we synthesize the main findings and



outline promising directions for future research. we collect technical proofs and auxiliary

material in the appendices.



Chapter 2

Background and Theoretical Framework

2.1 Functional Setting and Weak Formulation

Let D C R? (d € {1,2,3}) be a bounded Lipschitz domain with outward unit normal
n. Throughout, we employ standard notation: R for the reals, bold symbols for vectors,
(,-) for L*(D) inner products, and || - || g1(p) for Sobolev norms. Let ¢(z, ) be a lognormal

diffusion coefficient on a domain D C R¢, expanded as

log q(z,€) = u(z) + > V(@) &, & = N(0,1).
k=1

For a prescribed cut off K we write

qL::CJ(x>€1>"'a£K)7 qH =q—q,

and interpret ¢~ as the coarse statistical description and ¢ as a fine stochastic correction.

The forward model of interest is the steady state elliptic boundary value problem
- V-(q(z,8) Vu(z,§)) = f(z) in D, u=0on dD, (2.1)

whose quantity of interest (Qol) may be a linear functional Q[u] or pointwise evaluations.
Directly resolving (2.1) for many £ samples remains out of reach on modern high performance
computing clusters when K > 10; yet neglecting ¢*! produces biased estimates of E[Q[u]]

and distorted uncertainty bands.



Following the steady elliptic model introduced in Chapter 1, we consider

V- (g(a.&) Vu(2.)) = f(x) in D,
(2.2)

u($7€) =0 on aD,

where £ is a finite or countably infinite collection of random variables on a complete prob-
ability space (2, F,P); q(z, ) denotes the high parameter complexity (HPC) random field,
modeled as a truncated Karhunen-Loeve (KL) expansion with Ng modes; f € L*(D) is a

deterministic forcing term.
Sobolev setting. We adopt the usual Sobolev space notation
V = Hj(D) withnorm |v|f} := /D|Vv|2da:.
For ease of exposition we assume that the random field satisfies
0 < umin < q(7,8) < Gmax <00 as. forae z €D, (2.3)

which guarantees uniform ellipticity and boundedness [28, 70].

Weak formulation. Multiplying (2.2) by a test function v € V| integrating by parts, and

invoking the homogeneous Dirichlet boundary condition yields the pathwise weak problem:

Find u(-,£) € V such that, for almost every £ € Q,

ag(u(€),v) = Lv) Yvev, (2.4)
with bilinear and linear forms

ag(w,v) == /Dq(:r;,g) Vw-Vudz, ((v) = | fodax.

D

8



Assumption (2.3) implies that ag(-,-) is coercive and continuous on V' x V; hence the Lax-

Milgram theorem guarantees existence and uniqueness of u(-,£) for each realization of &

[27, 62].

Low parameter complexity surrogate. Retaining only the first N, < Ny KL modes
of q defines a low parameter complexity (LPC) coefficient ¢%(z,€) and correspondingly, a

coarse solution u®(-,£) € V satisfying

ag(u™(€),v) =L(v) YveV, where ag (w, v) := /DqL(:L’,f)Vw-VU dz. (2.5)

We interpret the difference u — u”

as a fine scale correction that encapsulates the modeling
error induced by KL truncation. In Section 2.3 we show how this correction can be char-
acterized analytically via a variational multiscale decomposition, forming the cornerstone of

the data-driven surrogates developed in the next chapter.

Ensemble perspective. For quantities of interest (Qols) @ : V' — R e.g. pointwise
pressure, average flux, or risk indicators, we are ultimately interested in statistics such as
E[Q (u(ﬁ))], where the expectation is over the £ distribution. For computational purposes,
this entails solving (2.4) for many realizations, motivating the surrogate modeling method

proposed in Chapter 3.

With the functional analytic framework firmly in place, we next summarize the finite el-
ement machinery that converts the weak problems (2.4)—(2.5) into algebraic systems suitable

for both high and low parameter complexity simulations.

2.2 Finite Element Discretization of Elliptic Problems

In this section we recall the conforming Galerkin discretization of the weak prob-
lems (2.4)-(2.5) introduced in Section 2.1. Throughout, the permeability coefficient is either

the high parameter complezity field ¢! or its upscaled form ¢“.



2.2.1 Finite element spaces

Let {7n}no be a family of shape-regular, conforming, simplicial partitions of D indexed
by the mesh-size parameter h := maxger, diam(K) [17, 10]. For each h we define the classical

continuous piecewise linear subspace
= {vh € C°(D) : vy |g€ PL(K) YK € Ty, v, =0 on 8D} c V.

The nodal basis {¢;}:, of V} is indexed by the interior vertices of Ty, so that every v, € V},
can be written as v;, = Zfﬁl v;; with coefficient vector v € R™.
2.2.2 Discrete weak problems

For each realization of £ and for each coefficient choice ¢ € {H, L}, the finite element

approximation uf (§) € Vj, is defined by
ag y(u;,(€);vn) = L(vn) Von € Vi, (2.6)

where

agh Wh, Up) Z / (x,&) Vwy,-Vuy, dz.

KeTy,
Because ¢ and ¢" satisfy the uniform ellipticity assumption (2.3), the discrete bilinear form

inherits coercivity and continuity. Hence (2.6) is well posed for every £ [10)].

2.2.3 Matrix formulation and assembly

Expanding u$ (£) and the test functions in the nodal basis leads to the linear system

Af(Qu’(§) =1, (2.7)

10



where the stiffness matrix A¢(§) € R"*" and load vector f € R™ have components

46 = [ #@ Ve Vade, fi= [ feds

The matrix is symmetric positive-definite for every £, so (2.7) can be solved by the Conjugate-

Gradient method, multigrid, or sparse direct solvers; see [26, 79].

2.2.4 High and Low Complexity Parameters

For ¢" the integrals in A}}(£) must be evaluated with quadrature rules that resolve the
fine scale oscillations induced by the high KL modes. In contrast, ¢~ is smoother, enabling
coarser quadrature and thus cheaper assembly.

The same mesh 7, may be used for both problems when performing a pure parameter
study. In multiscale settings, however, it is common to employ a refined mesh for the HPC
problem and reuse the coarse matrix as a preconditioner when solving (2.7) with ¢ = H

[58, 24, 20].

Standard Céa-type arguments yield, for ¢ € {H,L} and each &,

u (&) —up,()llv < Crph||u ()| m2(D),

assuming D is convex and u*(§) € H?(D). The constant Cpg is independent of h and &
[10]. Combined with the analysis of the fine scale correction in Section 2.3, this estimate

underpins our surrogate modeling error budget in Chapter 3.

The finite element method described above furnishes the discrete solutions uj! and wu}’
that act as ground truth and conditioning data, respectively, for the data driven surrogates
of Chapter 3. In the next section we revisit the variational multiscale decomposition that

links these two levels of resolution.

11



2.3 Variational Multiscale (VMS) Decomposition

The classical variational multiscale (VMS) framework of Hughes [11, 12] partitions the
solution space into “coarse” and “fine” scales to stabilize or enrich Galerkin schemes, usu-
ally with mesh resolution in mind. In the present work we re-purpose that idea to sepa-
rate the parameter space. Coarse scales correspond to the low-parameter-complexity coef-
ficient ¢“, whereas fine scales represent the modeling error introduced by truncation of the
Karhunen-Loeve (KL) expansion. This viewpoint follows the localization principles devel-

oped for coefficient-contrast multiscale problems by Malqvist & Peterseim [58].

2.3.1 Decomposition of the Solution

We write the high fidelity solution u!(-,£) € V (associated with ¢'1) as the direct sum
WHE) = ub () + (), with v* € V,, «' € V,

where V. := V plays the role of the coarse space and V; is the (abstract) fine scale subspace
characterizing parameter induced corrections. For Galerkin FE computations V. will be
realized by the same discretization space used for (2.5), but equipped with ¢“. For our

purpose, this discretization space maybe fine or coarse in mesh resolution.

2.3.2 fine scale problem driven by the coarse residual

Insert u™ = ul 4+ o' into the pathwise weak form (2.4) and subtract the low-complexity
problem (2.5):
a?(u’,v) = (f — a?(uL, ))(v) Vo e Vi, (2.8)

where a?(-, -) is the bilinear form with ¢! and the term on the right is the coarse residual.
Choosing V; as the kernel of a suitable projector Il : V — V, (typically the L?-orthogonal
projection) guarantees ag (u®,v) = £(v) for all v € V;; hence the residual reduces to r¢(v) :=

—(af — af')(u",v) = [,(¢" = ¢*) Vu"- Vo da.

12



Provided ¢" is piecewise H! and V; C H} (D), (2.8) is equivalent to

~ V- (¢"Vu) = V-((¢"-¢")Vu") in D, |op=0. (2.9)

Equation (2.9) reveals three features that are central to our data-driven strategy: (i) the
driving term involves the contrast ¢! —q" only; (ii) boundary conditions remain homogeneous,
so v’ is localized around regions where the contrast is large; (iii) no additional dependence

on the forcing f appears, making u' reusable across many right-hand sides.

13



2.3.3 Discrete VMS formulation

Let Vj, C V' be the standard P, finite-element space on a mesh 7, and set V., =V}
with coefficients ¢. One way to realise the fine space is the orthogonal complement V;, :=
(I — L. 4,) Vs, where I, is the g"-weighted H' projection. Following the algebraic VMS
recipe of [12], elimination of wj from the coupled system leads to an effective coarse scale

matrix

KVMS — KL o KLH (Kg)il KHL,

where K" is the standard stiffness matrix with ¢%, K} is the restriction of the high fi-
delity stiffness to fine-fine couplings, and the mixed blocks K™ K" encode the parameter
contrast. This Schur-complement-type operator motivates our data-driven coarse-aware re-

construction algorithms in Chapters 4-5.

2.4 Multifidelity Variance Reduction for Quantities of Interest

Let @ : V — R be a square-integrable quantity of interest (Qol) and recall the high-
parameter-complexity (HPC) and low-parameter-complezity (LPC) solutions uf!, u™ € V in-
troduced in section 2.1. Our goal is to estimate the intractable expectation py :=E [Q(UH)]
with minimal calls to the costly solver for u™'. Three well-established families of multifidelity

estimators exploit the cheap surrogate information contained in u®™ or Q(u").

2.4.1 Control-variate (CV) Monte Carlo

Define AQ := Q(u!) — Q(u¥) and write

cheap low variance

Because 6(AQ) < 0(Q(u')) whenever the surrogate is accurate, an i.i.d. Monte-Carlo esti-

mator based on My < My, high fidelity samples and M, cheap samples achieves a mean-square
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uL
error of order 5(]@}?) + 5(QA(4L ) [15]. Optimal allocation of (My, My) and the coefficient in a

generalised CV estimator is analysed in [02].

2.4.2 Multilevel Monte Carlo (MLMC)

MLMC [31, 18] builds a hierarchy of KL truncations N;, = Ny < Ny < --- < N = Ny

and telescopes the expectation,

Coupled sampling of successive levels (same ¢ for the pair in the difference) yields variance
decay d[Q(ul?) — Q(ul*"V)] = O(N,;”) with 8 > 1 for sufficiently smooth @Q; thus the work

to attain RMSE e drops from O(¢7?) (plain MC) to O(s72) or better.

2.4.3 Bayesian Multifidelity Conditioning

In the co-kriging framework of [15], (Q(u"), Q(u™)) is modeled as a joint Gaussian
process with a linear model of co-regionalization prior. Posterior conditioning on cheap
evaluations of Q(u") yields a closed form Gaussian predictive distribution for Q(u!), whose
mean is an unbiased minimum variance linear estimator and whose variance supplies credible
intervals [72]. This approach is non-intrusive and attractive when 6(AQ) is small but the
underlying PDE solve is highly nonlinear.

The question is, what method is most suited for a given UQ problem? Control-variate
MC is simplest and suffices when a single good surrogate is available. MLMC becomes
attractive when one can generate a whole ladder of KL truncations or coarse meshes at
negligible incremental cost. Co-kriging (or more modern deep-kernel Bayesian models) is
valuable when surrogate evaluations are so cheap that thousands can be afforded, yet the

physics is too nonlinear for level coupling to be effective.
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These variance-reduction ideas will be combined with the VMS corrections of section
2.3 in Chapter 3 to yield an overall work complexity that scales essentially with the coarse

solve, plus a few iteration of fine solves for bias elimination.

2.5 From Common Theory to Specialized Surrogates

The technical foundation established in Sections 2.1-2.4 is deliberately broad: it treats
the high-parameter-complexity coefficient ¢*(x, €) and its low-complexity surrogate ¢"(z, &)
inside a unified Sobolev framework, discretised by the standard finite-element machinery.

Because each of the data-driven strategies developed later exploits the same weak form
ag(u"(€),v) = l(v) Yv eV, ag(w,v) := / ¢"'Vw-Vodr, (2.10)
D

we pause to highlight the structural elements that recur throughout the remainder of the

thesis.

Governing model and surrogate pair. The uniformly elliptic bound (2.3) guarantees
that, for every realization of &, Problem (2.10) possesses a unique solution u(-,£) € V. A
severe truncation of the Karhunen-Lo¢ve expansion defines the low-complexity field ¢~ and

H

an associated coarse solution u(-, ) via (2.5). We interpret the difference v — u as a fine

scale correction that encapsulates all information lost by the KL truncation.

Finite-element backbone. On a common, shape-regular mesh the bilinear forms a; and
ag give rise to stiffness matrices A™(¢) and A%(€), respectively. Hence the correction satisfies
AR (M = T) = (AL(E) — AT(€))T, revealing A" — A" as the algebraic footprint of the

discarded KL modes.

Variational multiscale interpretation. Section 2.3 recasts the foregoing algebraic re-

lation in a parameter-oriented variational multiscale (VMS) split: the coarse component
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U solves a restricted problem with ¢, while the fine component is driven by the residual
r:=f+V-: (qLVﬂ). This observation both motivates and constrains the surrogate architec-

tures that follow.

Multifidelity estimators. For practical uncertainty quantification one is rarely inter-
ested in the pathwise solution itself, but rather in statistics of a quantity of interest Q(u').
Section 2.4.1 showed that @ can act as an effective control variate inside a low-variance
Monte-Carlo estimator, provided the discrepancy Q(ul) — Q(@) can be evaluated cheaply.
Each of the forthcoming surrogates is designed precisely to supply such evaluations at mesh-

level cost.

Before introducing the machine-learning framework, we first derive a parameter com-
plezity coarse/fine decomposition that mirrors the mesh-based VMS splitting of Section 2.3.
Throughout this chapter and as introduced previously, we reserve the superscripts ‘H” and
‘L’ for the High parameter complexity and Low parameter complexity coefficients defined

in Section 2.1.

2.6 Low Fidelity and Correction Equations

Our reference model is the elliptic problem

Lu=f in D,
L:=-V-(¢"(z,§ V), (2.11)

u=gq on 0D,

with ¢"' the HPC permeability field introduced in Chapter 1. In analogy with Section 2.1
we truncate the KL expansion after Ny, < Ny modes, obtaining the LPC coefficient ¢"(z, &)

and the corresponding coarse solution u” := u(q"). Writing

¢ =q"+q, u=u"+4,
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where ¢’ and v’ are the high-frequency parameter and solution corrections, we insert the

ansatz into (2.11). After elementary algebra, we arrive at the decoupled system

-V (qLVUL) f in D, u =g on 0D, (2.12a)

V- (¢"Vu') = V- (¢'Vu") in D, u'=0 on 9D. (2.12b)

Equation (2.12a) is inexpensive to solve on a coarse mesh, while (2.12b) retains all fine
scale information. In what follows we learn a surrogate for u’ once, offline, via a Conditional
Variational Autoencoder (CVAE). Thereafter the surrogate supplies fine scale reconstruc-

tions in milliseconds.
Remarks 2.6.1.

(a) The operator term V-(qHVu’ ) is independent of the boundary data. Retraining is there-

fore unnecessary if g changes.

(b) Dependence on the forcing f is only through u", enabling generalisation to unseen

loadings after sufficient pre-training.

(c) The training pairs (u,u’) are generated by inexpensive KL sampling for ¢! and coarse

finite-element solves of (2.12a) and a resolved solution of 2.12b.

2.6.1 Hierarchical Parameter Enrichment

Let G denote an intermediate hierarchy satisfying ¢% < ¢ < ¢! and denote by @ the
solution of —V-(¢gVa) = V- ((¢" — ¢~)Vu"). The next theorem quantifies the error incurred

by replacing ¢"! with ¢ in (2.12b).

Theorem 2.1 (Hierarchical approximation). Let u' solve (2.12b) and @ be defined as above.

Then

lg"" = gl

min

- D
| — il 2y < C L1V 2y,

for a constant C' depending only on D.
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Proof. Plugging ¢" ~ ¢ and u’ ~ @ into equation (2.12b), we obtain
—V (V) =V - (¢'Vu®) (2.13)
Subtract equation (2.13) from equation (2.12b) to get
~V - (¢"Vu') + V- (GVa)) = 0.
Let e = u' — 4. Then @ =« — e and

0=V ("Vu)+ V- (V) = -V - (¢"Vu)+ V- (GV( —e))

= -V-((¢" = 9Vu') + V- (qVe).
Thus,
V- (qVe) =V - ((¢" — V)
Let v € V C H}(D). Then

/ -V - (¢(Ve)vdx = / ~V - ((¢" = ¢V vda.

D D

/ GVv-Vedr — / quVedr = / (" — §)Vv - V' vdx
D D D

—/ (¢" — §vVu' - i dsS,
oD

where the last equation follows from integration by parts. Since v = 0 on 9D, the above

equation reduces to

/ ¢Vv-Vedr = / (¢" — §)Vv-Vu'de foralveV.
D

D
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In particular, within the Galerkin framework, for v = e,

/ GVe - Vedr = / (¢" — §)Ve - Vi'dx.
D

D

/ G| Vel|*dr = / (¢" — §)Ve - Vi'dx.
D D

Thus, by boundedness of ¢, we compute as follows

G / |VelPde < / il Ve|Pdz
D D
:/(qH—(j)Ve-Vu/da:
D

< llg" - dl!oo/DHVeHHW’de (2.14)

3 3
suqH—aum{ / ||Ve||2das} [ / ||W||2dx] . (2.15)

Equations (2.14) and (2.15) both follow from the Cauchy-Schwartz inequalities for finite and
1
infinite dimensions respectively. Now, dividing both sides of equation (2.15) by [ [}, [|Vel|*dz]?

and simplifying, we obtain

3 H_ 5 2
U HVesza:} S—”q - ?”“U ku%} :
D Gmin D

By Poincare inequality, we get the desired result

HQH - Q||w

min

lv' —all < C IV

for some constant, C'. O]

Corollary 2.6.1. If § = ¢", then the following holds

141l
L

min

lv' —all < C V] (2.16)
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Proof. Since ¢& = ¢ — ¢/, setting ¢ = ¢~ in Theorem 2.1, we obtain the desired result. [

The rest of the first part of the dissertation is dedicated to developing a method for
recovering v’ and the tools necessary for its implementation. In the next chapter, we propose

a CVAE-Based HPC Field Reconstruction and present its development in detail.
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Chapter 3
CVAE-Based HPC Field Reconstruction

3.1 Introduction

We seek to generate samples from the high parameter complexity output, given samples
of the low-complexity model. Variational autoencoders are special neural networks that
allow for a data-driven approach to generate high fidelity samples. These models are trained
on samples of high-dimensional input vectors, which are reduced to latent variables, which
in turn are used to reconstruct the high-dimensional distribution. Conditional variational
autoencoders can make use of additional inputs (in our case samples of the low complexity
solutions), to condition the reconstruction of the high-parameter solution.

In this chapter, we will briefly describe how conditional autoencoders work in the context
of our problem, qualitative features of this approach (computational cost), and will conduct

a few numerical experiments to demonstrate the effectiveness of this method.

3.2 Conditional Variational Autoencoders

In this subsection, we attempt to give a general introduction to the basic building blocks of
CVAE. CVAE is a variant of VAE targeted at certain applications. VAE is a probabilistic
generative version of Auto-Encoders. Auto-Encoders in turn, are stack of encoder and de-
coder layers of neural networks. We assume familiarity with neural networks and what make

them universal function approximators, such as backpropagation, gradient descent, etc; see

[ ? ? ? ]
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3.2.1 Autoencoders

The concept of autoencoders has long been present in the annals of neural network re-
search [33]. An Autoencoder is an unsupervised neural networks trained with the aim of
reconstructing its inputs [5, 33]. Autoencoders have historically been employed for feature
learning or dimensionality reduction. Autoencoders have recently gained prominence in gen-
erative modeling due to theoretical linkages between them and latent variable models. The
training of autoencoders is a particular case of feedforward networks. It can be done using
any of the same methods, notably mini-batch gradient descent after gradients are calculated

via back-propagation [33].

Latent Variable

Encoder Decoder
U —r z > U

fo. 904

Figure 3.1: An Autoencoder Neural Networks Architecture

Figure 3.1 shows typical autoencoder architecture. It consist of two components: an
encoder and a decoder. The encoder transforms a high-dimensional input into a low-
dimensional representation, known as a latent or hidden representation. The decoder re-
constructs the original input from the latent representation. The autoencoder is trained by
minimizing the difference between the original and reconstructed inputs [33].

Without loss of generality, let the input U = (uq,---,u,) be a vector. Extensions
of autoencoder to different data types exist, such as convolutional autoencoders of [59] for
image data. We however, stick to the vanilla type architecture for the sake of illustrating
the main idea. Let fy, : Y — Z be the encoder function and gy, : Z — U, the decoder where

U, Z are the input and latent spaces, respectively. The encoder and decoder deterministic
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forms are

z = fo.(u) = c(Wou + b,), 9o, (2) = o(Wyz + by)

with 0, = (We,b.), 04 = (Wy,bs) and o, not necessarily same for both encoder and decoder,
is an activation function. W,, W, are weight matrices and b., by are biases. The input units
transmit their values to the output units through a hidden layer acting as a bottleneck with
a restricted capacity that must optimally encode the input vectors when utilizing this sort
of network to achieve dimension reduction by auto-association [3]. Finding the best weight
matrices and bias vectors to minimize mean-square error, which is a go-to optimization
criterion for continuous MLP training, is the task at hand [3]. Formally, the goal is to solve
the optimization problem
. 1« -

minimize £ = 2_; s — . (3.1)
where 4 = gg,(z). Other popular loss functions for regression problems include mean-square
logarithmic loss, mean-absolute loss. In a classification setting, popular loss functions are
cross-entropy loss, Kullback Leibler divergence loss, Brier score, etc. The choice of loss
function to use is purely problem dependent. However, the optimization setup remains the
same. The study and creation of loss functions is an active area of research and designing
loss functions for deep learning techniques has emerged in recent years as one of the most
challenging issues [77].

As an instance of feedforward neural networks, autoencoders can be trained using the
same methods as feedforward networks, generally using minibatch gradient descent with gra-
dients update through back-propagation. Other training methods exist, such as recirculation
but are rarely used in applications pertaining to machine learning [33].

Since its inception, many variants of the autoencoder architecture have been developed,

including sparse, denoising, contractive, variational, convolutional autoencoders [21]. For
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simplicity of presentation, we focus our energy on variational autoencoders from which con-

ditional variational autoencoders is born. For details on other types of autoencoders, see

[21, 33].

3.2.2 Variational Autoencoders (VAE)

VAE was developed to efficiently carry out inference and learning in directed probabilistic
models with continuous latent variables, when the posterior distributions are intractable
and the datasets are large [17]. Built on neural networks, the architecture is similar to
autoencoders in addition to being a probabilistic model. It belongs to the class of generative
models.

VAE is a deep Bayesian network that models the probabilistic relationship between a
latent variable Z and a variable of interest U. A prior is typically chosen for Z, such as
the multivariate unit Gaussian distribution N'(0, ) [38]. The encoder py(z|u), a conditional
distribution is trained to push forward the measure on the space of the input U onto the
chosen prior, space of Z. The decoder, p,(u|z) in turn reconstructs U from the distribution
of the prior. We assume each density is parametrized appropriately by weights and biases

of neural networks and drop the #,~ notations. In the Bayesian setting,

p(zlu) =2 (3.2)

The marginal p(u) = [ p(u|z)p(z)dz is intractable. It involves iterated integrals in multiple
dimensions. Consequently, p(z’u) is not tractable by directly using (3.2). Moreover, if
we knew the distribution of U, our problem is fully solved. A strategy that works is to

approximate p(z|u) with q(z|u) so as to solve the optimization problem

m(igrg%(iaze Drr (g,(z|u)||po(z|u)) (3.3)
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where DKL(-H-) is the Kullback-Leibler Divergence. By definition and (3.2),

D (q(z|u)|[p(z]u)) = E, {log z% ]

= E, [log q(z|u)] — E, [log p(z, u)] + log p(u)

= — (Bq [log p(z, u)] = E, [log g(2[u)]) + log p(u) (3-4)

But by importance sampling, Jensen’s inequality, and for any distribution ¢,

log p(u) = log/p(z,u)dz

- o | e

p(z,U)]
q(z|u)

=5 o]

=logE,|

— E, [log p(z )] — E, [log g(=])] (3.5)

Clearly, if there exist ¢ such that equality holds in (3.5), then such ¢ minimizes the KL

divergence in (3.4). Rearranging terms in (3.4) and using the relation p(z,u) = p(ulz)p(z),

p(u) — Dk, (q(z|u)||p(z|u)) = (Eq [log p(z, u)] — Eq [log g(z]u)])
qllog p(u|2)] — (Eq[log q(z|u) — log p(z)])

E
= EEq[Ing(U’Z)] — Dgr, (q(Zlu)Hp(z))J (3.6)

ELBO=((0,6,7)

where 6, 5 and ~ are learnable parameters of the posterior p(u|z), latent distribution ¢(z|u),
and the prior p(z) respectively.

Known as the variational lower bound in [17] and recently as the evidence lower bound
(ELBO), equation (3.6) which contains the FLBO forms the basis of the variational autoen-

coder [20]. The terms in the left hand side capture both the initial problem of computing

26



p(u) in (3.2) and the alternate optimization problem in (3.4). Of great importance is the
fact that the right hand side (the FLBO) is independent of p(u) and p(z|u). It enables the
use of optimization methods such as stochastic gradient descent to maximize the left hand
side, in search for a ¢ that solves problem (3.4). Essentially, we combined the two problems

in (3.2) and (3.4) into the single problem

maximize p(u) — Dicr (q(2|u)||p(=|v)) (3.7)

where P is a set of probability distributions. The new optimization problem is equivalent
to the preceding problems in two ways: (1) while we cannot compute p(u) explicitly to find
p(z|u), it makes sense to maximize it, and (2) the second term of the objective function is
the dual problem of (3.4). Furthermore, by virtue of the equality in (3.6), we simply need to
optimize the FLBO to solve our new, and consequently, old problems. For specific derivation
such as when the prior is Gaussian, as well as the re-parametrization trick, see [17, 20].
Once the encoder and decoder parameters are optimized viz-a-viz minimization of the
ELBO, VAE generates new samples similar to the training data by sampling from the prior

and pushing forward the measure to the posterior of X via the decoder only.

3.2.3 Conditional Variational Autoencoders

Conditional variational autoencoders (CVAE) is similar to variational autoencoders (VAE),
except that it makes assumptions about a label or categorization as a second aspect of the

data [73]. The CVAE ELBO is the consequence of this, and is given as

(8, 8,111) = By log p(ul=, 1] ~ Dt (a(=lu.1)||p(2)) (3.5)
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It makes the recognition model and true posterior dependent on both X and the label,

[ [73, 36]. Although initially proposed for classification problems, CVAE has found applica-
tions in crowd counting via attention mechanism [14], multimodal image-to-image traslation
[91], flow reconstruction from limited observations [30], among others.

Using CVAE, we learn the fine scale solutions of differential equations with rough pa-
rameters conditioned on the coarse scale realizations. Solutions with high resolution are
prohibitive to compute using methods such as finite differences, finite elements or finite vol-
umes. Coarse solutions are cheap with finite elements, but are not rich enough to capture
microscale heterogeneity posed by the roughness of parameters of the governing equations.
Let x. be a coarse scale realization from a finite element forward solver. Similar to the work
in [30], to approximate the probability distribution p(u|z,u.) of the fine scale solution, we
condition latent representation z on the coarse scale x.. The ELBO stays the same as in
equation (3.8), but now with a continuous conditioning rather than discrete class label.

Using a CVAE we infer the high parameter complexity (HPC) solution u! of the stochas-
tic PDE from its low parameter complexity (LPC) surrogate u*. Computing u™ which re-
solves the full set of Ny KL modes is prohibitively expensive with classical finite—difference,
finite element, or finite volume schemes. By contrast, the LPC solution, obtained by re-
taining only the leading N, < Ny modes, is inexpensive but fails to capture the sub-grid
heterogeneity induced by the truncated high order modes. Let u* denote such an LPC real-
ization produced by the forward finite element solver. Adapting the semi-supervised strategy
of [36], we model the conditional distribution p(u!|z,u) by letting the latent variable z de-
pend on uf. The resulting evidence lower bound is still given by (3.8), the only change being

that the discrete class label is replaced by the continuous LPC conditioning variable u".

3.2.4 CVAE Architecture and Loss

Figure 3.2 distills the conditional variational autoencoder we designed to turn a cheap

LPC field ©* into a high fidelity reconstruction of the expensive HPC solution u!.
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Figure 3.2: CVAE Architecture for Reconstructing HPC Solutions

Encoder py(z |ut). For one-dimensional benchmarks, u! is merely a vector on a fine mesh,
so a lightweight multilayer perceptron (MLP) with ~ 10* weights suffices to map it to the
latent code z € R%. In two and three dimensions the spatial correlations are richer; here
we replace the MLP by a small NN stack (conv-batchnorm-RELU blocks followed by global
average pooling). Either way, the encoder outputs the parameters (,ug, log 03) of a diagonal

Gaussian and samples z through the re-parameterisation trick [17].

Conditioning channel. Instead of feeding the LPC field through the encoder, we splice
it in after the stochastic bottleneck (late fusion). We broadcast z to the resolution of u"
and concatenate the two tensors, so the decoder can blend global latent information with

the physics-based coarse field.

Decoder pg(uf| z,u”). The decoder is the mirror image of the encoder: an MLP for 1-D
and a transpose-convolution stack for 2-D/3-D. Its final layer predicts the per-pixel/voxel

mean /4 and log-variance log 035 of a Gaussian likelihood.

Training objective. With mini-batch B and for z ~ NV(0, I), the loss reads

Lovag = % Z [DKL(pG(Z [u™) || p(2)) = Enp, [logp¢(UH | 2, UL)H, (3.9)

(uful)eB
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the usual ELBO specialized to our conditional setting. Section 7?7 explains how we add a

weak PDE penalty to (3.9) so that reconstructions respect the governing operator.

3.2.5 Evidence Lower Bound with Physics Regularization

Training the network hinges on maximizing a physics-augmented evidence lower bound
(ELBO). In its vanilla form the conditional variational autoencoder seeks the parameters

0,/ that maximize

Lerso = Egyjum[logpo(u' | 2,u")] — Akr Dxi(gs(z | u) || p(2)), (3.10)
recons??uction laten;,prior
where z ~ N(0,I) and Ay, is the standard annealing coefficient [17]. In practice, however, a

model that only sees data can exploit spurious correlations and drift away from the governing
PDE when extrapolating. To tether the network to the underlying physics we append a

residual penalty

Rens = H—V- (¢") V' =V - (q'VuL)’ ] (3.11)

()’

evaluated on a Sobolev training grid or with automatic differentiation (e.g., torch.autograd)

at Monte-Carlo points z; ~ Unif(D), and a boundary mismatch term

Rop = | (3.12)

2
K4 P
The complete objective thus reads

L = —Lgeo + AppERPDE + AopRop  (APDE, Aap > 0), (3.13)

where the minus sign turns the maximization of the ELBO into a minimization task. For

training, we adopt a two-stage curriculum: (i) warm-up with Appg=>XAgp=0 for 30 epochs to

30



Algorithm 1 Offline generation of low-mode / high-mode solution pairs

Require: number of seeds Nyeeq; KL bandwidths (mp, my) with mp < my; FEM mesh 7,
(N nodes); resamples per seed K; covariance kernel C(|z — y|)
1: Pre-compute the first my KL eigenpairs {(Ag, ¢x) } ey on Tp,
2: for i < 1 to Ngeq do
3. Draw €9 ~ N(0, I,,,,,)

mr
4. Low-mode field g*(z) + Z VA b () €0
k=1

5 q"(x) « exp(g”(x))
6:  u" <« SOLVEPDE(¢")
7: for j + 1to K do
~(.7)

8

Draw new &,, 1., ~ N(0,1)
my
9: gt (x) + g*(z) + Z VA bp(x) €87
k:mL+1
10: q(z) + exp(gH(x))
11: uf’ + SoLVEPDE(¢")
12: Store (uL, ull, qH)(Z’])
13: end for
14: end for

let the autoencoder learn a cohesive latent space; (i) a max function schedule that gradually
raises Appg / Agp to unity, following the ideas of PINNs [63] but without hand-tuned weights
for each collocation point.

We retain the notation of Section 2.6. The superscripts (-)%/# always signal low or high
parameter complexity fields, while the operator in Rppg uses the high fidelity coefficient ¢',

the quantity the CVAE is meant to reconstruct.

3.2.6 Generation of LPC-HPC Training Pairs

A reliable CVAE hinges on an ample supply of paired snapshots (uL(§ ), utt (& )) covering
the admissible parameter range. We therefore construct the offline data set in four deter-

ministic steps, Algorithm 1, each grounded in the mathematical formalism of Section 2.1.
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Sampling strategy. To avoid the curse of dimensionality we draw the KL weights &
independently from A (0, 1) and discard modes once the eigenvalue ratio >, v Ax/ > o1 M
drops below 1076,

The resulting triplet D := {(uL, ufl, g")® }j\il constitutes the sole offline input for CVAE

train. No fine scale gradients or fluxes are required. The data acquisition cost aligns with

standard Monte-Carlo workflows.

3.3 Numerical experiments

We demonstrate the effectiveness of our CVAE architecture on two representative prob-
lems. The first is a one dimensional elastic bar problem that has become a staple in uncer-
tainty quantification studies [34, 18]. The spatially varying Young modulus is modeled as a
lognormal Gaussian field; its first few Karhunen-Loeve modes define the LPC (coarse) input,
while the discarded high-index modes generate the HPC (fine) target that the network must
reconstruct. Our second benchmark is a two—dimensional linear elliptic equation on the unit
square with a heterogeneous lognormal diffusion coefficient, again split into LPC and HPC
components via mode truncation. Taken together, the 1D and 2D cases test the surrogate
in distinct low and high dimensional settings while keeping the underlying governing physics
deliberately simple. The following subsections detail the data generation, training protocol,

and quantitative results for both benchmarks.

3.3.1 One-dimensional Elastic Bar

We investigate the one-dimensional steady state diffusion equation

N %(‘m’i) uw(‘”’ﬁ)) =flx),  2e(0,1),  u(0,§)=u(l§ =0, (3.14)
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where ¢ is a lognormal Gaussian random field. We expand g = log ¢ in a Karhunen—Loeve

(KL) basis computed on a uniform mesh with 256 cells,

Ny
g('xvé) :Z V/\k¢k(x)€k, kaN(O,l),
k=1

using a Matérn covariance kernel C(z,y) = 0% exp(—|x — y|/¢) with % = 107® and ¢ = 0.05.
Two resolution levels are distinguished. A low parameter coefficient is obtained by truncating
the expansion after m; = 2 modes, whereas the high parameter coefficient retains the first
one hundred modes. The right—hand side is not fixed; instead we draw f from four families
previously employed in the DeepGreen paper [32], namely isolated Gaussian bumps, single
cosine waves, cubic monomials centered at x = 7, and their quadratic-cubic superpositions.

Each forcing is compiled on the fly as a FEniCS Expression.

3.3.2 Data generation

Given the huge amount of data involved, we produced training data lazily during
optimization. For a randomly selected forcing f we first draw a low rank coefficient ¢,
solve (3.14) to obtain u¥, and then generate one hundred conditional refinements ¢! whose
high-frequency KL coefficients are sampled conditionally on the retained low—frequency co-
efficients. Each high-rank coefficient is solved in turn, yielding the target pair (u®, q, u').

The procedure never stores samples on disk; it therefore consumes a constant amount of

memory while potentially offering an unlimited stream of data.

3.3.3 Network architecture and training protocol

Both the encoder and decoder are fully connected neural networks with three hidden
layers. The 128-dimensional latent space is sufficient to capture the variability observed in

the high fidelity solutions. We optimize the usual CVAE objective augmented by a physics
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term that penalizes the strong residual of (3.14). In particular the loss reads

. . 2
L= |lu" = @[3 +8 Div[ge(z| w) [Ipo(2)] +7[|=(¢"z)e = £l 120,
ﬁ_./ ’
reconstruction
where [ and ~ are ramped linearly during the first 30 epochs to 0.1 and 0.01, respectively. We
train for about 2000 epochs with a batch size of 32 and the Adam optimizer at a learning
rate of 1073, One epoch corresponds to about 1000 - 5000 newly generated high fidelity

samples, which are sufficient for the loss to stabilize.

3.3.4 Test set and model evaluation

A separate Monte-Carlo archive is generated for the single forcing f(z) = (z — m)%
It contains 100 low-rank seeds and, for each of them, 10000 conditional high-rank draws.
Pointwise reconstruction accuracy is measured through the mean-square and mean absolute
errors, while physical consistency is monitored by the residual norm appearing in the training
loss. Finally, we quantify how well the CVAE matches the entire conditional distribution
p(uf|u) by computing a symmetric Kullback—Leibler divergence between histograms of the

true and the generated solutions.

3.3.5 Results

All results reported below are obtained with a CVAE whose latent-space dimension
is 128. For each conditioning field ¢* we draw 10000 latent samples, decode them into HPC
solutions 4, and compare these against the reference FEM solutions . On the entire
test data, the model attains a mean squared error of 1.1 x 1074, a mean absolute error of
8.9 x 1073, and an average strong residual of 3.5 x 1073, reflecting good physical consistency.
The symmetric KL divergence between the empirical distributions of 4" and w”, averaged

over all 1000 low-rank seeds, is 3.4 x 10*. The worst single seed reaches 7.6 x 10
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Qualitative behavior. Figure 3.3 visualizes one representative low-rank seed. Panel 3.3a
shows the coarse random coefficient ¢~ (black) together with several conditional HPC re-
alizations ¢ (colored). Panel 3.3b overlays the corresponding LPC solution u” with FEM
samples of uf, while Panel 3.3c replaces the FEM samples by CVAE predictions @/. The
visual match between panels (b) and (c) confirms that the decoder reproduces the diversity

of the HPC solution manifold.
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Figure 3.3: Visual comparison of CVAE and FEM solutions conditioned on one LPC solution.
The right hand side is f(x) = (z — 7). The LPC field is generated with m; = 2 KL modes,
whereas the HPC field uses 100 modes.

Subinterval statistics. To probe spatial accuracy we partition the domain into five equal
subintervals and compute the spatial average of u? and 4 over each part. Figure 3.4 (a)
presents paired boxplots for these quantities, built from 10000 Monte-Carlo samples per
subinterval. The near overlap of the boxes indicates that the decoder preserves both the

central tendency and spread of the LPC conditioned fine scale averages.

Reliability of predicted uncertainty. Finally, we evaluate probabilistic calibration for
the global quantity, namely the spatial average over the full domain. Figure 3.4 (b) shows
the resulting reliability curve. Each point represents the empirical coverage of a symmetric
prediction interval versus its nominal confidence level. The curve tracks the diagonal closely,
with the mean absolute calibration error below 3%, demonstrating that the model’s variance

estimates are well calibrated.
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Figure 3.4: Statistical comparison of FEM and CVAE predictions.

36



Chapter 4

GeoAdaler: Geometric Insights into Adaptive Stochastic Gradient Descent Algorithms

4.1 Introduction

Stochastic gradient descent (SGD) optimization methods [66, 70] play an important
role in various scientific fields. When applied to machine learning algorithms, the objective
is to adjust a set of parameters with the goal of optimizing an objective function. This
optimization usually involves a series of iterative adjustments made to the parameters in
each step as the algorithm progresses [16]. In the vanilla gradient descent approach, the
magnitude of the gradient is the predominant annealing factor causing the algorithm to
take larger steps when you are away from the optimum and smaller steps when closer to
an optimum [08]. This method, however, becomes less effective near an optimal point,
necessitating the selection of a smaller learning rate, which in turn affects the speed of
convergence. The raw magnitude of the gradient does not always align with the optimal
descent step size, thus necessitating a manually chosen learning rate. If the learning rate
is too big, overshooting may occur and convergence rate is slow if the learning rate is too
small. This challenge has led to the development of adaptive learning algorithms [(1]. In
this paper, we explore gradient descent algorithms that optimize the objective function with
emphasis on the update rule. In this context, we focus on the update rule by breaking it into
three components: the learning rate, the annealing factor, and the descent direction. This
approach allows us to evaluate the effectiveness of an algorithm by examining the impact of
its learning rate, annealing factor, and descent direction on the optimization process.

In this paper, we propose GeoAdaLer (short for Geometric Adaptive Learner), a new
adaptive learning method for SGD optimization that is based on the geometric properties of

the objective landscape. We use cosine of 6 (where 6 is the acute angle between the normal
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to the tangent hyperplane and the horizontal hyperplane) as an annealing factor, which takes
values close to zero when the optimization is traversing points close to an optimum and close
to one for points far away from an optimum. Our method has surprising similarities to other
adaptive learning methods.

Some of the advantages of GeoAdalLer is that it introduces a geometric approach for
the annealing factor and outperforms standard SGD optimization methods due to the cosine
of 6. Through both theoretical analysis and empirical observation, we identified similarities
between our proposed method and other adaptive learning techniques. Our method enhances
the understanding of existing algorithms and opens up more opportunities for geometric
interpretability of how the algorithms traverse the objective manifold.

Additionally, we analyze the convergence of GeoAdal.er. We frame the optimization
process as a fixed-point problem and split the analysis into deterministic and stochastic
cases. Under the deterministic framework, we assume convexity and the existence of a finite
optimal value. We utilize the Lipschitz continuity property of the gradient to establish
upper bounds of convergence. We further employ the co-coercivity and quadratic upper
bound properties to establish the lower bounds of convergence [32]. Under the stochastic
framework, we employ the regret function, which measures the overall difference between
our method and the known optimum point, ensuring that as time tends to infinity, the
regret function over time tends to zero. By ensuring that the upper bound of the regret
function goes to zero, we determine the overall convergence of the stochastic method to an
optimum point. Both the deterministic and stochastic analyses demonstrate the robustness

of GeoAdaLer and enhance our understanding of its practical applications.

4.2 Related Work

In the field of adaptive stochastic gradient descent algorithms, we continue to see im-
provements, often due to the need to address shortcomings of previous methods. The pi-

oneering approach is AdaGrad, which focuses on the concept of per-parameter adaptive
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learning rates. The foundation of AdaGrad is also the source of its limitation: the mono-
tonic accumulation of squared gradients that could prematurely stifle learning rates [89, 22].

Subsequent optimizers like AdaDelta, RMSprop, and the popular Adam sought to ad-
dress this issue [10, 78, 89]. AdaDelta introduced a decaying average of past squared gradi-
ents, while RMSprop utilized a similar exponential decay mechanism to limit the aggressive
reduction in learning rates. Adam combined RMSprop’s adaptive learning rates with the
concept of momentum for smoother updates. However, Adam has been challenged by AMS-
Grad which modifies the algorithm in order to imbue it with "long term memory” which
addresses issues with sub-optimal convergence under specific conditions and improves empiri-
cal performance [(4]. As pointed out by [54, 71, 90], the assumptions on the hyperparameters
of Adam were made before constructing the counter examples in [64]. Insights gained from
these examples are invaluable for the ongoing exploration of stochastic gradient descent
algorithms.

The literature on adaptive optimization algorithms for SGD reveals that each algorithm
addresses the problems evident in its predecessors. The iterative approach, while successful
in many ways, arguably emphasizes the lack of fundamental intuition regarding the dynamics
of the AdaGrad family of optimizers.

GeoAdaler is a novel adaptive learning method for SGD, employing the properties
of the objective landscape. The innovative idea behind the GeoAdaler approach is that
the acute angle between the normal to the tangent plane at x and the horizontal plane
conveys significant curvature-related information. This information could potentially recover
the power of second order methods, which are not feasible in large-scale machine learning
optimization. An understanding of this geometric approach to analyze adaptive methods
for SGD can shed new light on the behavior of other algorithms in the AdaGrad family,
potentially revealing the rationale for their strengths and weaknesses.

By discussing the geometric implications of adaptive step processes, we are able to

potentially come up with optimizers that:

39



e have more optimal annealing: A geometric perspective that informs strategies
to control learning rate decay more effectively, preventing premature convergence or

extensively slow convergence.

e provide parameter-sensitive adaptivity: The geometry reveals how to tailor up-

dates for individual parameters in a more principled manner.

e increase robustness: Understanding the geometric implications leads to optimizers

that are less dependent on sensitive hyper-parameter tuning.

In essence, a geometric framework promises to move beyond the reactive development pat-
tern, allowing us to proactively design adaptive optimizers that address the core issues in

the AdaGrad family with greater intuition and foresight.

4.3 Mathematical Formulation

4.3.1 Deterministic Optimization

Consider the minimization of the convex objective functional f : R" — R using the
gradient descent algorithm. The vanilla gradient descent (GD) algorithm that maximizes

the benefit of gradient annealing for smooth functions is

L1 = Tt + 5(1315 (41)

where 0x; = —v¢g; and g, is V f(z;), the gradient of the objective function at time ¢. This is
the update step and is largely responsible for how far a step is taken in the descent direction.

To see its real contribution, we decompose it further into

0y = —|9:| 9% (4.2)
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where 7 is the learning rate which is responsible for manually scaling the step size, |g;| which
is our annealing factor and lastly —g; which gives us our optimal descent direction.

It is established that the annealing factor tends to be sub-optimal and can cause over-
shooting which we need to compensate for by applying a smaller learning rate, increasing
convergence time [(1]. To combat this issue, we propose an annealing factor based on the
cosine of #, where 6 is the acute angle between the normal to the tangent hyperplane and
the horizontal hyperplane. As shown in Figure 4.1, 6 holds a vital information about the
location of the current gradient step on the objective function. We harness this information

using the cosine of § and prove the following theorem.

Objective,  f

(a)

Objective, f

Objective, f

Normal

Normal
N

N

—
Horizontal Plane

Horizontal Plane
¢

Tangent

Tangent

(¢)

Figure 4.1: Geometric view of 6 as the GeoAdaLer step traverses the objective function.

(d)

Theorem 4.1 (Geohess). Let 6 be the acute angle between the normal to an objective

function f : R™ — R which is differentiable at z. Let || - || be the norm induced by the inner
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product on R™. Then

g IVI@)] (4.3)

VIVI@)? +1

We call Theorem 4.1 Geohess since this formulation mimics the curvature information

traditionally found in the full hessian matrix.

Proof. Let x; be an arbitrary point in R™. Then [~V f(z;),1]" is orthogonal to [z — z;,y —
f(x;)] where (z,y) lies on the tangent hyperplane to f at x;. i.e., [~V f(x;),1]T is normal to
[x — z;,y — f(z;)]. Let 6 be the angle this normal makes with the horizontal hyperplane at
the point (z;, f(x;)) in the descent direction —V f(x;), i.e., a vector parallel to [—V f(z;), 0].

Then by vector calculus,

_ N7 - N T .
onp = VIEDIT LV OT V@)l o
1=V (o), UEIN=V (@), 0171 IV f()]2 + 1
as required. N
The proposed GeoAdaler update step is as follows:
0xy = —ygicos = —v loell (4.5)

Tt
Vg +1

Equation (4.5) follows from the Geohess theorem (Theorem 4.1). In equation (4.5), if g
is zero, then the update step is zero and algorithm has converged. If g; is not zero, then

equation (4.5) reduces to

1

— =
Vgl +1

55(715 =
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4.3.2 Properties of GeoAdaLer Annealing Factor

The acute angle 6 depends on ¢;, and therefore, the annealing factor possesses the

following properties:

1. —”gtH —1 as gy — 00 2 —HgtH —0 as g —0
Vgell? +1

Vgl 1

In practice, we do not want g, — oo but as long as the magnitude of the gradient is large,
the sufficiency in item 1 is guaranteed. Of utmost importance is item 2. In comparison to
gradient annealing in SGD, we find that cos § possesses a logarithmic decay as a function of
g; as it tends to an optimum, resulting in a much more controllable annealing while standard
SGD decays linearly.

The algorithm for GeoAdalLer is given in Algorithm 2. Note: The deterministic setting
is achieved by using the objective function over the entire dataset instead of the stochastic

objective function, in which case we set 5 = 0.

4.3.3 Stochastic Optimization

Online learning and stochastic optimization are closely linked and can be essentially
used interchangeably [22, 13]. In online learning, the learner iteratively predicts a point
xy € X CR", often representing a weight vector that assigns importance values to different
features. The objective of the learner is to minimize regret compared to a fixed predictor z*
within the closed convex set z; € X C R"™ across a sequence of functions { fi, fa, - }.
Geometrically, gradients are vectors and have directions. Under a suitable distribution, a
convex hull of these gradients approximates the true gradient for stochastic optimizations.

A common and intuitive approach to approximating the expected gradient is by em-
ploying an exponential moving average (EMA). As is the practice in literature [37, 10] we use

a momentum-like term to replace the instantaneous gradient, thereby mitigating stochastic
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fluctuations and revealing underlying trends in the gradient values. That is,

M1 = Bmy + (1 = B)g:. (4.6)

where 8 € [0,1). The term [ is constructed as a weighted average of the historical gradients
and the current gradient. This modification enhances our ability to approximate the true
underlying gradient more effectively in time. It also has the ability to update and learn as
new streams of data are observed.

Algorithm 2 presents a pseudo-code of the proposed GeoAdalLer learning method.

Algorithm 2 GeoAdalLer
Require: v : Learning rate
Require: [ : Exponential decay rate for weighted average
Require: f; : Stochastic objective function
Require: z; : Initial parameter vector
<0
while x; not converged do
gi < V[fi(z;) (Get gradients w.r.t stochastic objective)
if t =0 then
my < g; (initial weighted average)
else
my = fmy—1 + (1 — B)g: (Updated weighted average)
end if
T = xp — v - my/(\/||me]|> + 1) (Update parameters)
t«t+1
end while
return z;

GeoAdaMax

Due to stochasticity and varying frequencies of occurrence of certain model inputs,
such as in deep neural networks, adaptive stochastic gradient descent methods sometimes

encounter issues with non-increasing squared gradients. For instance, consider the convex

44



objective function presented in [(4], defined as follows:

Czx, ift mod3=1
fi(z) =

—x, otherwise,

In such scenarios, the adaptive step employed by the optimizer can still function effectively
as a form of annealing, but the vanilla adaptive step leads to a suboptimality.

To address this problem, an approach was developed by [064], which involves retaining
the maximum of the normalizing denominator over iterations. This approach reduces to a
self scaling SGD with momentum [6]. By implementing a similar idea, we observe related
results for GeoAdaLer. We call this method GeoAdaMax, indicating the use of maximum of
the variance term.

GeoAdaMax dynamically adjusts the denominator using the largest historical value of
the EMA. When this denominator remains unchanged, the update scale reflects its historical
maximum, preserving proportionality in all future updates. This mechanism fine-tunes step
sizes while maintaining alignment with past gradient magnitudes. The summary of the
algorithm is presented in Algorithm 3

Geometrically, this is akin to increasing the angle between the normal and the horizontal
plane by using a vector different from the normal. This leads to relatively smaller step sizes
than if the original angle were used. Theorem 4.2 shows that indeed, the acute angle 6 is

increased.

Theorem 4.2. Let 6 be the acute angle between the normal and the horizontal hyperplanes
at the current iteration and let 6 be the acute angle between the horizontal hyperplane and

the normal that maximizes the norm up to the current iteration. Then
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Proof. By Algorithm 2 and Theorem 4.1,

4] 4] ;

> = cos
Vlme* +1 \/mt‘o\XHth2 +1

cosf =

Applying the inverse cosine function on both sides gives the desired result since cos™' is

monotone decreasing on [0, 1]. O

Algorithm 3 GeoAdaMax
Require: v: Learning rate
Require: : Exponential decay rate for weighted average
Require: f;: Stochastic objective function
Require: z(: Initial parameter vector

1<+ 0

ug < 0

while x; not converged do

gr < Vfi(z:) (Get gradients w.r.t stochastic objective)

if t =0 then

my < g; (initial weighted average)
else

my = fmy—1 + (1 — B)g: (Update weighted average)
end if

u, = max(||m|* + 1, u1)
Ty = 2 — v - my/(V/ug) (Update parameters)
t+—t+1

end while

return z;

4.4 Relationship to the AdaGrad Family

The AdaGrad family of methods adjusts learning rates based on the accumulation of
past gradients. These methods dynamically adapt the step size during optimization to handle
varying gradient magnitudes across dimensions. For a given time step ¢, the learning rate
adjustment in these methods depends on the accumulated gradient information, which we
represent as G;. Below is a summary of how G; is defined for the main methods in the

AdaGrad family:
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AdaGrad: For AdaGrad, G, is given as

t
G, = 2912
i=1

where g; is the gradient at step i. AdaGrad accumulates the squared gradients over time,
leading to decreasing learning rates [22].
RMSProp: The G, step in RMSProp involves exponential moving average and is given

as

Gy =BGy + (1 — B)g?.

RMSProp introduces an exponential decay factor 3, preventing the learning rate from de-
creasing too quickly by giving more weight to recent gradients [37].

AdaGrad and RMSProp modify the learning rate as follows:

Tiy1 = Ty — ﬁvﬁ(ﬁtl

where 7 is the global learning rate and € is a small constant for numerical stability.
Adam: In the case of Adam, an adjustment is not only made to the squared gradients

but also to the gradients where a bias-corrected moving average is applied to each:

my = Bimy—1 + (1 — B1) g

G = PoGiq + (1 — 52)93

where m; and G; are the moving average of the gradients and the squared gradients re-
spective, i, = my/(1 — B¢) and Gy = Gy/(1 — f85) are the bias-corrected moving average of
gradients and squared gradients respectively. Adam combines the ideas of momentum and

adaptive learning rates for smoother updates [10].
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The Adam’s update rule therefore is as follows:

~

my,

gl
Tip1 =T — —F7—&—
\/Gt+€

4.4.1 GeoAdaLer in Comparison

The core of GeoAdaler’s update is based on the cosine of the angle # between the
normal to the gradient and the horizontal hyperplane. It effectively uses the geometry of the

optimization landscape to inform its adaptivity. Hence, with an EMA update

my = Bmy_y + (1 — B)ge,

GeoAdaLer updates as:
Y

Tpp1 = Ty — —=——m—=y.
Vlme* +1
As shown above, GeoAdaLer’s update is similar to that of the AdaGrad family with some

function of the squared gradient playing a big role in the optimization step. The main

differences include:

(a) The use of norm-based scaler

(b) The stability term in GeoAdaLer is naturally derived from the choice of the reference
plane, for example with the choice of the normal to the gradient, our scaler produces

a stability term of 1.

(c) There is only one moving average which is used in the estimation of the gradient and

the function of the squared gradients
(d) Directly comparing to Adam, we also agree that G, is always bigger for Adam since

by Jensen’s inequality,

[Bm_y + (1= B)ge)” < Bmi_, + (1 — B)g,
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where the LHS G, is for GeoAdaLer and the RHS for Adam.

We remark that all of these differences stem from the geometric intuition behind GeoAdalLer,
which we believe lends itself to better understanding of the optimization paths as well as
interpreting optimal values. Also, as noted in [31], the use of norm-based adaptivity ensures

GeoAdaler is robust to its hyperparameters.

4.5 Convergence Analysis

4.5.1 Deterministic Setting

We analyze the convergence of GeoAdalLer, first for the deterministic case, and then for

the stochastic setting. Our setup remains the same, namely:
minimize f(x) (4.7)
x

using the new adaptive gradient descent (GeoAdaler) method where f : R® — R is an
objective function. We recast the optimization problem (4.7) into a fixed point iteration.

Let T : R™ — R™ be a nonlinear operator defined as:

S (VSR AN
: (I 7 ||Vf||2+1>() .

where [ is the identity map.

Theorem 4.3. Let f : R® — R be continuous and V f Lipschitz continuous with ~ <

=

where L is the Lipschitz constant for Vf. Assume f attains an optimal value at z* =

argmin, f(z). Then T defined in (4.8) is a contraction map with contraction parameter
Vf
d -]

————an
VIVEZ+1

o= \/1 +y2L% — 27% < 1 where L¢ is the Lipschitz constant for
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is the Fuclidean norm in R™. That is
[Tz —Ty|| < allz —yl|. (4.9)

A critical component of Theorem 4.3 involves demonstrating that the mapping 7" is a con-
traction. This allows us to invoke the Banach Fixed Point Theorem, which asserts that any
contraction mapping on a complete metric space possesses a unique fixed point [16, 69, 75, 35].
By iteratively applying the contraction map, starting from an initial point, we ensure con-
vergence to this fixed point. The recursive iterations converge to the unique fixed point
with a geometric rate of convergence «. This fixed point corresponds to the minimizer we
are seeking [9]. We remark that Theorem 4.3 holds if we replace continuity of f with lower

semicontinuity and gradient with subgradient.

4.5.2 Stochastic Setting

We examine the convergence properties of the GeoAdaler optimizer within the frame-
work of online learning, as originally introduced in [92]. This framework involves a sequence
of convex cost functions {f1, f2,..., fr}, each of which becomes known only at its respec-
tive timestep. The objective at each step t is to estimate the parameter x; and evaluate it
using the newly revealed cost function f;. Given the unpredictable nature of the sequence,
we assess the performance of our algorithm by computing the regret. Regret is defined as
the cumulative sum of the differences between the online predictions f;(x;) and the optimal
fixed parameter f;(x*) within a feasible set X across all previous time-steps. Specifically,
the regret is defined as follows [92, 16]:

T

R(T) = Z (fe(ze) = fe(z7)) (4.10)

t=1

where the optimal parameter z* is determined by x* = arg min,¢x Zle fi(z). We demon-

strate that GeoAdaLer achieves a regret bound of O(v/T), with a detailed proof provided in
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the appendix .3. This result aligns with the best known bounds for the general convex on-
line learning problem. We carry over all notations from the deterministic setting. Assuming
the learning rate 7, is of order O(¢~'/2?) and f3, is exponentially decaying with exponential
constant A very close to 1, we obtain the following regret bounds for online learning with

GeoAdalLer algorithm.

Theorem 4.4. For all x € R", and ¢t < T, assume the gradient norm ||V fi(z)|| < G . Let
Ve = %, B =B, XA € (0,1),and B € [0,1). For any k € {1,...,T7}, the separation between
any point x, generated by GeoAdal.er and the minimizer of an offline objective computed
after all data is known is bounded as ||z — z*|| < G. Then, for any 7" > 1, GeoAdaLer

Algorithm achieves the regret bound:

- D*/G? +1VT + G(2VT - 1) N DGB(1 —A\T)

RT) < 20-7) - B)1—N

(4.11)

From Theorem 4.4, we observe that the GeoAdaLer algorithm achieves a sublinear regret
bound of O(v/T) over T iterations, which is consistent with the results typically found in
the literature for similar algorithms. Our proof, akin to the approach taken in the Adam
algorithm [10], relies significantly on the decay of /3; to ensure convergence.

In contrast to other adaptive stochastic gradient descent methods that adapts the cur-
rent employs norm based scaling. This approach ensures that each parameter benefits from
the collective dynamics of all parameters at the current time while retaining historical in-
formation in the exponential moving average of the gradients used for the adaptation. We

remark that the convergence analysis for GeoAdaMax follows trivially from Theorem 4.4.

Corollary 4.5.1. Assume that for any = € R", the function f; is convex and satisfies the
gradient bounds ||V fi(x)]l2 < G. Also, assume that the distance between any parameter
xr generated by GeoAdaLer Algorithm and the minimizer of an offline objective computed
after all data is known is bounded, namely ||zx — z*||2 < D for any k € {1,--- ,T}. Then,

GeoAdaLer achieves the following guarantee for all 7' > 1:
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. R(T)
lim su
T~>oop T

<0

The corollary is derived by dividing the result in Theorem 4.4 by T" and applying the limit
superior operation to both sides of the inequality 4.11. It is important to note that when
R(T) yields a negative value, it indicates a favorable performance of the iterates produced by
the GeoAdalLer algorithm. Specifically, such results suggest that the algorithm’s execution
leads to an expected loss that is lower than that of the best possible offline algorithm, which

has full foresight of all cost functions and selects for a single optimal vector as proposed in

[92].

4.6 Experiments

We compare GeoAdaler to other algorithms such as Adam, AMSGrad, and SGD with
momentum. This comparison aims to assess how the geometric approach performs against
these popular methods on the standard CIFAR-10 and MNIST datasets. Additionally, we
examine how key hyperparameters influence the convergence of GeoAdalLer across different
datasets. For all simulations, the GeoAdaLer learning rate v = 0.01 and the exponential
moving average parameter 5 = 0.9.

The hyperparameter settings for other optimizer algorithms are detailed as follows.
These settings represent default values unless otherwise specified as recommended in the
literature or considered standard for their respective packages. For SGD, the learning rate
was set to 0.01, momentum to 0.9 and dampening to 0.9. For Adam & AMSGrad, the
learning rate was set to 0.001, 5; to 0.9 and S5 to 0.99. All CPU calculations were performed

on an AMD Ryzen 8-core CPU, and GPU calculations were conducted on a NVIDIA 3080ti.
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4.6.1 MNIST Dataset

In the MNIST [

| experiment we trained a fully connected feed forward neural networks.

It consists of three fully connected layers: the first layer takes in 784 input features (flattened

28x28 grayscale images) and outputs 128 features, the second layer reduces these to 64 fea-

tures, and the final layer outputs 10 logits corresponding to class scores. Each of the first two

layers is followed by a ReLU activation function. The final layer provides raw class scores.

Using cross-entropy loss, GeoAdal.er and GeoAdaMax algorithms alongside the baseline op-

timizers were executed for 150 epochs and for 30 different weights initializations. Figure 4.2

and Table 4.1 illustrate the averaged results on the test dataset. GeoAdalLer demonstrates

comparable initial performance to algorithms such as Adam and SGD, yet it achieves bet-

ter long-run performance, converging to a higher validation accuracy. GeoAdaMax further

improved this performance by faster convergence.
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] experiments, we run GeoAdalLer, GoeAdaMax and the baseline

optimizers for 50 epochs on a network consisting of six convolutional layers with 3x3 kernels

and padding, progressively increasing in sizes of 32,32,64,64,128 and 128 filters.
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convolution is followed by a batch normalization layer and a ReLU activation. After every two
convolutional layers, max-pooling with a 2 x 2 kernel is applied to reduce spatial dimensions,
followed by dropout layers with rates 0.2,0.3 and 0.4. The output from the convolutional
block, consisting of 128 filters with a 4x4 spatial size, is flattened and passed to two fully
connected layers: the first reduces the feature size to 128 with a ReLU activation and a 0.5
dropout, and the second outputs 10 logits corresponding to class scores which are passed to
a softmax function. The model is trained using cross-entropy loss and re-run 30 times for
each optimizer with different initializations of the weights. The averaged results on test data
are shown in Figure 4.3 and Table 4.2. GeoAdaLer shows early run performance comparable
to baseline optimizers and occasionally exceeds them in validation accuracy. Its long run
performance was only matched by Adam and GeoAdaMax. The consistent performance of
GeoAdalLer in various runs reinforces the value of incorporating a geometric perspective into
its design.

In the CIFAR-10 [50] experiment, we trained a convolutional neural network (CNN)
model designed specifically for image data with RGB channels. The architecture consists
of six convolutional layers, progressively increasing in feature map depth (32, 64, and 128
channels), followed by max-pooling and dropout layers to reduce overfitting and improve gen-
eralization. Each convolutional layer is followed by batch normalization to stabilize learning
and expedite convergence [13]. Finally, two fully connected (linear) layers map the feature
space to the 10 CIFAR-10 class scores, following common practices for classification in CNN
architectures [51].

We train the model using cross-entropy loss for multi-class classification [33], and all
adaptive gradient descent algorithms (including GeoAdalLer and GeoAdaMax) were executed
for 100 epochs. To account for random initializations, we average the losses and accuracies
over 30 different initializations. Model results are illustrated in Figure 4.3 and Table 4.2.
GeoAdaLer demonstrates initial performance on par with other adaptive optimizers, such

as Adam [16] and SGD [53], but achieved superior long-term accuracy, converging to higher
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validation accuracy. GeoAdaMax provided further benefits, resulting in faster convergence

and smoother training dynamics due to its stability near the optimal point.
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Figure 4.3: CIFAR 10 Dataset

Optimizer Accuracy
GeoAdaLer  0.9831
GeoAdaMax 0.9831
Adam 0.9746
AMSGrad 0.9809
SGD 0.9810
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Table 4.2: CIFAR Final Accuracy

Optimizer Accuracy
GeoAdaLer  0.7982
GeoAdaMax 0.7962
Adam 0.7679
AMSGrad 0.7932
SGD 0.7957




Table 4.3: Fashion MNIST Final Accuracy

Optimizer Accuracy

GeoAdaLer  0.9044
GeoAdaMax 0.9042
Adam 0.8838
AMSGrad 0.8993
SGD 0.8969

4.6.3 Fashion MNIST

In the Fashion MNIST [37] experiment we train a fully connected feed forward neural
networks. It consists of three fully connected layers: the first layer takes in 784 input fea-
tures (flattened 28 x 28 grayscale images) and outputs 512 features, the second layer reduces
these to 256 features, and the final layer outputs 10 logits corresponding to class scores.
Each of the first two layers is followed by a ReLU activation function. The final layer pro-
vides raw class scores. Using cross-entropy loss, GeoAdaLer and GeoAdaMax algorithms
alongside the baseline optimizers were executed for 100 epochs and for 30 different weights
initializations. Figure 4.4 and Table 4.3 illustrate the averaged results on the test dataset.
GeoAdalLer once again shows comparable results to that demonstrated by the other bench-
mark algorithms with GeoAdaMax showing further improvement and faster convergence on

the Fashion MNIST dataset.

4.6.4 Alternative Normal Plane Vectors

By introducing a hyper-parameter € in the update rule, we can explore different vectors

within the normal plane:
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Figure 4.4: Fashion MNIST Dataset

This approach allows us to select vectors with varying angles relative to the horizontal plane.
This investigation stems from observing how GeoAdaMax modifies the effective angles by
maximizing the denominator of the update.

In this experiment, we compared GeoAdaLer and GeoAdaMax on the MNIST (4.5)
and CIFAR-10 (4.6) datasets using 30 different weight initializations for selected values of
€, all other parameters were as mentioned above in their individual experiments. The mean
accuracies for each e value are plotted versus the value of €. The results indicate that while
the normal vector may not always be the most optimal choice, the optimal e value tends to
be close to the default associated with the normal vector. although some improvement do
exist through the use of larger values of epsilon it is dependent on the data and not constant

through all the experiments.

4.7 Conclusion

In this paper, we investigate the adaptive stochastic gradient descent algorithm and
propose a geometric approach where the normal vector to the tangent hyperplane plays a
crucial role in providing curvature-like information. We call this approach GeoAdal.er, and

we show that it is derived from a fundamental understanding of optimization geometry.
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We present theoretical proof for both deterministic and stochastic settings. Empirically,
we find that GeoAdaler is competitively comparable with other optimization techniques.
Under certain conditions, it offers better performance and stability. GeoAdalLer provides
a general geometric framework applicable to most, if not all, large-scale adaptive gradient-
based optimization methods. We believe that this presents a significant step towards the

development of interpretable machine learning algorithms through the lens of optimization.
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Chapter 5

Summary and Future Work

5.1 Summary

In this work, we presented two complementary directions at the intersection of compu-
tational science, machine learning, and optimization. While each part addresses a distinct
problem, both converge on the broader goal of enhancing computational tools for physical
systems by leveraging structural and geometric insights.

In first part, we focused on the problem of reconstructing fine scale solutions from low
fidelity models in hierarchical parameter systems. Such systems frequently arise in the mod-
eling of multiscale physical phenomena, where computational cost limits the resolution or
complexity of simulations. Our contribution here was to show that Conditional Variational
Autoencoders (CVAE) can serve as effective surrogate mechanisms for learning the mapping
between low complexity and high complexity parameter-induced solution fields. Our meth-
ods respects the physics and augments existing coarse simulations by learning statistically
consistent corrections in function spaces. The approach was demonstrated on 1D benchmark
problems and validated with respect to both classical norms and quantities of interest.

For the second part, we shifted focus to a foundational aspect of training adaptive learn-
ing algorithms, namely, understanding the geometry of stochastic optimization algorithms.
Motivated by the geometric limitations of existing optimizers like AdaGrad and Adam, we
introduced GeoAdalLer, a geometrically motivated adaptive learning algorithm that modu-
lates learning rates by projecting gradients onto normal planes. While the second part is still
in its early developmental stages and we did not pursue to unify the two parts in this work,
we note that GeoAdaLer has the potential to contributes to a rigorous and interpretable

framework for guiding learning in high dimensional spaces. GeoAdal.er was theoretically
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analyzed in both deterministic and stochastic regimes, and empirically tested on standard
benchmark datasets.
This dissertation thus represents a two-pronged contribution: one toward data efficient

physical simulation and another toward robust optimization in machine learning.

5.2 Future Work

Several directions naturally emerge from this work. While CVAEs proved effective
in reconstructing high fidelity solutions, alternative physics-informed or hybrid approaches

remain to be explored. These include:

e Learning Green’s functions or stiffness matrix representations directly from low fidelity

fields.

e Using operator learning (e.g., DeepONets or Fourier Neural Operators) as alternative

surrogates.

e Extending CVAEs to time-dependent or nonlinear PDEs where hierarchical complexity

appears both spatially and temporally.

Another compelling future direction is to explore how geometric learning principles from

GeoAdaLer can inform or enhance model training in multiscale settings. For example

e Can normal plane projections help regularize or stabilize the training of encoders/decoders

in CVAEs?

e Can one design optimization schemes that exploit the physical manifold structure of

PDE solution spaces?

Though empirical performance was promising, a deeper theoretical understanding of
CVAE-based field reconstructions in PDE settings remains to be developed. Potential re-

search could include
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e Error estimates in energy norms.

e Guarantees on posterior consistency for conditioned fields.
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.1 Deterministic Convergence Proof

Definition 1. A differentiable function f on R™ is said to be co-coercive if

1 n

T IVH@) =VIWI® < (Vf(2) = VI(y),w —y), for allz,y € R". (1)
Lemma 1. Let Vf be Lipschitz continuous with constant L > 0. Then % 1s Lipschitz
conlinuous.
Proof. Follows since ﬁ is a continuous function of Vf. n

Lemma 2. Suppose V f is Lipschitz continuous with parameter L, domain of f is R™ and

f has a minimum at x*. Then
VI < 1) - T
5T 2)* < f(z x
Proof. The proof relies on the following quadratic upper bound property
L 2
Fly) = f(2) +(Vf(2),y = 2) + Slly — 2|7 forally,z € dom(f) (2)

where dom(f). the domain of f is a convex set. i.e., taking infimum on both sides of 2 gives

fa") = inf f(y) < nf(f(2) + (VF(2),y —2) + §uy P
nf i Lt?
= ot it (50 + w20+ 1)

. 1
= int (56) = 5091100
= 1)~ 57 IV )

Rearranging the terms in 3 gives the desired result. O
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Lemma 3 (Co-coercivity). Assume f is convex, proper and lower semicontinuous. Let V f

v/

VIVIE+T

be Lipschitz and let Lg be the Lipschitz constant for Then the following

co-coercivity property holds:

1

s Vf(z) Vi)
Lg

VIVI@PE+1  VIVFW)I2+1

2<< Vi) Vi) x_y>
“\VIVI@PE+T VIV + 1

(4)
Proof. For any x and y, let

Vf(x)" 2
Y ||Vf ()P +1
Vi)' z

VIV +

T Vi)
o VIVFW)|?+

the vector field integrand. Notice that Fis well deﬁned since the integrand is a conservative

(5)

(6)

for some constant a where F(z) = u is a scalar potential function for
vector field. Also, F(z) is convex since the integrand is a maximal monotone operator
resulting from a convex, proper and lower semi-continuous function, f [60, 11, 67].

Thus, f, and f, are well defined and convex since the difference of a convex function
and a linear function is convex. f, is minimized at z = x, thus evaluating f, at y and x and

subtracting the results gives

P - Flo) — (S y - o)

V@) +1
_2LHVh(M2 (7)
_ ! Viw) _ Viw | @®
2LallVIVIGIP+1 VIVI@)P+1

Equation 7 follows from Lemma 2 and equation 8 from taking the gradient of f, at x.
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Similarly, z = y minimizes f, and
F) = )~ (e o~ )
VIl +1
= fylx) = fy(y)
> V@)

— 2Lg
1 Viw Vi@ | ©)
2Ll VIV +1 VIV +1
Adding the inequalities 8 and 9, we obtain
v viw | < Vi@ Vil x_y>_
Lo ||VIVF@P+1 VIVFWIP+1| ~ \VIVI@P+1 VIV +1
O

Theorem .1. Let f : R® — R be continuous and V f Lipschitz continuous with v < %
where L is the Lipschitz constant for Vf. Assume f attains an optimal value at x* =

argmin, f(z). Then T defined in (4.8) is a contraction map with contraction parameter

Vf

o= \/ 1+~2L% — 2v% where L is the Lipschitz constant for W and || -] is the
+
Euclidean norm in R".
Proof. 1t suffices to show that for some «a € [0, 1),
[Tz =Tyl < allz -yl (10)
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To this end, we compute as follows

2

HTSE _ TyH2 — H va ) va( )

NOIEETE \AWG*WP

Vf(x)
H (vHVf )+ vHVf IP H

=Hw—MF—2V<w—% Vi) >
VIVI@E+1 \/IIVf ||2+1

B OB | C)
VIVi(z) H2+1 M\Vf y|2+1
<|z-vy N2 Vi) (1)
CTE v
<Hw—mF+Lsz—z—)u—yw )
< (140725 - 28 Y oy 13

Inequality (11) follows from co-coercivity (see Lemma 3) while 12 follows from the continuity

Vf

of ———
VIV +1

.2 Stochastic Convergence Proof

and the Lipschitz continuity of V f. O

.2.1 Important Lemmas and Definitions

In this section, we provide proof of convergence of our algorithm. To this end, we start

with some definitions and lemmas necessary for the main theorem.

Definition 2. A differentiable function f : R™ — R is convex if for all x,y € R,

fy) = f(z) + V(@) (y - 2). (14)

For the rest of the paper, we make the following assumptions on the stochastic objective

function f; : R™ — R where the iteration counter ¢ > 1.

72



Assumptions 1. 1. f; is convez for all t.
2. For all t, f; is differentiable.

3. For all t, there exists G > 0 such that |V fi(x)|| < D for all x € X C R™ where X is

the feasible set.
4. A= {x1,29,- -}, the iterates generated by GeoAdaLer algorithm.
5. x* = argmingcx Zthl fi(z) ezists and ||z — x*|| < D for all xy € A.

6. By := BAT1 where A € (0,1),5 € [0,1).
Also, for notational convenience, we take g, = V fi(zy).

Lemma 4. Under Assumptions 1, no. 3, the exponential moving average

my = Bymy—1 + (1 — B)ge (15)

1s bounded for all t.

Proof. Iteratively expanding out m;, we obtain

my = (1 —3;) Zﬁf_iﬂgi'
i=1

Taking the Euclidean norm on both sides and using the boundedness of ¢; gives

Imell = 111 = 8) > B g
i=1
<(1=8)_ B gl
i=1

<(1-B)G) B
i=1

=G(1-6) <G
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Lemma 5. Under Assumptions 1, no. 6, the following inequalities hold

By < B
16" 1-p

SN B(1— A7)
ED D sy (R

for all t

Proof. 1). For all t, A <1 gives A'™! < 1 so that 7 < 1. Thus

B _ BN B B
1B 1-BAT N §-1-5

2). By = BA~1 < B for all t since A € (0,1),8 € [0,1). So, 1 — 8 <1— B! leads to
1 1
<
1-5~1-0

3). By Lemma 5 no. 2, we have

as required.

d B(1 — AT)

Bt tl
Zl—/ﬁt<zl— 1—62 — BT —N

Lemma 6. For allt > 1 and for all T > t, the following inequality holds

> % <1 / \i/dt (16)

t=1

Proof trivially follows from the integral test for convergence of series and is also given

in [7].
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Lemma 7. Under Assumptions 1, no. 1 and 2, the following inequality holds for all t

(xp — x* (17)

IIM’%

Proof. By converxity of f; for each t,

fe(@®) = fi(ze) = V fi(a) - (27 — )

It then follows that

fe(ze) — fi(2™) < Vfi(ay) - (2 — 2%) = g - (v, — 27)
Hence, summing both sides from ¢ = 1 to T gives the required result. O

.3  Proof of Theorem 4.4
From the update rule in Algorithm 2

my

Ti41 = Tt — %W-

Subtracting «* from both sides and taking norm squared results

* my 2
|zes1 — )1 = | — |
! ma]? + 1
2v, e |2
* |2 * 2
= ||Ty — -y (T T )T Y T
Iz =l I +1 (@ =) W e 1

5



Substituting m; = fymy_1 + (1 — B;)gs, we obtain

* * 2,715 *
v = = = 2y )
_ 2n( -8 y|lmall?

gi - (2 — %) +%W-

Vg +1

Rearrange to have g; - (x; — x*) on the left hand side:

*\ __V Hth2+1 *1(2 * (|2 6t *
g+ (@ —a7) = 271 — ) [||$t || @41 — 2] ] 1 —Btmt_l (z — 2”)
A 1
2(1 = B0) /llme[* + 1
Vlme* 41 2 2
< ||y — 2¥||* = || — 2* 18
< i — gy M=ol = e =P (18)
B * Vel )?
g el — el + 5=

where inequality 18 follows from the Cauchy-Schwartz inequality applied to the second
torm —my_ - (2, — %) = my_; - (z* — d the fact that —12 < 1 for all ¢.
erm —my_ - (z; — %) = my_q - (* — 24) an e fact tha T S or a

Summing both sides from ¢ = 1 to 7" and using Lemma 4 and Assumptions 1 no. 3 and 5,

we further obtain

T T
* G2+1 * (|2 *1|2
Nxy — ") < —— |l — — ||z —
;gt (@t )_;2%(1—@) [Ht | [ ||]
T 3 T N
+ DG — 4G .
;l—ﬂt 22(1—@)
T
G?+1 ) )
< — |z — 2*||* = ||z — x* 19
<D g gy = a1 = llzews = 1] (19)

DGB(1 — A7) G?
Yaopaon g
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where the last inequality follows from Assumptions 1 no. 3 and Lemma 5 no. 2 and 3.

By expanding the first term and and rewriting the what is left in compact form, we obtain

T ! : 1
& “|I? 1|2 * (|2
- Xy — X — | —x | 1 S— S o
2 gy e =P = lloees =21 m_m” I e |
! 2
+ e — 2
Z (’Yt 1 — ) %_1(1 _Bt—l)) (|2 |
chl—x I
T n(l-p5)
T

1 e
i Z (% 1— Bt ’thl(l _ 6151)) th x ” .

where the last inequality follows from dropping the second term. By the Assumptions

1 no. 5, it further simplifies to

a 1 ) ) D2 D2 a 1 1
TGN t * - t — " S -
; Y(1 = Bt) [z =" = llzers = 2] 11— B1) " ; <%(1 =B (1 - 5t—1)>

D? D? D?
n@=51) ml-5) " (1 — fBr)
D2
(1= Br)

From Lemma 5 we have.

r 1 D2
- | |2 .
25—y e = W = e =) < Sy

Therefore equation 19 become:

T T
. DWGET1  DGB(1— AT a2
E G- (xp — ") < + el ) E Ve

TS (L= Br) (1= B)(1=N) Ton s B) & (20)
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Assuming v, = \/% we further obtain:

_VIDWGET | DGR1L-N) G ¢

EZ% ST 0-8) 0-p0-N ml—ﬁgz
L VIDWVG T | DGR - NT) | G227 - 1)

=T 0= By e

<)~

1

Equation 22 follows from Lemma 6 and so our regret is bounded above by:

VTD*/G*+1 DGB(1—-\T)  G*2T —1)
B < =gy "a-pa-n " 25
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